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      :



43

kTti

i
i

c dt
tfdkTfnT )()(,2)1(

2
1 )( .

   :   
       :

k s

s

kTt
kTtSinkTftf

2/)(
2/)()()( ,                       (2.32)

s,   , –  .
. f(t) –   F(j )  –

  – :

.)(2
1)(

,)()(

dejFtf

dtetfjF

tj

tj

                            (2.33)

     
.   (2.30),  :

n
sjnjF

T
jF )(1)(* .

   ,  ,   
   :

k

jkTekCjF )(* ,                          (2.34)

  k   
:

.)(1 2

2

*

s

s

djFeC Tjk

s
k                         (2.35)

    (  ,  
(2.31)).         -

      ,  
       , . .:



44

.
2

,0

;
2

),(*
)(

s

sjTF
jF                             (2.36)

  (2.36),    (2.35)
F*(j )  (2.36)      ( -

    > s/2    -
  ). :

.)(
2
1)(1 djFedjFe

T
C TjkTjk

s
k    (2.37)

   (2.37)   (2.33),
,      

   ,  = f(kT). -
      

(2.34) F*(j ).  ,    (  (2.36)),
    F(j ),  -

   (  (2.33))   -
f(t).        

f(kT)    f(t),   -
 .

  (2.32)    
(2.33)  : F(j ) c  (2.36) -

F*(j ).    (2.34)   , 
=  f(kT), ,      

, ,     ,
 .     .

2

2

)(2
2

2

)(*
2

)(
2
1)(

s

s k
dTjkekTf

tjeT
s

s
dtjejFTdtjejFtf



45

2

2

2

2

)(2
)(

2
)(

s

s

s

s k

Tjkjkte
jkTjt

TkTfdTjktje
k

TkTf

.
2/)(

2/)(
)(

k kTts

kTtsSin
kTf

N  = s/2      -
 .

2.3.2  

     -
        

 (2.32). ,   
 ,    . 

(2.32)  ,    
 .   (2.32)   -

,       t -
   ,     -
  .

        
 ,      , -

, , ,    
   (2.32).

    -
 ,     -

  ,    ,  -
.

 ,  ,  -
 ,  -  , -

   2.10,   -  -
.  ,     -



46

  ,      -
  .

 2.10

  ,  ,    
   ,  

 :
)    ,    ( > c 

   ;
)   (2.31),  :  -

     c N.  
  (2.31),    

      
  .      -

       -
  .

2.3.3 

   –    -
   f(t).   -

     ,   
    .

    ,    
   –    -

.  f(t)    kT  t < (k + 1)T.

s/2– s/2

1

n(j )



47

...,)(
!2

)())(()()( 2kTtkTfkTtkTfkTftf k (2.38)

;1)()( )T(ktkTtftfk

,)()( kTtdt
tdfkTf

)()( kTtdt
tdfkTf  . .

   
:

))2(())1((2)(1))1(()(1)(

,))1(()(1)(

2 TkfTkfkTf
T

TkfkTf
T

kTf

TkfkTf
T

kTf
(2.39)

 . .
  (2.39) ,     -

 (        (2.38))    -
   f(t),    -

   f(kT).  ,
     
,       f(t).
  (2.38)    ,  

    ( ) ,    ,
  ,     -

    .   -
     .  -

          
  .

     .
1.       -
 .
2.     –    -
    ,    -
- .

  ,  ,  -
:



48

)(max)())1((max0 tfTkTfTkfe
k

.          (2.40)

   .     -
  :

0

* )()()(
k

kTtkTxtx ,

     :

0
)()(

k
.kTsekTxs*X

     :

0
))(1)(1)(()(

k
TkTtkTtkTxty .

    y(t) :

.1)(*

1)(
)1(

)()(
00

s

TsesX

s

TsekTsekTx
s

sTke
s

kTsekTxsY
kk

    :

s
e

sX
sW

Ts1
)(

Y(s))( *0 .                                (2.41)

  (2.41) s = j ,   -
 :

s
j

s

s

s

Tj
Tj

eeT

T

T
j
ejW

sin
2

2

2
sin1)( 2/

0 .   (2.42)

- A0( )   - 0( ) -
    (2.42)    2.11.

      ( ) -
    (  
 2.10).



49

 2.11

   ,   
(2.38),   ,   -

:
TktkTkTtkTfkTftfk )1())(()()( .       (2.43)

     (
 ,    ) :

21
2)(

Ts
eesW

TsTs
.                            (2.44)

     
:

))1()(()()(maxmax1 TfTf
T

TtTftfe ktk
.

0( )

A0( )

2 / s

s/2 s 2 s 3 s

–

–2

–3



50

 f(t)     , :
)(max2

1 tfTe
t

.

     
       ,

 .      
  ,      

 .
    2.2.1   

 .   ,  
,        -

.
       
         -

.     
       -

  .
    c   ( -

 ) ,     
      -

 2 c.   ,   
       

  .
     , 
  ,   ,

 ,   ,  
,  ,      

      -
.



51

3 Z-

  ,   -
    (     ) , 

z- . z-      
 ,      -

 .       
      – 

 , z-   -
       -

.

3.1  

3.1.1 z-

    «    -
», z-     

  eTs = z.     –
     s, -

,  (2.23)  (2.28)  « »   -
    -  -

  z.
 ,   (2.23), (2.28)  (2.25) 

   z- :

,)()(
0k

kzkTfzF                                       (3.1)

,
1

1
)(
)()()(

1
1ln1

k

n
T

n

n
z

T
s nezD

NsFzF       (3.2)

n
z

T
ssjnsF

T
zF ln1)(1)( ,            (3.3)

)(
)()(

D
NF , n –   F( ).



52

     ,  
(3.1)      . 

 (3.1) , z-      -
  z.

    (3.2)  (3.3)  ,  
,     (2.28)  (2.25).

  (3.1)–(3.3),   z-
,     -

 ,   z-   -
  .

  z- ,   -
  ,   F(z)=Z{f(t)}, 

F(z)=Z{F(s)}.
   ,  z-

  ,    F(s).

 3.1.  z-   
 1(t).   (3.1), 

0 0
)(1)(1

k k

kk zzkTtZ .     1z .

   (   ):

11
1

1
0 z

z
z

z
k

k .

     zeTs   -
,    2.1  2.2.  , -
  :

11
11)(1 1 z

z
zs

ZtZ .

3.1.2  s- z-

  s-  z-   -
.      ,     -

        
  .    z-



53

     -
    ,    , .

,       -
  F(s),  ,  -

- f(t).     F(s)   -
,  

,
2

Im s
is                                        (3.4)

    F*(s)  -
          ,  -

         -
  . z- ,  z = eTs,

    ,    
F*(s),     ,   -

    z = eTs -
         z,   

  .  , z- F(z)  
  (3.4)    -

f(t).
  (3.4)  ,    F(s)

  ,     , 
   F*(s)    -

,   ,       
F(s),     (  

),        -
 z  F(z).     

f(t)  F(z)     , 
  « »    F(z).

,  ,   
 ,   (3.4)   (2.31).

      s-
       -

 ( ,  ,   ,  
,    . .).   ,

      z- .
   ,  s-  

    .  



54

  ,   1-2-3-4-5-6    3.1 -
z = eTs     

( .  3.2).

 3.1

 3.2

zeeee sTjnmsTTjms s)( ,
       s     -

 .  ,  s 
    z,    -
s-    ,   

.

3

4

2

1

6

5

s/2

– s/2

1
6

3
4

2
5

Im s

Re s

Im z

Re z



55

  ,  s-  -
s = +j ( = const), z = eTs   -

 e T,        -
 – s/2  + s/2   z   -

      ( -
  3.3).      s (  -

s = j )      , -
   3.3 .

a)

)

 3.3

  s = + j ( = const)  
s-    , x     

T. ,   z:
.)sin(cos zmjIzReTjTeeeez TjTTTs     (3.5)

s/2

– s/2
– 2 1

e 1
Te–

T

Im s

Re s

Re z

Im z



56

  Re z  Im z z, 
(3.5),  :

,TtgzRezIm                                       (3.6)
        T ( . 

3.4).

a)

)

 3.4

– 2

2

s/2

1

– 1

– s/2

– 2T

2T 1T

– 1T

Im s

Re s

Im z

Re z



57

  s     -
  z,     s/2 –   -

 .

3.1.3   z-

z-      
,        ,   -

       -
   .

1. z-    ,  -
  –   ,  -

     .  
       -

  .
2. z-   Y(z) –  -

    y(t)    -
 . , Y(z)    

y(t)    .  , 
 - Y(z) –   

(   - ) y(kT) y(t)   
t = kT.

3.      z-
      -

      ,  . 
    –   

(  )  t =  0.   
,  z- ,   -

.  , ,   -
   .

4.       
     . 

 z-    , -
  .     (   

 )      -
z- .



58

3.2   

3.2.1    

    
         -

z- .
       r(t)

  (   3.5).  « - » 
,  ,   W(s)=

= (s)/R (s).

 3.5

       :

.)()()(
0k

t-kTtrtr*

   (s)  =R*(s) W(s), R*(s) – -
   .

       
z- ,    (2.25):

.)()(1)(1)( **

n
ss

n
s jnsWjnsR

T
jns

T
s     (3.7)

      
R*(s+jn s)= =R*(s),  (3.7)  :

).()()( **

n
sjnsWsRs                          (3.8)

 :

),(1)(*

n
sjnsW

T
sW                           (3.9)

y(t)

(s)
W(s)

r(t)

R(s)



59

 (3.8)   :
*(s) =R*(s) W*(s),                                   (3.10)

,   z = eTz, :
(z) =R(z) W(z).                                   (3.11)

  W(z)   -
 .   (3.11),  

 z-      z-
    (    -

)   ,  (3.9),   
  :

z
T

s
n

sjnsW
T

zW ln1)(1)( .                   (3.12)

 y(t)     ,  -
 (3.11)       -

.
   (3.11)      -

    .
,       -

    t = 0 (  3.6).

 3.6
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N
mk

N
n , m –  .  ,  

      
  ,  (3.30)   -

:

0 0
)()()()(

m k
N

kTN
m

N zRzWzkTrz
N

mTwzY ,       (3.31)
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   3.14*.
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                              3.14*
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   ).

      , -
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1),( .        (3.33)
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e – TsW(s)

y*(t) y*(t– T)

y(t– T)y(t)

r*(t)r(t)
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1
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  1/1– e –T(s  – )  n = s + jn s (n = 0,
1, 2, …)   ,   (3.36)  
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z- : (3.34), (3.37)  (3.38).  
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y (+ 0) ( .   (2.27)).
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(3.34)    y(t),  -
 Y(s),     ,  -

 (    )  Y(s).  (3.37)
,  y(0) = 0. , ,  (3.38) -

  ,     -
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  z-   -
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.    , 
     3.16.

 3.16

  :
Y(z,m) = W(z,m)  E(z),

E(z) = R(z) – WH(z)  E(z),                      (3.41)
WH(z) z-   W(s)  H(s).

  (3.41) Y(z,m):
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),(),( zR
zWH

mzWmzY                        (3.42)

3.4    

  z-    -
      
.       -

,     -
  ,      

      ( .,
,  4.2.2).    
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.   ,  
 ,       

 ( ) ,     -

e – TsW(s)

y*(t) y*(t– T)

y(t– T)
y(t)

e*(t)e(t)r(t)
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.   3.17,     
      ( . 3.17, ).

)

)

 3.17

2.      
  .     -

    ,    3.17, :
E(s) = R(s) – W(s)H(s)  E*(s),

Y(s) = W(s)  E*(s).           (3.43)
      -

 ,        
.

W(s)

H(s)

Y(s)E*(s)E(s)R(s)

R(s) 1 E(s) E*(s) W(s) 1 Y(s)

– H(s)
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  (3.43)        -
 :

E*(s) = R*(s) – WH*(s)E*(s),
Y*(s) = W*(s)  E*(s),                                 (3.44)

WH*(s), Y*(s), E*(s)  W*(s) , ,  -
,   (2.25)  (3.9).

 (3.44)    ,
 ,   ,  

«  ».      3.18.

 3.18

3.        -
        

. ,   ,   -
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     .  ,
  3.19 :
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sHsWsRsE                        (3.45)

     
     

.
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   (3.45).
     

       -
 , ,   , -

    (Sedlar M. and Bekey G.).
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s
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  y(t) :
Y(s) = F(s)  U*(s).                                   (3.46)

    ,  -
 (3.46) :

Y*(s) = F*(s)  U*(s),
  z-    z = e Ts:

Y(z) = F(z)  U(z).
     ,

     3.22.
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85

4   

  ,   -
  ,       

 .      -
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 .       -
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    :
-     ;
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-       

 .

4.1  

        -
   ,   

(    )  ,     
.
      

    ,   -
    g, :

x(kT + T) = (x(kT), r(kT)),                             (4.1)
y(kT) = g (x(kT), r(kT)),                                 (4.2)

y(kT) –     kT, r(kT) – 
    kT.
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 (4.1)   ,  -
 (4.2) –  .

4.1.1   ,  
 

    ,  
 ,  (4.1), (4.2)    -

 -   :
x[(k + 1)T] = A(kT) x(kT) + B(kT) r(kT),                 (4.3)

y(kT) = C(kT) x(kT) + D(kT) r(kT),                     (4.4)
x(kT) – -    n,

r(kT) – -    p, y(kT)
– -    m; A(kT), B(kT),
C(kT), D(kT) –     -

       .  
       

kT (k = 0, 1, 2, …).   (4.3), (4.4)  -
 ,  A, B, C D    .

 (4.3), (4.4)       ,
   ,   T = 1:

x (k + 1) = A(k) x(k) + B(k) r(k),                          (4.5)
y(k) = C(k) x(k) + D(k) r(k).                                (4.6)

    (4.5)  (4.6)  
,  k  « »  «
»,       

  .    (4.5) 
 (4.6)     :

x(kj+1) = A(kj) x(kj) + B(kj)  r(kj),                          (4.7)
y(kj) = C(kj)  x(kj)+ D(kj)  r(kj).                              (4.8)

 -  , , ,
 (4.5), (4.6),    4.1.
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 4.1

4.1.2     
 

       
    ,    -

      – 
( ).      4.2.

 4.2

 ui(t), i = 1, 2, …, p   
   ,     -

 :
ui(t) = ui(kT) = ri(kT),  kT  t  (k + 1)T.                      (4.9)

T

D(k)

C(k)

A(k)

B(k)
y(k)r(k) x(k)

.

.

.

.

up(t)

.

.

.

.

ym(t)

y1(t)u1(t)r1*(t)

rp*(t)

r1(t)

rp(t)
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     -
 :

),()()()()( tttt
dt

td uBxAx                           (4.10)

y(t) = C(t) x(t)+ D(t) u(t).                            (4.11)

  [1],    (4.10) 
:

t

t
dttttt

0

,)()(),()(),()( 00 uBxx                  (4.12)

(t, t0) –  ( ) , -
 A(t).

 (4.12)   t   t0, 
   (4.12) t0=kT   t=(k+1)T.   

(4.9)  u( )     , 
   (4.12) :

x[(k +1)T] = [(k + 1)T, kT] x(kT) + [(k +1)T, kT] r(kT),  (4.13)
Tk

kT
dtTkTk

)1(

.)(],)1[(]kT,)1[( B                    (4.14)

 (4.13) ,  ,  
  ,    4.2. 
       -

 .      -
     (4.11),   t = kT 
:

y(kT) = C(kT)  x(kT) + D(kT) r(kT).                        (4.15)
 (4.13)  (4.15)    -

       .
 (4.13)  (4.15)      

  ,  = 1:
x(k +1) = (k +1, k) x(k) + (k +1, k) r(k),               (4.16)
y(k) = C(k) x(k) + D(k) r(k),                                    (4.17)

1
.)(),1(),1(

k

k
dkkk B                                    (4.18)
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,      ,  
 (4.11)  (4.12) t0 = tk,  t = tk+1, tk  tk+1 –

    (    
       -

 ):
x(tk+1) = (tk+1, tk) x(tk)+ (tk+1, tk) r(tk),                   (4.19)
y(tk) = C(tk) x(tk)+D(tk) r(tk),                                    (4.20)

1

.)()(),( ,11

k

k

t

t
kkk dttt B                                   (4.21)

4.1.3       

      , -
         

    (4.5)     -
     (4.13).  , 

,      (4.12)
  t  t0,   

(t, t0)      
 A(t). ,  (4.12) 

 t  t0 (  « » ),   t  t0 (  « -
» ).     

(4.13), (4.16)  (4.19)     (4.12),  
    .

   , ,   (4.16)
  .   (4.16) 

x(k):
x(k) = –1(k +1, k)  x(k +1) –  –1(k + 1, k) (k +1, k)  r(k).

   ,  -
  :

x(k) = (k,k +1) x(k +1) + ( k,k +1) r(k),
k

k
dkkk

1
.)(),()1,( B                              (4.22)

 (4.22)     
« » k + 1  « » k.   -
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  ,    (4.12) t0 = k + 1
t = k.

    (4.13),   (4.5)  -
    A(k) B(k)  -

.  ,  A(k)   k 
 .  A(k)  

k N,   (4.5)     ,   
   k,  N.   

  :
x(k) = –1(k) x(k +1) – –1(k) (k) r(k), k  N.

4.2   

  (4.3)–(4.8)  (4.13)–(4.20)  -
   ,       , 
, ,    (4.5), (4.6)  A(k)

 (k+1,k),  B(k)  (k+1,k),  
   (4.16)  (4.17) . -

,        -
   (4.3), (4.5), (4.7), (4.13), (4.16)  (4.19).

       (4.5)
 (4.6) -    .   ,

       -
     

  .

4.2.1   

   , -
   (4.5):

x(k +1) = A(k) x(k).                                    (4.23)
   x(k0),    (4.23)

:
x(k0 +1) = A(k0) x(k0).

 :
x(k0 + 2) = A(k0 +1) A(k0)  x(k0).
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  :
1

0
0

),()()(
k

kn
knk xAx k  k0.                            (4.24)

 (k,k0),  , 
  (4.23), ,   -

 (4.24)  :

.

;,)(
),(

0

0

1

0 0

kk

kkn
kk

k

kn

E,

A
                       (4.25)

 A(k)    ,  A(k)  = A0
(    ),   

 :
)(

00000
0)(),( kkkkkk A                          (4.26)

     :
x(k +1) = A0  x(k).                                      (4.27)

 (4.26),     ,   
       -

.
   ,    

A(k) ,   A(k)  
   A0   A1(k).

      
 . :

x(k +1) = [A0 + A1(k)]  x(k) = A0  x(k) + A1(k)  x(k) = A0  x(k) + r(k).
(4.28)

 (4.28)      -
 A0     r(k) = A1(k) x(k).

  (4.28)      
 ,     (4.23).  

:
1

)1(
0

)(
0

0

0 ).()()(
k

kn

nkkk nkk rAxAx

   :
r(n) = A1(n) x(n)
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:
1

1
)1(
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0
0
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k

kn

nkkk nnkk xAxAx A              (4.29)

  (4.29)  .
    x(n)  -

 (4.29) :

.)()(
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1

1
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0

1

0
)(

01
)1(

00
)(

0

0

0

00

n

km

mn
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kn

kknkkk

mxm

knkk

AA

xAAAxAx

   :
x(k) = [E + S( 0 A1) + S( 0 A1  S( 0 A1)) + S( 0 A1  S( 0 A1

S ( 0 A1))) + …] 0 x(k0),                                               (4.30)
S    ,  .

  ,     (4.30),
 :
(k, k0) = [E+ S( 0 A1) + S( 0 A1  S( 0 A1))+ …] 0,   (4.31)
0    (4.26).

 (4.31)      ,
     

.   1      -
 ,   (k, k0)   

.
  (k,k0)  -

      .
  .

1.       -
:

(k0, k0) = .                                      (4.32)

2. (k2, k1) (k1, k0) = (k2, k0),                      (4.33)
 A(k)   k,  -

:
min(k0, k1, k2) k  max(k0, k1, k2).
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 A(k)   k  N,  -
 (4.33)   max(k0, k1, k2)  N.
3. (k1, k2) =  –1(k2, k1),                                   (4.34)

 A(k)  :
k = k2 – 1, k2 – 2, … k1 (k2  k1),
k = k1 – 1, k1 – 2, … k2 (k1  k2).
4.      (4.33) :

(k +n)= (k) (n).                                    (4.35)
5.      (4.34) :

(k) = –1(–k).                                       (4.36)
     

  –   .  (4.25)
 n   . (k,k0)

  (4.31)     
A1(k)    0 (

)    .  , 
     -

.
      -

 (   )    .
      -

     . -
  .

1.   .   
 ,    (4.27)   -
 ( ) ,    0  -
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         ,      4.1.

3.  z- . z-  
     (4.27),    

 :
zX(z) – zx(0) = AX(z).

   X(z), :
X(z) = (zE – A) –1  zx(0),

,    :
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x(k) = Z –1 {(zE – A) –1  z} x(0).
 ,    :

(k) = Z –1 {(zE – A) –1  z}.                             (4.37)

 4.3.      

32
10

A   z- .   

 (4.37): zzZk 11 )()( AE .
   (zE–A):
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1
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zz
zZ

zz
zZ

 ,       
    4.1  4.2.

     (4.37) – 
,       . -

   (zE – A) –1     -
 .

 (zE – A) –1  z = F. :
zF =zE + AF.                                       (4.38)

     (zE + A)  
 :

z2F= A2F+ zA +z2E.                                  (4.39)
   (zE + A),   :

z3F = A3F+ zA2 +z2A + z3E.                           (4.40)
 ,    :

z4F = A4F+ zA3+z2A2 + z3A + z4E,                     (4.41)
                                   ………………..
                                 …………………..

znF = AnF + zAn–1+… + zn–1A + znE.                  (4.42)

   (4.38)–(4.42) F = F  
   ai  -

 , :
a0F = a0F,
a1zF = a1AF + a1zE,
a2z2F = a2A2F + a2zA + a2z2E,
………..
an–1z(n–1)F = an–1A(n–1)F + an–1zA(n–2) + … + an–1z(n–1)E, (4.43)
znF = AnF + zA(n–1) + … + z(n–1)A + znE,

ai –  
anzn + an–1z(n–1) + … + a1z + a0 = 0  (an = 1).
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      (4.43), -
:

n

i

n

i

n

i

n

i

n

ni

nnni
i

i
i

i
i

i
i

i
i zzazazaaza

0 0 1 2 1

)1()1(2)2()1( ,... EAAAFAF

 (4.44)
an = 1.

      (4.44)  
     - .  -

 (4.44) F, :

.1

)(

0

1

)(

AE

AA
F

z

az

za

az
n

j

n

ji

ji
i

j

n

i

i
i

n

j

n

ji

ji
i

j

                    (4.45)

  (4.45) –   
Adj(zE – A)z. F   (4.45),  -

 :
(k) = Z –1(F).

4.2.2  

    ,    -
    .  -

   ,   -
 .  L*  -

  L   :

, Lx  =  L* , x ,                               (4.46)

 –  ,    -
:

1

0

).()1(,
k

ki

T ii baba                               (4.47)

 , Lx   (4.23), :
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).()()()(

)()()1()()()()1()()(

)1()1()()()()()1()1(,

00

1 1

00

1 2

1

0 0

0 0

kkkk

iiiiiiikk

iikkiiiiL

TT

k

ki

k

ki

TTTT

k

ki

k

ki

TTT

xx

xAxAx

xxxAxx

(4.48)
     -

   :
T(k), x(k)  = const,                                (4.49)

 k = 0, 1, 2, … .
  (4.49):

T(k) x(k) = T(k0) x(k0),
   (4.48) , :

L*( ) = T(i) – T(i+1) A(i),
     :

T(i) = T(i +1) A(i).
   ,  -

 A(i),    :
(i +1)= [A –1(i)] T (i).                           (4.50)

 (4.50)     -
.

      -
 .

     (k,
k0)    (4.23):

(k +1, k0) = A(k) (k, k0).
      -

, :
[ –1(k +1, k0)] T = [A –1(k)] T [ –1(k, k0)] T.               (4.51)

  (4.51)  (4.50) ,  
[ –1(k, k0)] T   (4.50) , , -

    .  

  (4.49)       -
,    .
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      (4.50).  -
 :

1

0
1

0
1

0

.,)(),(
k

kn

TT
kknkk A                     (4.52)

    (k, k0)
k0  k   «  »  (4.23),

   :
x(n) = A –1(n) x(n +1)

    n = k n = k0.  
:

),()()(
1

1
0

0

knk
k

kn
xAx ,

:
1

1
0

0

).(),(
k

kn
nkk A                                (4.53)

  (4.53)  (4.52)   
 (4.34):

–1(k, k0) = (k0, k),      k  k0.
 ,      

 (4.25)       -
  (4.53).   ,   -

       A(k) ( .
 4.1.3).

4.2.3  

   (4.5)  (4.6).   
     -

 ,     .   -
     -

  .
     A(k) 

(4.51):

–1(k, k0) = –1(k +1, k0) A(k).                        (4.54)
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  (4.5)  –1(k +1, k0),  
(4.54) –  x(k),      :

–1(k +1, k0) x(k +1) – –1(k, k0) x(k) = –1(k +1, k0) B(k)  r(k).
   k  m  

m k0 k –1    .    
,    ,  ,   -

 :
1

0
1

000
1

0
1

0

).()(),1()(),()(),(
k

km
mmkmkkkkkk rBxx

(4.55)
  (4.55)  (k, k0)   , 

1(k0, k0)  =  –   (     
(4.33)  (4.34)):

1

00
0

).()()1,()(),()(
k

km
mmmkkkkk rBxx             (4.56)

 (4.56)    -
   (4.5).     -

   ,  
,      , -

  .
    A, B, C D  -
 (4.5)  (4.6)       x(k) 

         
 (      ):

1

0
00 ).()1()()-()(

k

km
mmkkkkk rxx B           (4.57)

   y(k)  
 (4.56)  (4.57)      -

  (4.6):
-   :

1

00
0

),()()()()1,()()(),()()(
k

km
kkmmmkkkkkkk rDrBCxCy

 (4.58)
-   :
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).()()1()()()(
1

00
0

kmmkkkkk
k

km
rDrBCxCy (4.59)

,       -
      (4.5)  (4.6) -

z- . z-     -
   (4.5)  (4.6)    

X(z) Y(z):
X(z)= (zE – A) –1  z x(0) + (zE – A) –1 BR(z),            (4.60)

Y(z)= C(zE – A) –1  z  x(0) + [C (zE – A) –1 B + D] R(z).  (4.61)
 z-    (4.60) 

(4.61), x(k) y(k).

 4.4.     :
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  –  

.00
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)(1)(
k
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  : y(0)=0, y (1)=0.  
    k=2,3.

     (4.59).  
      4.1.

    (4.59)  :
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y

y

4.3     

4.3.1    

     
 z-    

.
      -

  :
Y(z) = W(z) R(z),                                    (4.62)

)(
...

)(
)(

)( 2

1

zY

zY
zY

z

m

Y  z- m-  -

-   y(k),
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)(
...

)(
)(

)( 2

1

zR

zR
zR

z

p

R  z- p-  -

  r(k), :

)(...)()(
...
...

)(...)()(
)(...)()(

)(

21

22221

11211

zWzWzW

zWzWzW
zWzWzW

z

mpmm

p

p

W                      (4.63)

 ,   Wij(z) – 
  j-   i-  .  

(4.63)     .
z-     

    (4.60)  (4.61):
X(z) = (zE – A) –1  z  x(0) + (zE – A) –1 B R(z),
Y(z) = C  (zE – A) –1  z x(0) + [C  (zE – A) –1 B + D] R(z).

      
(4.62)  ,     -

    x(0) = 0,  
    

W(z) =C (zE – A) –1 B + D.                            (4.64)
       

(4.64)    (4.37) :
w(k) = C (k –1) B + D (0),                       (4.65)

w(k) –    ( ) ,  

.00,
0,,1

)(
t
t

t

        -
   (4.65) :

.0,0
0,k,
,1,)1(

)(
k

kk
k D

BC
w                              (4.66)
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   ,      -
,  k0,  (4.66)   :

.,0
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w         (4.67)

 ,     , -
  (4.5)  (4.6),    -

 :

.,0
,

1B,)1(
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0

0

00

0

kk
,k k

,kkk,k
kk D

C
w

4.3.2  

  ,     -
 3.4     ,  

       
   ,     -

.       -
.

    (    -
 –  )     -

        -
 .     -

     , 
  .    :

  , ,   
.

 ,     
.     , -

  ,    4.3.
1.    ( . 4.3, ):

x2(k) = ax1(k),
X2(z) = aX1(z).
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2.  ( . 4.3, ):
x3(k) = x1(k) + x2(k),
X3(z) = X1(z) +X2(z).

3.     ( . 4.3, ):
x2(k) = x1(k +1),
X2(z) = zX1(z) – zx1(0)

,    X1(z):
X1(z) = z –1X2(z) + x1(0).

)

)

)

 4.3

     (    -
 )  :

)  ;
)    ;
)   ;

a
x1(k) x2(k) x1(k)    a    x2(k)

x1(k)

x2(k)

x3(k)

x1(k)
1

x3(k)

1
x2(k)

 1

x2(k) x1(k) x2(k)        z –1

x1(0)

1

x1(k)
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)   .

 4.5.     
:

y(k +2)+ 5y(k +1) + 6y(k) = r(k).                          (4.68)
  (4.68) y(k + 2):

y(k + 2) = r(k) – 5y(k +1) – 6y(k).                         (4.69)
      -

, y(k).    , -
   4.3,   , -

  (4.68).     4.4.

 4.4

     
  .

       -
,     z –1   :

),(
1
0

)(
)(

56
10

)1(
)1(

2

1

2

1 kr
kx
kx

kx
kx

              (4.70)

.
)(
)(

01)(
2

1

kx
kx

ky                                     (4.71)

   (4.70)   
    ,    -

 X1(z) X2(z),   – R(z), x1(0), x2(0):

x2(k +1)
–5

x2(k)
X2(z)

y(1)  x2(0) y(0)
x (0)

y(k +1)  z –1 y(k)

Y(z)x1(k)
X1(z)

r(k) 1    y(k +2)      z –1

R(z)

–6



109

),(1
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1 zR
z
z

x
x

z
zz

zX
zX

   (4.72)

= 1 + 6z –2 + 5z –1.
  (4.72) ,    

      
 ,      

 (4.37).
 z-    (4.72)

      .
      -

        
  :

.
65

1
561)(

)()( 212

22

zzzz
zz

zR
zYzW

,      -
   (4.68).

4.3.3      

       
   ,    -

       
  ,    , 

     
.

      
         

 : ,   -
.

   
       z –1:

,
)(
)(

...
...)( 1

10

1
10

zR
zY

zazaa
zbzbbzW n

n

m
m                        (4.73)
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n m  –   ,    -
 –   a0.

     (4.73)  
 X(z):

.
)()...(
)()...(

)(
)(

1
10

1
10

zXzazaa
zXzbzbb

zR
zY

n
n

m
m

       
  ,   :

Y(z) = b0X(z) + b1z –1X(z) + … + bmz –mX(z),              (4.74)
R(z) = a0X(z) + a1z –1X(z) + … + anz –nX(z).               (4.75)

  (4.75) (   -  -
 R(z)  X(z)) X(z), :

).(...)()(1)(
0

1

0

1

0
zXz

a
azXz

a
azR

a
zX nn          (4.76)

  (4.74)  (4.76)   , 
       .

    m = n = 3  
 4.5.

 4.5

)z(X
a
1)z(R
0

Y(z)
x1(k)

z –1                b3

b2

b1

b0

x2(k)x3(k)

z –1z –1

0

1

a
a

0

2

a
a

0

3

a
a
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 ,   , -
   4.5,   :

x1(k + 1) = x2(k),
x2(k +1) = x3(k),

).(1)()()()1(
0

3
0

1
2

0

2
1

0

3
3 kr

a
kx

a
akx

a
akx

a
akx

    ,   
  :

.100
010

0

1

0

2

0

3

a
a

a
a

a
a

A

  ,   ,  -
      -

    , ,    ,  -
   .

 4.6.    

)(
)(

05,06,0
2,0)( 2

2

zR
zY

zz
zzzW ,

Y(z) R(z) – z-      -
.

      -
   z–1,      z2:

21

1

2

2

05,06,01
2,01

05,06,0
2,0)(

zz
z

zz
zzzW .

      
 X(z),  , -

  (4.74), (4.75):

).05,06,01()()(

),2,01()()(
21

1

zzzXzR

zzXzY

      -
.
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1
0,2

R(z)       1 X(z) z 1 z 1 Y(z)

r(kT) x2((k+1)T) 0,6 x2(kT)=x1((k+1)T) x1(kT)

0,05

        z–1.
       -

 ,       z–1:

).()()6,02,0()(05,0)(
),()(6,0)(05,0))1((

),())1((

21

212

21

kTrkTxkTxkTy
kTrkTxkTxTkx

kTxTkx

      ,  -
  :

.1,8,005,0,
1
0

,
6,005,0

10
DCBA

    -
     . 

      .
    ( ) zk -
     :

n

k

n

k kkkk

k

zzAA
z

zz
AzW

1 1
111

1
,)(                              (4.77)

Ak –  ,  W(z)   zk.
  ,   -

  (4.77),    
 ,     , -

   4.6.
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 4.6

      -
        :

k kkkk k

k

zzAAzz
zAzW 111

1)( .

      
    . 4.6*.

                                                 1

Ak    xk(k + 1)       z –1          xk(k)

                                               –zk

 4.6*

     
xk        -

 ,        -
     .  -

,       ( -
) .

 4.7.    ,     4.6.
       ,

      :

Ak    xk(k + 1)       z –1          xk(k)

–zk

1
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.
6,03,1
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                                           1
z 1 x1(kT) y(kT)

x1((k+1)T)

r(kT) 4 0,1

1
1,3

z 1

           x2((k+1)T) x2(kT)
0,5

       z–1,
     :

).(3,5)(5,0)(1,0)(
),(3,1)(5,0))1((

),(4)(1,0))1((

21
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11

kTrkTxkTxkTy
kTrkTxTkx
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1
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,
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i
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zz
A
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 4.7

 ,       -
  ,      -
  .

      
      

.    W(z)  :

,
)(...))((
)(...))(()(

21

21

n

m

zzzzzz
czczczkzW                              (4.78)

ci (i = 1, 2, … m) – W(z), zj (j = 1, 2, … n) – W(z), 
   , m n.

 (4.78)   :
W(z) = k  W1(z)  W2(z)  …  Wn(z),

.,
1
1)( 1

1
mk

zz
zc

zz
czzW

k

k

k

k
k                             (4.79)

A3

1
zi

z –1

z –1

Ap

z –1

zi

1
zi

z –1

zi
1

A2

A1 1

x1(k)

x2(k)

x3(k)

x (k)
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.1,
1

1)( 1

1
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k               (4.80)

    (4.79)  (4.80) -
   4.8,   4.8,  .

)

)

 4.8

   ,  -
  (4.78),    -

 ,    4.8.

 4.8.      4.6. -
      (4.78):

),()(
)5,0()1,0(

)2,0(
05,06,0

2,0)( 212

2
zWzW
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zz

zz
zzzW

.
5,01
2,01
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1
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z
zzW

zz
zzW

      -
 .

z –1                  ck1

1
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1 z–1 1
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1                                               1

r(kT)      1 z 1 x2(kT) 1 z 1 x1(kT) y(kT)

0,2
0,1 0,5

      
 :

).()(1,0)()2,05,0()(
),()(1,0))1((

),()(1,0)(5,0))1((

21

22

211

kTrkTxkTxkTy
kTrkTxTkx

kTrkTxkTxTkx

      
:

.1,1,07,0,
1
1

,
1,00
1,05,0

DCBA

4.3.4    
  

        -
,    .    -

    .
      , -

     . -
      u*(t)  h(t)

,    kT  t  (k +1)T :
h(t) = u(kT).

     ,
:

s
kTusH )()( .                                       (4.81)

    (4.81)   -
   s –1,  H(s) u(kT) ( .

. 4.9).
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 4.9

     , 
      

    .   -
     

.  t0      -
     kT,  

   (4.13)    (4.12).

 4.9.      -
      , -
   4.10.

h(t)u*(t)e*(t)r(t)      e(t) y(t)

 4.10

     -
:

,
65

1
)(
)()( 2 zzzE

zUzD                             (4.82)

   –  :

.
2

5
)(
)()(

ssH
sYsW                                       (4.83)

    (4.82)  
( . . 4.4),      

  4.11.

u(kT)      s –1              H(s)
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 4.11

  ,   
4.4, 4.9  4.11,      ( . .
4.12).

e(kT)

5

x3(kT) x2(kT)    H(s)

z –1                z –1  h(kT)  s –1 5                 s -1

X1(s)

1
x1(kT)

s 1

1    Y

2

6

r(kT) 1

 4.12

    , t0 = kT  
x1(kT) = y(kT).

     X1(s),
x2(kT), x3(kT), :

),(
)2(

5)(1)( 211 kTx
ss

kTx
s

sX

x2((k + 1)T) = x3(kT),
x3((k + 1)T) = – x1(kT) – 6x2(kT) – 5x3(kT) + r(kT).                  (4.84)

X1(s)

x1(t0)

s –1

1         Y(s)

–2

H(s) 5                         s –1
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     (4.84)   ,
:

).(1
2
5)()( 2

)(2
11

0 kTxekTxtx tt

   t0 = kT, t= (k+1)T   -
  (4.84),    :

).(
1
0
0

)(
)(
)(

561
100

0)1(
2
51

)1(
)1(
)1(

3

2

1
2

3

2

1

kTr
kTx
kTx
kTxe

Tkx
Tkx
Tkx T

    :
y(kT) = x1(kT).

4.4    

4.4.1    

     
      
, ,  ,      -

 .     -
     

    .    ,
     

    ( )  -
    .

     
 , , ,  (4.7), (4.8):

x(kj + 1) = A(kj)  x(kj) + B(kj) r(kj),
y(kj) = C(kj) x(kj) + D(kj) r(kj).

    ,
     k0 

   r(ki),  i =
=0, 1, 2, … N–1,    x(k0)  

  x(kN)    kN  k0.



121

    , 
    k0  -

   r(ki),  i = 0,
1, 2, … N–1,       

  y(kN)    -
y(k0)   kN  k0.

   (  
  ),     (   

 )  k0  kN  k0.
 ,    , 

    (   
  ).    -

     ,    
 .   (k), B(k), C(k), D(k)
   k,   

   .    
  .

  ,   -
  k0 x(k0)    

 y(k)  r(k)  k0  k kN,
kN –  .

  ( ) , 
    k0  kN  k0.

       -
 .

4.4.2    

 4.1.     ,  -
  (4.7),     , -

  ,    Q
 n.  Q    :

Q = [Q0 Q1  … Q N – 1],   (n N  p),                       (4.85)
Qi = (kN, k i + 1) B(ki), (n  p),   i = 0, 1, 2, … N – 1.

.    (4.7) -
   (4.56).     :
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1

0
100 ).()(),()(),()(

N

i
iiiNNN kkkkkkkk rBxx       (4.86)

      n–
 - ,  k0   kN,  

(4.86)  :
X(kN, k0) = Q  R,                                  (4.86')

Q – ,   (4.85), R – -
 N  p:

.

)(
....

)(
)(

1

1

0

Nk

k
k

r

r
r

R                                         (4.87)

      k0
 ,    

x(k0)   x(kN),  ,  -
    (4.86')   

R,    (4.86').  (4.86') -
,  ,    n 

 N  p    
R.     ,   

     ,    -
       

.*   (kN, k0)   
 Q,    -

,   n.    .
    –   -

,    Q n 
     :

1

1

1

1
11 ).,()()(),(

N

i

N

i
iN

T
i

T
iiN

T
ii

T kkkkkk BBQQQQG  (4.88)

*   –     ,  -
  ,   ,  

 – X(kN, k0).



123

 4.2.      ,
  (4.7),   , 

    , m. -
 :

T = [T0 T1  … TN], (m  (N +1)p),                        (4.89)

.i),(
,10),(),()( 1

Nk
Nikkkk

N

iiNN
i D

BC
T

.     
(4.56)    (4.7)      ,

  (4.86):

).()(

)()(),()()(),()()(
1

0
100

NN

N

i
iiiNNNNN

kk

kkkkkkkkkk

rD

rBCxCy

     m-
 - Y(kN, k0),      -

  (4.89):
N

i
iiN kkk

0
0 ,)(),( TR*rTY                               (4.90)

R* – -   (N + 1)p:

.

)(
...

)(
)(

1

0

Nk

k
k

r

r
r

R*

     ,  
 y(k0)   y(kN)  

(    Y(kN, k0))    -
 R*, y(k0) y(kN),   

   (4.90)  Y(kN, k0).
 (4.90) –  m   c

(N +1)p   R*.
       

,       -
 .     Y(kN,
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k0)  ,    m,  
 .

       -
   :

1

0
.

N

i

T
ii

T TTTT

      -
    .  ,  

   ,      -
 .      -

  .

 4.3.    :
x(k i + 1) = A x(ki) + B r(ki),                                 (4.91)

                                  y(ki) = C x(ki) + D r(ki),
   ,     (n N  p)-

 
Q = [B  AB  A2B  …  AN – 1B]

 n   QQT  .
     4.1 

 .

 4.4.      (4.91)
   ,     

(zE – A) –1  B
 .

     (4.60).

 4.5.       -
 :

x(k i + 1) =  x(ki) + Bn r(ki),                              (4.92)
                         y(ki) = Cn x(ki) + Dn x(ki),
 –  .
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       -
  ,   Bn  ,

   .
,    , 

  (4.92)  .   -
    Bn  

      r , -
,  .

      
 (    ),    -

   Bn,   
      .

 4.6.     (4.91)  -
   ,  :

T = [CA N – 1B  CA N – 2B  …  CAB  CB  D]
 m    .

     4.2 
 .

4.4.3    

 4.7.    , -
   (4.7), (4.8),   ,

  L  n.  -
     :
L = [C T(k0)  T(k1, k0) C T(k1)  …  T(k N – 1, k0) C T(k N – 1)].  (4.92)

.     (4.8)
  (4.58):

).()(

)()(),()()(),()()(
1

0
100

ii

i

j
jjjiiiii

kk

kkkkkkkkkk

rD

rBCxCy
 (4.93)
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  (4.93)  i = 1, 2, … N – 1  -
 y(k0) = C(k0) x(k0) + D(k0) r(k0),    

 :
Y(kN –1, k0) = LT x(k0) + GR,                            (4.93')

,

)(
....

)(
)(

),(

1

1

0

01

N

N

k

k
k

kk

y

y
y

Y

,

)(...)(),()()(),()(
..............
0...)()()(),()(
0...)()()(
0...0)(

112110111

120122

101

0

NNNNN kkkkkkkkk

kkkkkk
kkk

k

DBCBC

BCBC
DBC

D

G

L   R   (4.92)  (4.87) .
    -

  x(k0)   Y(k N –  1, k0),
 ,      -

    (4.93') x(k0)
 Y(k N –1, k0), L, G  R.  (4.93') –  

 (m  N)  n   -
x(k0).      -

    ,     
   ,  n ( -

, m  N  n).  ,   L
n ,    ,  L  

 n,    .
      

  .

 4.8.    (4.91) 
 ,   :

L = [CT   ATCT   (AT) 2 CT  … (AT) N – 1 CT]
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 n.*
    4.7  

.

 4.9.     (4.91)
 ,      

(zE – A) –1  .
     (4.61).

 4.10.    , -
      (4.92), -

 ,      
Cn   ,    .

    ,   
  ,   
  .

     -
 4.5.

4.4.4   

     -
   ,   

 .

 4.11 ( ).     -
      S1, S2, S3, S4 (

4.13):
S1 –     ;
S2 –     ;
S3 – ,    ;
S4 –    .

       -
   S1.  -
,   S2, S3, S4   -

*   –   
LLT.
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   , ,   
    S1,    

       
 S2, S3  S4.

 4.13

   S2, S3, S4 (   -
  ),        

         
.

       -
  .

 4.12 ( ).     
     ( . . 4.14), :

-  n    Sa  Sb,
 n = =na + nb;

-      ( -
)      

( ) Sab (Sba), Sab (Sba) ,  -
 Sa (Sb)  Sb (Sa);

S1

S2

S4

S3

r

y
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-  (   )  
( )      -

 ( ) Sa, Sb;
- Sa Sb  ( ),    -

 ( )      -
  ( ) Sab (Sba)

    Sb.

 4.14

    
       
   .

 4.13.     :
                               x(k + 1) = A x(k) + B u(k),

y(k) = C x(k)                                              (4.94)
    ,   -

,        ( -
 4.15)    :

x(k + 1) = (A – BG) x(k) + B r(k),
    .

 4.15

x(k + 1) = A x(k) + B u(k)

G
x(k)

r(k) u(k)

Sa

Sb

ya = y

ub = y

r                 ua

yb
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    ,   
     G.

 4.14.     (4.94) -
     ,    

 (  4.15)
u(k) = r(k) – G x(k)

   .
      -

      ( -
,       

  ).    -
      .

 4.15.     
( ),     

 ( ) .
 ,   (  
 –    )   -

      -
,         -

  .     -
       
    .  ,

       , -
  .

 4.16.    , 
      ,
    ,     
  (  )   

   ,  ,   
  .

      
 ,      ,  

       -
.
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 ,    -

.      
  ,        -

 .
)( 22s

  ,    -

 T = k (k = 0, 1, 2, …), z-   
 :

.0
cos21

sin
)( 221

1

22 TT

T

ezTez
Tez

s
Z

 ,    (  0)
     .  -

,    (i T) = (j T)  i = 0, 1, 2, … N – 1 , -
  4.3  4.8,     -

.
      -

       -
,  ,  ,    –  j

    T  k ,
k = 0, 1, 2, … .

 4.10.     
  :

)()1()()1(2)2( krkrkykyky .
    ,  

      .
        

 :

.11,
1
0

,
21

10
),()(

),()()1(

CBA

Cx
BAxx

kky
krkk

    Q, -
,      2 ( Q  )  -
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  4.3     
:

21
10

ABBQ .

   ,  
L:

11
11TTT CACL .

   , . .   
, ,   4.8,   .

     :
11CBCABT .

   ,  1, , , 
   .

     
,      , -

,  :

.01,
1

1
,

21
10

CBA

    -
 , , 

11
11

ABBQ  –    -

;

10
01TTT CACL  –  ;

11CBCABT  –    .
       -

      ,  
  

1
1

)1(
1

12
1

)(
)()( 22 zz

z
zz

z
zR
zYzW

    ,     
4.16    .
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5   
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  .     -
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       -
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      -
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       -
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         -
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       -
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       ,   -
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    .    
    , -

      ,
   .

      
  ,     

.

 5.1.    , 
  5.1.

 5.1

   ,    

     
s
esW

sT1)( ,

      (  5.2, ),   -
  (  5.2, ).

   .
 ,    5.2, ,  -

,   s- :
E(s) = R(s) – Y(s),

).(*
)1(
)1()(*

1
)()( 0 sE

ss
kesE

s
ksWsY

Ts

      , -
    (  5.3).   5.3 -

 :

.
)1(
)1()(*

*

1 ss
kesW

Ts

s1
k

r(t) y(t)
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)

)

 5.2

 5.3

      ,
  z:

).(
)1(

)1()(,

)1(
)1(1

)1(
)1(

)( zR
ekez

ekzR

ss
keZ

ss
keZ

zY TT

T

Ts

Ts

     (5.1)

   r(t)           e(t)       e*(t)

s1
kW0(s)

y(t)

r(t)           e(t)

s1
k

W0(s)

y(t)

y*

R*(s)                 E*(s)       W1*(s)       Y*(s)

– W1*(s)
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   R(z),   -
    :

r(t) = V  t.
   (5.1) :

.
)1)](1([

)1()( 2zekez
eTzkVzY TT

T
                     (5.2)

    , -
   5.2, ,      -

:

.
)1)](1([

)]1)(1()([

1
)(1

1
)(

)( 2

0
zekez

ezezTzkV

s
ksWZ

s
ksRZ

zY TT

TT
    (5.3)

  (5.2)  (5.3)   ,
,   , ,  -

     ,    -
   .

      -
      ,
       -

    .

5.2  

       -
 ,   , -

 .    , -
     -

   .   
   ,   -

  .   s –1    
  .  -

    ,   
s –1       -

     -
  .
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    , 
,   :     -

  ,        -
s –1      

 .
 ,  ,    -

,      .

5.2.1  

     
,     ,  -

 ,      ,
  ,  ,   

    (   )
     (     -

).
    

      s –1.
      

 5.4,  (  )    5.4,  (
  ).

)

)

 5.4

s –1W0(s)
x2(t)x1(t)

W0(s) s –1
x2(t)x1(t)
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  5.4, ,   
    :

.
1

1)1(
)(
)(

2
1

1

2

z
T

s
Zz

zX
zX                          (5.4)

     (5.4) -
  :

x2[(k + 1)T] = x2(kT) + T x1(kT).
     -

 5.4,   :

.
1

1)1(
)(
)(

21
1

1

2

z
Tz

s
Zzz

zX
zX                       (5.5)

    ,  
    z.

    (5.5)  :
x2[(k + 1)T] = x2(kT) + T x1[(k + 1)T].

 5.2.     5.1.

r(t) y(t)

      , -
      -

.
      -

    .

r(t)       1 s–1 K           y(t)

                              –1–K

s
K

1
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s–1     
1z

T .

r(t)       1
1z

T K           y(t)

R(z) Y(z)
                               –1–K

  ,   -
  :

TKTz
TK

K
z
T

K
z
T

zR
zYzW

1)1(
1

1
1

)(
)()( .

  , ,   -
 ,  z-   :

.
)1()2(11

)()()( 2 TKTzTKTz
TKz

z
z

TKTz
TKzRzWzY

5.2.2  

    -  , 
        ,

.      
       -

 (  ).   -
   5.5.

 5.5

     -
  (2.44) :

s –1
x2(t)x1(t)
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,2)( 21 Ts
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2
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z
zT

s
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T
zz

zX
zX                    (5.6)

     -
    ,     

       .
       -

 , ,  ,   -
.

    
     -

       (  -
  ).     -

  – z- .

5.3 z-

      
(t)    :

,)()(
0

dtetsF st                                      (5.7)

jc
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st dsesF
j

t .)(
2
1)(                                 (5.8)

    (5.8)     
       :
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st
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s

s
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s

dsesF
j

dsesF
j

dsesF
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t
2/
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2
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2
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2
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     (  
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 (5.9)     -
   ,  (t). 

  :
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.)(

2
1)(

s

s

jc

jc

st dsesF
j

t

     t = kT
    A(kT), :

2/

2/
.)(

2
1)()(

s

s

jc
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skT
A dsesF

j
kTkT

     z,  

z
T

s ln1 :

kzk
A dzzz

T
F

jT
z

T
dez

T
F

j
kT ,ln1

2
1ln1ln1

2
1)( 1ln  (5.10)

   –      
  e cT.

   (5.10)   -
 (  z- ):

k dzzzF
j

kT ,)(
2
1)( 1                                 (5.11)

 ,       

T
1 .  z- (kT)   F(z)

  z –1.  A(kT)   (5.10),
   (kT),    -

    z –1 ./ln1 Tz
T

F

 , z-    s –1  -
    T / ln z   

 (    1 / T)    z –1  -
    .  

 F [(1 / T) ln z]    
z,     ln z  
.   .  z  0 :
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z      u.

    n  -
 (5.12)  :

....
945
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3
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2
1 53
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n uuu
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               (5.13)

       (5.13) -
   .

     * 
 (5.13), :
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)(1 1

1

1
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z
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s nn
n

n                               (5.14)

*       –    
 ,     .  -

     . s = 0  z = 1, 
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  z-    ,    .
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Nn (z –1) –  z –1   n, Gn (z –1)  -
z-  s – n.

n = 1  Gn (z –1)   (5.12) -
  :

.
1
1

2
1

2
)( 1

1
1

1
1

z
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u
TzGs

n = 2   (5.13) :

.
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u
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  W(s):
Y(s) = R(s)  W(s);



144

-  Y(s)    -   
s –1;

- s – n z- *;
-   1 / T  YA (z);
-  z- , yA (kT).

 5.3.     ,    -
 5.1  5.2.      -
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1
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s.
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r(t)

 5.6

)()0()()]0([)( ttt cc rBExBGAx ,                      (5.15)
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t

t
cccc dttttt

0

,)()0()()()()( 00 rBExx          (5.16)
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c ett BGA .
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      (0) 

( ),  G(0) G(T) ( .  5.7).   
.
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    ( ) G(T), -
    r(t)   

      .
   ,  

5.7, :

),()()( kTtt ss BuAxxs                               (5.17)
kT  t  (k + 1) T,

us (kT) = E(T) r(kT) – G(T) xs (kT).                  (5.18)
  (5.17)  (5.18) :

).()()()()()( kTTkTTtt sss xBGrBEAxx
   t = (k + 1) T  t0 = kT  

:

Tk

kT

s
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kT
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kTTdTkTTTk
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)()()()(])1[(
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 ( ) = .

 ,   r(t)  -
    ,   

r(t)     . ,   -
 (5.16) t=(k+1)T, t0 = kT, :

Tk

kT
cccc kTrdTkTkTTTk

)1(

).()0()()()(])1[( BExx  (5.20)

 ,   (5.19)  (5.20),
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kT
c TdTkTTT

)1(

),()()()( BG           (5.21)

Tk
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Tk

kT
c dTkTTdTkT
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).0()()()( BEBE  (5.22)
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Tk

kT
dTkTT

)1(

)()( B

,)()(
)1( Tk

kT
cc dTkTT B

 (5.21)  (5.22)    :
( ) = ( ) – (T) G(T),                             (5.23)

(T) E(T) = c (T) E(0).                                   (5.24)
   (5.23)   

     
   ,    -

 (5.24) –  .
   (5.23).    

 :
(T) G(T) = (T) – (T) = D(T) = [d1 d2 … d n]        (5.25)

 ,       (n  n) -
    (p  n) 

 G(T).   (5.25)  
       (p = n),  
      

* (   ( ))    :
G(T) =  [ (T) ]–1 D(T),

    ( )   -
:

[ ( ) d1 d2 … d n ].                                   (5.26)
  (5.26)   (      -

),    (5.25)  ,   
 n      -
      -

   n .  
       H

 (p  n):

*          .
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q = H x.                                           (5.27)
     (5.25)  :

H (T) G(T) = H D(T)                             (5.28)
     (p  n)     

.     ,  -
H (T)  ,    (5.28)  -

   .  ,  
      (5.25),  

GW (T):
GW (T) = [H (T)]–1 H D(T).                             (5.29)

      (5.29) -
 ,     , -

 G (T)     = 0:

,
!
)()(

0

)(

j

jj

j
TTT GG                                   (5.30)

0

)( )()(
T

j

j
j

T
TT GG .

  (5.30)   (5.23)   -
     , :

0

)(

0

1

00 !
)(

)!1(!!
)]0([

j

jj

i

ii

i

ii

i

ii

j
TT

i
T

i
T

i
T GBAABGA

.0
!

)(
)!1(!!

)]0([
0 0

)(1

i j

jjiiiiii

j
TT

i
T

i
T

i
T GBAABGA

      
 , :

,0
!)!(

)(
!!

)]0([ 1

0

)(1i

j

jjiii

jji
T

ii
BGAABGA                (5.31)

i = 1, 2, … .
  (5.31)  , -

  G (i – 1) (T), :

.
!)!(

)(
!

)]0([
!)!1(

2

0

)(1i

j

jjiii1)-(i

jji
T

iii
GBAGBAAGB      (5.32)
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      , 
      (5.32) -
    (p  n)   -

.   (5.32)     -
    (i–1)-   -

  ,     
  GW (T):

.
!)!(

)()!1()]0([)()(
2

0

)(1
1)1(

i

j

j
W

jiii
i

W jji
Ti

ii
T BGABGAAHHBG

(5.33)
  i = 1, 2, 3   (5.33)

   5.2.

 5.2

i GW
(i – 1) (T)

1 G(0)

2 1/2 G(0) [A – B G(0)]

3 21 )]0()[0(
3
1)]0()[0(

6
1)( BGABGBGAABGHHB

    ,  
   (5.30):

G0(T) = G (0)(T) = G(0),
G1(T) = G(0) + T G (1)(T),

).(
2

)()0()( )2(
2

)1(
2 TTT GTTGGG

      
,   GW

(0)(T), GW
(1)(T) GW

(2)(T).  
5.2 , GW

(0)(T) GW
(1)(T)    , 

 G(T),     
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,      -
   .

     (5.30),  
G(T),      -

 GW (T)   (5.29).
      -
  (5.24).     

  p = n:
E (T) = [ (T)]–1

c(T) E(0),
   (T)     -

.
       -

EW(T)   :
EW (T) = [H (T)]–1 H c(T) E(0).                   (5.34)

      ,  
(5.34)    E(T)   :

0

)(
,

!
)()(

j

jj

j
TTT EE

.)(
0

)(

T
j

j
j

T
T EE

 ,    
 (5.33), :

,...3,2,1,
!)!(

)(

)!1()0()]0([)()(

2

0

)(1

1
1)1(

i
jji

T

i
i

T

i

j

j
W

ji

i
i

W

EBA

EBGBAHHBE

       (5.35)

    (5.35) i = 1,2,3 -
   5.3.
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 5.3

i EW
(i – 1)(T)

1 E(0)

2 – 1/2 G(0) B E(0)

3
)0(

3
)]0()[0(

6
)0()( 1 EBBGABGBABGHHB

  5.3 ,      
   E(T)    .
  ,      

,   ,      -
  . ,  -
 (5.28),    G(T) GW (T). :

H D (T) = H (T) GW (T).
  :

)()()()( TTTT TT
W

TT HGHD
    :

TTT
W

T TTT HGD )()()( .
      n

  n  . 
   ,   
    ,  

 :
DT (T) – GW

T (T)  T (T)  = 0

D(T) – (T) GW (T)  = 0.                                  (5.36)

 ,  (5.36)   -
 ,   (5.29).

 [ 1]:

 [ 2]:
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6    

  ,   ,  -
 ,     

.

6.1   

6.1.1     

    ,  -
 ,     

 .
, , ,   

:
a0 y(k + n) + a1 y(k + n – 1) + … + an y(k) = b0 r(k + m) +
+b1 r(k + m – 1) + … + bm r(k). (6.1)

  (6.1) ,   [1],  
   y (k)   -

   (6.1) y (k):
y(k) = y (k) + y (k).

    
y (k)    ,  

y (k)  –   ( ) .
    :

y (k) = c1 z1
k + c2 z2

k + … + c n z n
k,                          (6.2)

ci  – ,   ( ) -
, zi  –    

a0 z n + a1 z n – 1 + … + a n z = 0.                              (6.3)
    ( , z1) 

    :
y (k) = c1 z1

k + c2 k z1
k + c3 k2 z1

k + … + c r k r – 1 z 1
k,     (6.4)

r –  z1.
  (6.2), (6.4) ,    

  (     ), 
zi     . -
 ,     
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  ,   (6.1), -
 :

 zi  1, i = 1, … n,
zi –    (6.3).

       
, z- .  -
   (6.1) :

zazaza
zbzbzb

zR
zYzW

n
nn

m
mm

...

...
)(
)()( 1

10

1
10                     (6.5)

      -
     :

z = e Ts.                                              (6.6)
   s –   -

,   (6.6)    -
 , ,       ,

     (6.5) 
   .

     :
x (k + 1) = A x (k) + B r (k),

    (k) = Ak    
k  ,    -

   .  
 ,     

 ,  k  (k) -
.       -

       -
,    ,   k   -

(k)  . , -
  -  Ak  :

1

0
,

n

i

i
i

k AA

n –  ,  i  
:

1

0

n

i

i
ji

k
j
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    j    :

jj

n

i

i
ip

p

p

kp

d
d

d
d 1

0

)(

   j.
     

k      ( j)k. 
    k , j  1, ,

j = 1,   , j  1.
      -

k    k j
 k – 1. ,  

k     , j  1,  
  , j  1.

 ,    -  -
  ,    :

 –  = 0                                              (6.7)
     .

     -
 (6.3)  (6.7) , ,    

,     -
 .

6.1.2   

     -
  (6.3) ,   

       -
. ,   , -

      , 
      . 

  :

.
1
1

w
wz                                                (6.8)

  (6.8) :

.
1
1

z
zw                                               (6.9)
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    z-   -
 :

z = e j T = cos T + j sin T,   n   s  (n + 1)  s,   n = 0, 1, 2, …
 (6.9)  :

.
2cos1

sin
1sincos
1sincos Ttgj

T
Tj

TjT
TjTw         (6.10)

 ,     
z      w,  -

  (  )  
.

 6.1.      -
 :

a0 z + a1 = 0.                                          (6.11)
   (6.11)   (6.8), :

0
1
1

10 a
w
wa

a0 (1 + w) + a1 (1 – w) = (a0 + a1) w + (a0 – a1) = 0.      (6.12)
     

 (    )
, 

.0
,0

10

10

aa
aa

. .,      -
        -

 –      
 ,      (6.11) -

 .

6.3.1  

   , 
  :

,
)(
)(

...

...)( 1
10

1
10

zD
zQ

azaza
bzbzbzW

n
nn

m
mm

                     (6.13)
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    (6.13)  -
  ,    ,  :

0...)()()( 1
10 n

nTsnTs
ez aeaeazD Ts               (6.14)

    .  -
  (6.14)  (   -

eTs),       
s / 2.

 D(z)   :
D(z) = a0 (z – z1) (z – z2)  …  (z – zn)

 :
z = e j ,                                          (6.15)

D(e j ) = a0 (e j  – z1) (e j  – z2)  … (e j  – zn).             (6.16)
    (6.16) – +   -

   D(e j ).   D(e j )
     ,   -

 (6.16).       
:
) R  zi    -

  ( . . 6.1, ),    -
 ;

) R  zi    -
  ( . . 6.1, ).

     
e j  – zi,

    6.1, ,   2 ,    -
  (6.16)   2 n.

     
e j – zi

  , ,    
D(z)  zi  1,       

 (6.16)       
D(ej )  ,  2 n.

s   z z  =  e Ts,
,    (6.15),  :
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 ,     -
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.

    ,   
  ,     , -

       .

 4.2.    ,
  ,    .
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  –   
:

)1()()1()( TT eKzezzzD .
  T=1,57 , e–T 0,2 

)2,0()1(8,0)( zzzzD .
=1, )2,0)(1(8,0)( zzzzD .  -

z       -
 ,   .

       
z.

z 1 j –1 –j
D(z) 0,8 –0,8–j0,4 1,6 –0,8+j0,4

,       
    ,    -

   ,    
   .

 =10.   )2,0)(1(8)( zzzzD .
   :

z 1 j –1 –j
D(z) 8 –0,8+j6,8 –5,6 –0,8–j6,8
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   ,    -

 .

6.1.4   

   (  6.2).

 6.2

     ,   
      

 W(z).
    s  -

      1 ( . . 6.3, ),   -
      

    (     )
       (– 1, j 0) -

     .
   s   -

 W*(s)        -
,       -

       
 -  W*(s).     -

      -   -
, , s  2   -

 W*(s),      
 .

  2 z-  
  6.3, . s    

       -
z,  s     

W(z)
r(kT) y(kT)



161

   z- .  -
       -

 W(z)    z  
  ( . . 6.3, ).
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 6.3

    ( . 6.2) :

.
)(1

)()(
zW

zWz

    :

2

1

2
j s
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j s
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,
)(

)()(
)(
)(1)(1

zD
zQzD

zD
zQzW                        (6.17)

D(z) = a0 z n + a1 z n – 1 + … + a n,
Q(z) = b0 z m + b1 z m – 1 + … + b m.

  (6.17) –   -
  ,   –  . 

z     z  =  1 D(z),
  ,    2 (n  –

r), r –     -
 ,     (   

 ),     
(6.17)      ( -  

 )  2 n. ,  
  (6.17)  :

2 n – 2 (n – r) = 2 r.                             (6.18)
 z      z  =

:

,,1

,const,
)(1

0

0

0

00

nm
a
a

nm
a

ba

zW z

   (6.17)     .
 (6.17)    

  W(z)  ,    
 2 r   W(z) (W*(s))  

(– 1, j 0)  z(s)   2.
 ,     -

    .
    (  r = 0),   -

   W(z) ( W*(s)) 
    (– 1, j 0),  z  -

      ( -

s     
2

sj      
2

sj ).
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  W(z) ( W*(s)).   

      .

1.  z-      
z e j T   W(z)   –  s / 2

+  s / 2.

 4.3.    ,     4.2.
     ( =0,57 )

)8,0)(1(
8,0)(

zz
zKzW .    

 

.
)2,0sin)(cos1sin(cos

)sin(cos8,0
)2,0)(1(

8,0)(
TjTTjT

TjT
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eeW TjTj
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               -

  
22
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   )( TjeW       .
     ,   -
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                 -1
                                                                                                Re

0

K=1 )( TjeW    -
     –0,33;  (–1, j0) 
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, ,      -
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     ,
   ,      -
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2.        (3.9):

n
sjnsW

T
sW ).(1)(*                              (6.19)

     s = j ,
(–  s / 2  s / 2).      

  W(s+jn s)   n ,
    W*(s)  (6.19)

   .

3.       
w    (6.8):

.
1
1

w
wz

      -
 z  w    w = j

w,    w    
,   (6.10), :
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Ttgw                                          (6.20)

 ,    W(z) -
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w

w

j
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1
1                                            (6.21)

   w  –   +  (   0   -
 ),    

.
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    ,   
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.
    

 ,  ,   ,  
   (  )   .

6.2  

 ,    R*(s)
 Y*(s)    :

Y*(s) = W*(s)  R*(s),
W*(s) –    .

  Y*(s)  ,  
y(nT).    y(t)   -
 y(nT)  ,       –

      
    .*  -

   y(nT)    -
,     .   

        -
   ,     : -
 ,  ,  ,

 ,    .   ,  
  ,    

   ,   -
,    .

, ,  ,  -
       -

  .     , 
     -

   .   -
  ,  si  – , zi = Tsie    . -
 ,   (6.3)  :

a0 z n = 0,  1 = 2 = … =  n = 0.

*          
       .
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 .
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   ,    -
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       .
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( . . 6.4).
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e(t) = r(t) – z(t).
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1
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.)()()1()}()()({)( 1
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