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,     -

   ,    -
.    ,  

  ,    -
  .   

   ,  -
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    -
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      ( ,

  ,   -
   . .).   ,     -

  -    .    -
     .

  .  x S
,   x   S.   x  -
  S,   x S.
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.     ,
      -

.
  

.  A B  ,  
      .

 A=B,  A  B ,  A B -   .
 1.1.   .  A

      B  -
 ,        -

. ,  x A,     
  m  x = 2m;  x = (2m - 1) + 1, . . x B.  x B,   -

   p  q  x = (2p - 1) + (2q -1) = 2(p + q -1), . .
x A.

,     a1,  a2,…, an  
 ,  { a1, a2,…, an }.   ,   -
       ;  

        
   .

 1.2.     {2, 4, 6} = {4, 2, 6} = {2, 4,
4, 6}; {{1, 2}}  {1,2},      {{1,2}}

  {1,2},   {1,2}    :
 1  2.

      
  .      

 "   x".   x    -
,      x, ,   

 x         
   ,    

   .    x  -
 ; "3  x", "x2 + 2x +1 > x", "x2 = 4", "x - -

 ". ,  "    x  x2 - 4 = (x - 2)(x +2)",
"   x,  x>0"  "(x+1)/(x-1)"     x.

   x  P(x).
  

.  P(x)   -
A,        a,  

P(a) -  .
  A,    P(x),  

A = {x|P(x)}.
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 1.3.
1. {x | x -  ,  9} = {1, 2, 3, 4, 5, 6, 7, 8}.
2. {x | x -  } -   .

        
   , ,    . .

    ,       -
    .

  (1872-1970). (   -
   .)    ,
     ,

,   ,  
,    

 , ,  {1, 2}, -
    1  2. 

  A = { X | X X}. , 
A A, ,  , A A.   -

,  A A,  A -     X,
     , . . A A.

   A   A  A  
 A.

,     -
   . -

     
 : "     

 ,    ". ,   ?
    ,    -

    , " "   -
.   , ,  ,  -

 ,      
,    ,   .

    , . .
A B,     A    B. 

,  A   B.  A B  A B,  -
,  A   B,   A B.

 1.4.      -
  ;      -

  ; {1, 2}  {1,2,3,4}.
, : ) X X; )  X Y, Y Z,  X Z; )  X Y 

Y X ,  X=Y.
      . 

1 {1}, {{1}} {{1}},  ,  1 {{1}},    -
  {{1}}  {1}.
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,   ,   -
.      .

   A -
  P(A).

 1.5.  A = {1,2,3},  P(A) = { , {1}, {2},{3},{1, 2},
{1, 3}, {2,3}, A}.

     , 
  A   n ,   P(A)   2n

.

§2   .  

       .
.   A  B  

A B,       A  B:
A B = {x | x A  x B}.

.  A  B  
A B,       A  B:

A B = { x | x A  x B}.
,    A B  A  A B  A B

B  A B.
.    A  -

 X   X\A     X, -
     A:
X\A = {x | x X  x A}.

.    A  B -
   A+B = (A\B) (B\A).

.       -
      U,  

 U   -
  ( ).

.  
 A   A   
 x,     A:

A = U\X.
,  X\A = X A.

   
  -  -

    .
     
       -

  .   -
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     ,   -
   U.     

 ,   , ,   -
,  ,     

    ( .1).

A                                    A B                                     A B

A\B                                   B\A                                    A+B

. 1.   

 1.1.   A, B C 
U    (   -

 ):

1. A B = B A  (
)

1'. A B = B A (
)

2.  A (B C)  =  (A B) C  ( -
)

2'. A (B C) = (A B) C ( -
)

3.  A (B C) = (A B) (A C) ( -
 )

3'. A (B C) = (A B) (A C) ( -
 )

4. A  = A 4'. A U = A
5. A A = U 5'. A A =
6. A A =A (  ) 6'. A A = A (  )
7. A U = U 7'. A  =
8. A B = A B (   ) 8'. A B = A B (   )
9. A (A B) = A (  ) 9'. A  (A B) = A (  )

  3.  ,  A (B C)  (A B) (A C).
,  x A (B C),  x A  x B C.  x A,  x A



13

B  x A C. , x (A B) (A C).  x B C,  x B  x
C.  x A B   x A C,   x (A B) (A C).  -

,  (A B) (A C)  A (B C).  x  (A B) (A C),  x A B  x
A C. , x A  x B  x C, . . x B C.  x A (B
C).

  8.  x A B.  x U  x  A B. -
, x  A   x  B.  x A   x B,  , x A B. ,

A B  A B.  , x A B.  x A   x B. ,
x U  x  A  x  B. , x  A B, . . x A B. , A B  A B.

   .  -
  .     

    ,  , ,  -
 .   ,    -

,      -  
.

 1.2.     A  B -
 :

1) A B; 2) A B = A; 3) A B = B.
,      . -

,   A B  A,   ,     A  A B.
  x A,  x B,   A B, , , x A B.

,      .  
A B = A,  A B =  (A B) B.    ( .  9)
B (A B) = B. ,   , 
A B = B.

,      .  
A  A B,      A B = B,  A B.

§3 

.  <x, y>  
 ,     x  y,  

 .   <x, y>   <u, v>   
  ,  x = u   y = v.

.      -
   " "  "   
".      .   " -

 "   ,   " ",
" "   .

 n-   x1, x2,…,xn  <x1, x2,…,xn>
,  ,  <<x1, x2,…,xn-1>, xn>.
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  " ",  ,    " -
",     .    -
   : 1) ; 2)  -

; 3)  .
.  (  )  -

   .     
 <x, y>   ,     <x, y>

  x y.  x  y  
 . n-    
 n- .
     -

 D  = {x |   y,  x y}.
.     -

  R ={y |   x,  x y}.
 1.6.

1.  {<1, 2>, <2, 4>, <3, 3>, <2, 1>} -  .
2.       

 {<x, y> | x  y -    x  y}.  
    =.  

D       R    -
 .

3.  "  "      -
 {<x,y> |    x  y    z ,

 x+ z = y}.      
<.   D       R  

  .
.    X  Y 

    <x, y> ,  x X  y Y. -
    X  Y  X Y.

      -
  X  Y ,  D  X   R Y.  X =Y,  -

,      X.
.    X1,  X2,…, Xn -

    n-  <x1, x2,…,xn> ,   xi Xi,   i =
1, 2,…, n.     X1, X2,…, Xn 
X1 X2 …, Xn.  X1=X2=…=Xn=X,   X1 X2 … Xn=Xn. 
n-       -

  X1, X2,…, Xn.
 1.7.

1.  X = {1, 2, 3}, Y = {0,1}.  X Y = {<1, 0>, <1, 1>, <2, 0>,
<2, 1>, <3, 0>, <3, 1>};

Y X = {<0, 1>, <0, 2>, <0,3>, <1,1>, <1, 2>, <1,3>}.
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 ,  ,   X  Y,  X Y  Y X.
2.  X -    [0, 1],  Y -  

 [1, 2].  X Y -    [0, 1] [1, 2]  -
   (0, 1), (0, 2), (1, 1)  (1, 2).
3.  A = {1, 2, 3, 4, 5}.     A: x  y  x

 y. (    "    , ".)
 = {<1,1>, <1,2>, <1,3>, <1,4>, <1,5>, <1,6>, <2,2>, <2,4>,

<2,6>, <3,3>, <3,6>, <4,4>, <5,5>, <6,6>}. ,  A2.
      -

  ,   . .
.     

-1 = {<x, y> | <y, x> }.
. 1 2  -

2 1 = {<x,z>|  y ,  <x, y> 1  <y, z> 2}.
      :

( -1)-1 =  ;
( )-1 = -1 -1 .

  .     ,
 ,       ,  

    . , <x, y> ( )-1  <y,x>
 z ,  <y, z>   <z, x>   z , 

<z, y> -1  <x, z> -1  <x, y> -1 -1.
 1 8.
   -     A,  -

 :
x  y,     x  -  y;
x  y,     x  -  y.
 <x,y> ,    ,  x -    

 y.  <x,y> ,    ,  x -    -
  y.

,      -
.     A B,  B C  C D. -

,  ( )  =  ( ). , <a,d> ( )  <a,b>  
<b,d>    b B  <a,b>   <b,c>   <c,d>   -

 b B   c C  <a,c>   <c,d>   
c C  <a,d> (  ).

.
   X ,  

  x X  x x.
   X ,  

 x, y  X  x y  y x.
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   X ,  
 x, y, z  X  x y  y z  x z.

   X , -
   x, y X  x y  y x  x = y.

 1.9.
1.       R

 x  y,     x  y.   ,   x  x
  x R.   , , 1 2,  2  1  

.    ,   x  y
 y  z,  x  z.   ,   x  y
 y  x    x = y.

2. 1 = {<1,2>, <2,3>}, 2 = {<1,2>, <1,3>}.  
1  ,   <1,3>  .  2  -

,      x, y  z,  -
  x y  y z.

3.  A -    =  (    A).
   , , -

.   A = ,    .

§4 

  " ",  .    
       .  

  .  ,
 ,    -
  ,   -

 6.
.   f -

,   <x, y>  f     <x,z>  f -
 y = z.

   
,     

 , . .   f  g ,
        . -
    Df,   -
   - Rf.    

   .  
     -

  . ,  Df=X  Rf Y,  , 
 f   X    Y  -
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  X   Y (  
   X  Y).   

 : f: X Y.
 f - ,   <x, y>  f  y = f(x)  ,  y

- ,   x,  y -   x 
 f.   x    y.

 1.10.  {<1, 2>, <2, 3>, < , >} - : -
 {<1, 2>, <1, 3>, <2, 4>}   : 

{<x, x2 + 2x +1> | x -  } - ,  
 y= x2+2x+1.

 f  n-    X  Y,  f: Xn Y.  
y = f(x1,…, xn)  ,  y -     -

 x1,…, xn.
   f: X Y.     

   ( . 2):
     Df = X  

        (f(c) = f (d) = f(e) = 1);
    Y     

X (   x  X ,  f(x) = 4);
    X,   ,   

  (   ,    x
 X     f(x)).

. 2.  f: {a,b,c,d,e} {1,2,3,4,5}

.  f: X Y.
 ( ) f   ( ),

    x1,  x2,  y  y = f(x1)  y = f(x2) ,  x1 = x2 ( ,
,  <x1, y> f   <x2, y> f ,  x1 =  x2).  ,

  f - ,    x1,  x2 X : x1 x2  f(x1)
(x2).

e
d
c
b
a

1
2
3
4
5

f
X Y
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 ( ) f   ( -
),     y Y   x X , 

y = f(x).
 ( ) f   ( ),

 f    .   -
  f: X Y,  ,  f   -

    X  Y.
 1.11.   ,  

      fi: ,
i = 1,2,3,4:

1)  f1(x) = ex ,   ;
2)  f2(x) = x3-x ,   ;
3)  f3(x) = 2x+1 ;
4)  f4(x) = x2    ,  .

   f  g   g f = {<x, z> | -
 y ,  xfy  ygz}.

 1.3.     .  , -
 f: X Y, g: Y Z,  g f: X Z.

 ,  <x, y>  g f  <x, z>  g f,   
u,  xfu, ugy,    v,  xfv, vgz.  f - ,

 u = v;  g - ,  y=z , , g f  - .
   .

 f: X Y, g: Y Z,  g f:  X Z.    -
    : z = g(f(x)).

    .
 1.4.      -

 .
.    X  

  eX : X X ,    x X  eX(x)=x. -
,  f: X Y,  eX f = f, f eX = f.

 F-1 - ,  F. ,    -
 F-1  .     ,

 F    X   Y, -
 .

 1.5.  F : X Y   
F-1: Y X    ,  F - .

 F - , ,  F , F-1  
 Y.  , F -1- ,    <y, x1>  F-1  <y, x2>  F-

1,  <x1, y> F  <x2, y> F,     F  x1 = x2.
   F    F-1, -

   Y     X.  F -
,    y Y   x X.   F
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,    <x1, y> F  <x2, y> F,  <y, x1>  F-1  <y, x2>  F-1,
  F-1 - ,  x1 = x2.

,   ,    F-1  -
,    F.   F(x) = x2 : R R 

 ,    .     -
,        

 .
    ,   -

    F  G:
1) (F-1)-1 = F;
2) (G F)-1 = F-1 G-1.

 F: X Y - , 
1) F-1 F = eX;

2) F F-1 = eY.

§5 

        -
  .

. ,    -
   X    -

 X.
 1.12.

1.        
.

2.  A = R2\{<0,0>} -      -
  .   A  : <a,b>  <c,d>
   ,   <a,b>  <c,d>    ,

   .  ,   -
  .
3.       n 

   Z: x  y (mod n)    ,  x-y -
  n.     Z,     x Z x -

x = 0, , ,   n.   ,  
 x-y   n,  y-x   n .   , 

  x - y   n,      t1  x-y= t1n, 
 y-z   n,     t2  y-z = t2n. 

x-z = (t1+t2)n, . . x-z   n.
4.  ,    -

   : n  m,     n -  m. -
     .   ,

 ,         
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. ,     ,  ,
, 2 -  4,  4    2.

5.   N N,  N -   , -
  : <x, y> <u, v> xv = yu.   -

: <x,y> <x, y>,   xy = yx; :    <x, y> <u, v>, 
<u,v> <x, y>,    xv = yu ,   uy = vx; : 
<x, y> <u, v>, <u, v> <w, z>,  <x, y> <w, z>,  ,  

    xv = yu  uz = vw       xz = yw.
 -     X.

.  ,  
x,    X,    
y X,   x y.  ,   x,

 [x]:
[x] = {y | y X  x y}.

 1.13.
1.        -

  :    x Z  [x] = {x}, . .
        -  x.

2.      n   
Z    :   
 a Z          a

+ kn,  k - . ,    0, 1, 2,…, n-1  -
  ,   [0], [1], [2],…, [n-1].

      n.    -
      ,    -

 a Z     a = qn + r,  0  r <n.
3.  ,   <x, y>  

   1.12 (5)   [<x, y>]={<u, v>| x/y = u/v}.
        -
  .

 1.6.  -     X.
: 1)  x X,  x [x]; 2)  x, y  X  x y,  [x] =[y] ( . . 

    ).
      -

  :  x x , , x [x]. -
   .  z [y].  y z    -

   x z, . . z [x] .  [y]  [x]. , 
   ,  [x] [y],   [y] = [x].

.   X   -
   X ,    -
 X        .

 1.14.
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X = {1, 2, 3, 4, 5}.  {{1, 2}, {3, 5}, {4}} -  
X.  X -   .   

 , ,   .
 1.7.    X   X -

 :  x y    ,  x  y   -
   .

   .   x y  
y z.   x, y  X1, y,z  X2,  X1 , X2 -    X.

 y X1, y X2,  X1 = X2. , x, z  X1  x z.
 1.8.     -

  X      -
.

,     
  X.    1.6  x [x],  , -

   X    -
.   1.6  ,     

 ,  ,    z [x]  z [y],  x z, -
 [x]=[z],  y z,   [y] = [z]. ,  [x] =[ y].

.    
 X    -

  X     X/ .

§6 

       -
   ,   . ,

   A     
    ,   

    .    , 
  A    x  y,    -

 "   " (x  y).
. ,    -

      X 
 .

 1. 15.
1.  x  y       -
  .
2.  x < y       

  ,   .
3.      -

 U  A  B    .
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4.        -
    .

5.    ,  : "  w -
    v,   w = v  w    -
  v"     ( -

 ).
.      X, 

    , . .   x, y  X  x  y 
y  x,   .

 1.15.   1.14 ,    1
 5    ,  ,   . 2,

  .
   X    . 

       X X, . . 
     X?    

  :   X X   -
 <a, b> <c, d>  a c  b d.    

.    .
.  X      ( -

)   ( ) .
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  . .     , ,   -
,       ,  

 .  ,      :
 "    ,    -  ". 

      .
       . -

  ,     ,   -
 .       .

 , ,     -
    [25, . 59]:

"    , -  , -     
 :

 ( - : ),  ,   -
  ( - :  -  ).  

    ( ,    (
)     ( ).

      
 -    -    :

.
   ,   ,   -

,  ,   .
  -    ,  

        
,   - -

.
        

    ,     .  , 
  .   , -   -

   .
    … ? ? -    .
 ? ? -    .
  ?  ! .
 !    … ,    ?

  ,  ! -  ,     
,      :
   -

!  !
  ,   :

             , 
?!"
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  -  ,    -
 .      :  -

  -   ,   .
 ,   100     

  ,    -
    ,   , 
         .

     ,  -
  ?  , -

   ,   -
   ,  , , ,

,         -
-  .

       -
     ,   -

   ,     -  
, ,    30-40-  ,  . . "  ".

       - -
 .       -
       -

.       -
 ( , Clean)   ( ) .

    (    -
 )     (  -

 : -  ,    ).
     :

  :
   :

" "  -   -
 ;

    ;
 ;

  ;
   .

 
 -  -

.   
    
.
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§2 

       -
    ,     
   .      -

  - ,   , 
      (" "). 

   .
    ,  -

   ,     .
 , ,  :

"   - ", "     ", "    
".    ,   - . 

"  -  ", "   ,   ",
"    n>2,     xn +  yn =  zn 

 "  ,     ,
 - ,     ("  
")       1995 . 

  ,  
"  !"  "  ?"   . -

 "     ", "   !  !" 
"x + y = 4"         -

 .
     , -

   ( . .  ).
  -   -   -

    .  { , } 
 .     

 ,   -   
       .  

     .     -
   : P, Q, R   . .

§3  

      
    ( ) . -

,    " ", " "    " " -
    "  -  " ( )  " -

 -  " ( )    -
: "  -    ", "  -   

 -  ", "  -     - 
".    ,   .
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      ( -
),       -

 .    : "&", " ", " ",
"~", " ".    -  ( ),  - -

 ( ).
   ( )   , 

      -
   ,    .

  P  , 
   ,   P .  P -

  P    "  P".   -
    ( . . 1).

       -
 P  ,    " , 

P"  "  P".
 1

P
P

 
 

   P  Q  ,
    ,    . -

  P  Q   P&Q    "P 
Q".      ( . . 2).

      
  " ".  ,    

      :
"   A,   B", "  A,   B", "A   B", "A,    
B", "B,   A".

 2
P Q P&Q

   P  Q  ,
    ,    . 

 P  Q   P Q    "P  Q".
     ( . .3).

      -
  " "  "  ".  -

   : "...  ...  ", " / ".
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 3
P Q P Q

   P  Q    "P -
 Q" ( , , "  P,  Q").     -

  "  2 2 = 5,   -  " , -
     "P  Q" ,  P 

     Q.    " "  
   .   ,  
  "P  Q"  "  P  Q"   ,

       ,  -
   .   

[24, . 25]:
1)  0 = 0,  1 = 1; 2)  0 = 1,  0 = 0;
3)  0 = 0,  0 = 1; 4)  0 = 1,  1 = 2.

    , , -
  0 = 0,     ,  

 1 = 1 ( ,  1     0 = 0).
     : 

 0    0 = 1,   0 = 0.
    , ,   -

 ,         -
.

    :  1
    0 = 1,   1 = 2.

 ,   "  P,  Q"   -
 ( ),    .

   P  Q  ,
    ,  P - ,  Q - . 

 P  Q   P Q (  P Q)    "P
 Q" ( , , "  P,  Q", "  P  Q", "Q ,  P",

"    A,  B", "   A   B", "  B  A",
"  A  B").  P -

,   Q -  .  -
    ( . . 4).

 4
P  Q P Q
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   P  Q  ,
    ,    P  Q -

.   P  Q   P Q  -
  "P  Q" (    " ", " -
   ", "  A,  B,  ", "A,     B",

"  A    B").   
  ( . . 5).

 5
P  Q P Q

  
  
  
  

§4   

       -
.         ,  -

    -   ( ).
    .  

   .    -
     

( , ).  a   b,  b = b1ab2

   b1  b2 (     -
 ( )      ).

     : -
  X1,  X2,…;   &, , , , ;

  (,).
     , 

   :
1)    - ;
2)  A  B - ,  ( A), (A&B), (A B), (A B), (A B) -

.
3)     ,     

1)  2).
  A    A,  -

 .
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  ,      ,  -

  :     
 ,   .

 2.1.   (X1&X2) X3 X1   ,  
( X1 X2) X1, (X1 X2) X3 - .  X1 X2, X3,  X1,  X2,  X3 -

  .
  ,    

,   :  -  -
 P(t),     t,   t = 0 

  t     P(t)  
P(t+1),  P(t)    t.

       : -
 P(t)   t = 0    t   P(s)   s  t

  P(t+1),   P(t)    t.
     -

     :
 -   P(F),    F,  -

    ,
   ,    

( . .   Xi);
     n  ,  P(F)   

  F    ,  n, ,   P(F)
     n  ,

 P(F)     F.
 2.2.    ,  Sn -

    1  n -   1/2 (n+1)n.
 . S1 = 1 = (2 1)/2.

 .  Sn = 1/2 (n+1)n.   Sn+1=Sn + n+1 =
=(n+1)n/2 +n+1 = (n2 + n + 2n +2)/2 = (n+1)(n+2)/2, .  . .

    
,      ,  

    ,  
    .

 ,  {X1, X2,…, Xn} -  
,    F,   F  -

  { , }n { , },     -
     .

 2.3.
1)  6 -     (X1 X2) (X1 (X1&X2)).
      

   X1  X2    -
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,   ,   
  (X1 X2) (X1 (X1&X2)).

 6
X1 X2 X1 X2 X1&X2 X1 (X1&X2) (X1 X2) (X1 (X1&X2))

  
  
  
  

2)  7 -     (X1 X2) X3.

 7
X1 X2 X3 X3 X1 X2 (X1 X2) X3

   
   
   
   
   
   
   
   

     k  ,   2k  -
      , -

,       2k .

§5  

 A  B -    {X1,  X2,…, Xn} -   -
 ,   -

 A /    B.   
 ,    -

    -
 {X1,  X2,…, Xn},   -

 .   A  B
  A B.

   . ,
    ,  -
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   ,     
 .

    . -
,  ,      A A A; -

,      A  B,  A  B,  B  A; -
,      A, B, C,  A B  B C,  A C.

 .    A, B, C -
  :

1. A&B  B&A (  &);
2. A&A  A (  &);
3. A&(B&C)  (A&B)&C (  &);
4. A B  B A ( );
5. A A  A ( );
6. A (B C)  (A B) C ( );
7. A (B&C)  (A B)&(A C) (   &);
8. A&(B C)  (A&B) (A&C) (  & );
9. A&(A B)  A (   );
10. A (A&B)  A (   );
11. A  A (   );
12. (A&B) A B (    );
13. (A B) A& B (    );
14. A  (A&B) (A& B) (   );
15. A  (A B)&(A B) (   ).
16. A~B  (A B)&(B A)  (A&B) ( A& B);
17.  A B A B (A& B);
18.  A B A B ( A& B);
19.  A&B (A B) ( A B).

 16-19 ,      -
  .

        
   .   ,  7   -

 .

                                                                                      8
A B C B&C A (B&C) A B  A C (A B)&(A C)
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 12   .
      

(A&B)   .   A&B 
 ,     A  B   .  

 , ,     12  -
 .  ,  A B   . 

A, B   ,   A, B-  .
,      12   .

    ,  A1 A2,
A2 A3,…, Ak-1 Ak,   A1 Ak.       -

  A1 A2 A3 … Ak-1 Ak.
 ,       
  .

 2.1.  A B  C -  . A B,
A&C B&C, C&A  C&B,  A C B C,  C A C B,  A C B C,  C A C B,
A~C B~C, C~A C~B.

   A C B C.   -
     A  B 

  ( , s).  t -  C   -
  .    

      s t.
 2.2.  A B  C - ,     -

  Xi.  CA   C   
Xi  A,  CB  -  C     Xi  B.  CA CB.

     n    C.
 .  n=0,   C    Xi (

      Xi).    CA  A, CB

 B, CA CB -   ,  A B.
 .      

  n   C -   n  . 
 D,  D&E,  D E,  D E,  D~E,   
   Xi   D,     -

  D,   E,    D  E . , , , -
 C   D E    Xi   D. 

Xi     D  A  B,    DA

DB. ,  CA  DA E,  CB  DB E.     D, 
 ,   C,  DA DB.    2.1 

 A C B C,    A  DA    B - DB,   C - E.
   CA CB.    .
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 2.1. (   ).  CA -
,  A    .  CB -

   CA  A     B. ,  A B,  CA CB .
   Xi    C 

CA  A   Xi.     Xi  C . -
 C, A, B, CA, CB    2.2,  , CA CB.

 2.2 (      ~).  
      ,  -

    ~.
  ,     ,

       A~B  
(A&B) ( A& B),     A B  A B ( . -

 16  17).
 2.4.  (X1 (X2 X3)) ~ (X2 X1)  -

 : (X1 (X2 X3)) ~ (X2 X1)  (X1 ( X2 X3) ~
( ( X2 X1))  ( X1 ( X2 X3)) ~ ( ( X2 X1)
(( X1 ( X2 X3))&& ( X2 X1)) ( ( X1 ( X2 X3))& ( X2 X1)).

§6 -  

. ,     , 
      ,

 ( -  ).
      ,  -

      , , 
,          

   .
.

 ,     -
       .

 - ,
     ,    -

    .
 ,    -

       .
 ,    

 :
A -     ,  A   -

;
A - -     ,  A  

;



35

A -     , A -  -
;

A - -     , A - ;
A~B -     ,  A  B - .

       , ,  
,        -

      .
    (A, B, C - 

):
1. A A (     tertium nondatur);
2. A A;
3. A (B A);
4. (A B) ((B C) (A C))  (  );
5. (A (B C)) ((A B) (A C));
6. (A&B) A; (A&B) B;
7. A (B (A&B));
8. A (A B); B (A B);
9. ( B A) (( B A) B);
10.  ((A B) A) A  (  ).

     , , 
         -

 A, B  C.

§7   

   ,  [24].
  ,    -

 &, , .  &     .
 A*   A,   

 A     &,   . -
,  X1&(X2 X1)   X1 (X2& X1). -

,  A*     ,   A.
,  (A*)*    A.

 <X1, X2,...,Xn> -    -
 .  <s1,  s2,...,sn> -   -

      (
si, i=1,2,..,n,    ).    <t1, t2,...,tn>  -

    <s1,  s2,...,sn>,  <t1,  t2,...,tn>  
<s1, s2,...,sn>          .

 2.3.  A -   <X1,  X2,...,Xn> - 
  .  <s1,  s2,...,sn> -  

     .  A
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          -
,  A*       

<t1, t2,...,tn>,    <s1, s2,...,sn>.
.      k -

    A.
 .  k=0  A      -

  Xi  A*     . -
  A  A*     si

  ti    .
 .     

  ,  k. ,    -
    ,  k.   

,         A.
1.   A   B.  A*  

 (B*).  <s1,  s2,...,sn> -   
.    B    -

    A    .  
     B  k,   -

 B*    <t1, t2,...,tn>   B
  <s1,  s2,...,sn>. ,  (B*)  

<t1,  t2,...,tn>     B   
  <s1,  s2,...,sn>.     -

   A.
2.   A   B&C.    -

  ,  A* = (B&C)* = B*  C*.  
  <s1, s2,...,sn>  A     -

,    B  C  .  B  C  -
   k,    B*  C*   -

    <t1,  t2,...,tn>.    
   B* C* = A*.    -

     .
3.   A   B C.    -

  ,  A* = (B C)* = B* & C*.  
  <s1,  s2,...,sn>  A     -

,    B  C  .  B  C  -
   k,    B*  C*   -

    <t1, t2,...,tn>.     -
   B*&C* = A*.     

     .
        

   .
 2.3. (  )  A  B,  A*  B*.
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.  <t1,  t2,...,tn> -   -
       

A*.    A*   
 A ( , ,  B)    <s1, s2,...,sn>. 

 ,   B*    
<t1,  t2,...,tn>    B  
<s1, s2,...,sn>. ,    A*  B*  

    .   -
 .

      -
 . ,    

 & 
X & (Y  Z)  (X&Y) (X&Z),

 
X  (Y & Z)  (X Y)&(X Z).

,      & ,    
    A1&A2&…&An   A1 A2 … An (n>3),

     .  
 ,        

     
 A1, A2,…, An.   , , ,  

max(k, n),    ,  
 (   ,  k=2, n=3):

(A1 A2) & (B1 B2 B3)  (A1&B1)  (A1&B2)  (A1&B3)
                                            (A2&B1)  (A2&B2)  (A2&B3),
(A1&A2)  (B1&B2&B3)  (A1 B1) & (A1  B2) & (A1 B3) &
                                            (A2 B1) & (A2 B2) & (A2 B3).

      :
( A1&A2&…&An) A1 A2 … An,
( A1 A2 … An) A1& A2&…& An.

     .
  ,   

 (  , )    -
. , X2, X1, X1&X2, X1& X2& X1&X4 

 .
,      -

 ( ),     (  , )
 . , X2,  X1,  X1&X2,

X1& X2& X1&X4, (X1&X2) ( X1& X2& X1&X4)&X1   .
 2.4 (    ).    A 

   B,   ,  A B.  B -
    A.
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     :
1-  .   A    A1,  A A1   

A1    ~  (  2.2).
2-  .  ,    A1   -

 A2 ,  A1  A2   A2     -
.      " " .
       n -

   A1.
 .  n=0,  A1  -   Xi.  -

 A2   Xi.
 .     

 A1     n.    A1 
 n  .   :
1) A1   B1 C1.   B1, C1   ,

 n.    B2, C2 ,  B1 B2, C1 C2   B2

 C2     . ,  B2 C2
 A1     " " ;

2)  A1   B1&C1.   
;

3) A1  B1.  A1 B1    B1  
,  n.   B1   ;

4) A1  (B1 C1).  A1 B1& C1  B1, C1 -
  ,  n.     B2, C2,
B1 B2, C1 C2   B2  C2     -

. ,  A1 B2&C2  B2&C2    " "
;

5) A1  (B1&C1).  A1 B1 C1,   
   .
      

   ,      -
    ,   .

 2.5.     " " :
( (X1& X2) (X2& X1)) (X1& X2)& (X2& X1)
(X1& X2)&( X2 X1)  ( X1 X2)&( X2 X1)

( X1 X2)&( X2 X1).
3-  .   A2     

      . -
    & , -

   (   
,   ,     -

,   ). ,     -
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,  & - .     
B    .

 2.6.       
" " ,    2.5:

( X1 X2)&( X2 X1)  ( X1& X2) ( X1&X1) (X2& X2) (X2&X1).
,   A   

 ( ),   A*  ( . .  A   ~ ) 
  .
      .  -

 ,     ( -
, )    .  -

  ,     ( , )
 .
 2.5 (    ).    A 

   B,       A B.  B -
    A.

 .  A  A1  A1    ~,
.  B1 -     A*

1.   B*
1

   ,  ,     B*
1  (A*

1)*

 A1  A. , B*
1   .

 .      -
  2.6  ,   A2,   A,  -

  ~,       -
.   A2   ,   
 &  ,  -     -

  &.   A2   
    .

 2.7.    :
(X1&X2)~( X1&X3)
((X1&X2)&( X1&X3)) ( (X1&X2)& ( X1&X3))
(X1&X2& X1&X3) (( X1 X2)&( X1 X3))
(X1&X2& X1&X3) (( X1 X2)&(X1 X3))
(X1 X1 X2)&(X1 X1 X3)&(X2 X1 X2 )&(X2 X1 X3)&
( X1 X1 X2)&(X1 X1 X3)&(X3 X1 X2)&(X3 X1 X3).

,       16.
 ,        -

.         
.

§8    
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      -
 :   ,    

      ,  
 ?

,    ,    -
          -

.      , -
     .

 2.6.         -
,           

   -     .
. .    

       -
    ,    

   , ,   
.

.     -
: "     ,  

 -     ".
 .      -

     .    -
 ,      

  .    ,   -
,   ,   ,   ,

  .     
  , ,  .

   .  ,  -
   , ,   -
   . ,     .

 ,    ,  -
  ,     -

  -     .
      ( -

- ) .
 2.7.        

,        
     -   

 .
.   A   B, -

  .   , B,    
   ,    ,  

.       -
   . A C    
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2.6 A -     ,   -
   C  -     -

.   A  C   A  B,   -
 .

  ,  
  

,    .
. 

 3.  

    -   -
  ( , ,   . .)  

    .     
      .

 -  ,   
 .

. 

§1    

.   B     -
   (   -

)    ( )
 ,   -

  (f, g, h -  
):

f g = g f, f g = g f ( );
(f g) h  =  f (g h), (f g) h  =  f (g h) ( -

);
f f = f, f f = f ( );
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f (g f) = f, f (g f) = f (  );
f (g h) = (f g) (f h), f (g h) = (f g) (f h) ( );

( f) = f (  );
(f g) = f g, (f g) = f g (    );

f (g g) = f, f (g g) = f (  ).
    ,    f,

g   f f = g g  f f = g g. ,   -
    
f f = (f f) (g g) =(g g) (f f) = g g.

  f f   f f ,   -

 =  ,  =  ,
f  = f,       f  =  ,
f  =  ,     f  = f.

  ,    ; 
    f = f  = f  =     
 ,       .  -

   -       
 -   :  (  ) 

 (  ).
 f g =  ,  f = g =  . , f = f (f g) = f  =  .

     .
         , 

    ?    -
         ,

       , 
 ?

 ,   .     - -
   .

 
     (       -

    )    ( )
          -

.
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 B -      -

 ,      
   .

   ,    , -
,       .  

    ,     , 
  ,       B (    -
 ,     ).  -
,   B      -

,        .
-  

 A -  ,  -  P(A) -
   ,    .

    -   
 A.

    , 
       -
 (  A).  ,     

      A   -
     .

        
     -

:
f g = (f g)  (  );
f | g = (f g) (  );
f  g = f g  ( );
f \ g = f g ( , -    P(A));
f~g = (f g) ( f g) ( );
f  +  g  =  (f g) ( f g) (  , 

" ", ).
   f   :
 f =  ,  f = f,

f  =  ,     f  = f.
 , f \ g = (f  g).
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f + g = (f\g) (g\f)
f + g = (f~g)

 +  =  +  =
 +  =  +  =

   0,   1,    
 2:

0+0 = 0    1+0 = 1
1+1 = 0    0+1 = 1

,   ,   -
         -

 -     .
       -

   ( )    -
. , (f g) ( f b) (f g) = g f. ,

(f g) ( f b) (f g) =
((f g) ( f g)) (f g) =
((f f) g) (f g) =
(  g) (f g) =
g (f g) =
(g f) (g g) =
(g f)  =
g f.

,        
.        -

   , , .

f = (f f) = f f.
,  ,

f g = (f g)  f g = ( f g)  f g = ( f g)  ( f g).
, ,

f g = ( f g) =  ( f) ( g) =(f f) (g g).

§2  .     

     .
.  M -     

, , .   n-  
f: Mn  M
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   ,  .  , 
           f : (x1, x2,…, xn)  f(x1, x2,…, xn).

,  ,
f1 f2: (x1, x2,…, xn)  f1(x1, x2,…, xn) f2(x1, x2,…, xn),
f1 f2: (x1, x2,…, xn)  f1(x1, x2,…, xn) f2(x1, x2,…, xn),

f : (x1, x2,…, xn) f(x1, x2,…, xn).
       -

      
.

  
0 : (x1, x2,…, xn)
1 : (x1, x2,…, xn)

      .

.
   M -  ( . .    ), 

   .
       -

  " "  " ",    -
 .     -

   1  0.
  M = { , } -    ,  

       -
.

     
f: {0,1}  {0,1},

       
:

0: x  0;
1: x  1;
id : x  x ,  ;
neg : x x,  .

    n   
  2n ,         -

  ,   0  1. , 
n=3     . 9

                         9
X1 X2 X3 f(X1,X2,X3)
1 1 1 f(1,1,1)
1 1 0 f(1,1,0)
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1 0 1 f(1,0,1)
1 0 0 f(1,0,0)
0 1 1 f(0,1,1)
0 1 0 f(0,1,0)
0 0 1 f(0,0,1)
0 0 0 f(0,0,0)

      2n,     0 

1  2n )2(2
n

,   )2(2
n

 
  n .  ,  n=2  16  -

 .
:        -

   " "  ?
:  . ,    -

       :
(  )  : (x1, x2)  x1  x2 ;
(  )  : (x1, x2)  x1 x2;
(   )  :  x .

 3.1.   n-    f -
 

f(a1, a2,…, ai-1, ai, ai+1,…, an) =
(ai f(a1, a2,…, ai-1, 1, ai+1,…, an)  ( ai f(a1, a2,…, ai-1, 0, ai+1,…, an).

    .
 ai=1, ai=0.     

(1 f(a1,  a2,…, ai-1,  1,  ai+1,…, an)  (0 f(a1,  a2,…, ai-1,  0,  ai+1,…, an).  
    f(a1, a2,…, ai-1, 1, ai+1,…, an),   0. -

,    f(a1,  a2,…, ai-1,  1,  ai+1,…, an),    
   .

 ai=0.   ,     f(a1,
a2,…, ai-1, 0, ai+1,…, an).

   " "  ai   
.     a1, a2,…, an -

 3.1 (    ).  -
       ( -

)  :
f(a1, a2,…, an) =
(a1 a2 … an-1 an f(1,1,…,1,1))

(  a1 a2 … an-1 an f(0,1,…,1,1))
( a1 a2 … an-1 an f(1,0,…,1,1))

….
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( a1 a2 … an-1 an f(0,0,…,0,1))
( a1 a2 … an-1 an f(0,0,…,0,0)).

 f(a1,  a2, …, an-1,  an)=0,   , ,
  .  ,  

     k, 0  k  2k,  -  -
 ,     - 

n-  ,     -   ,
  .

 3.1.     

a1 1 0 1 0 1 0 1 0
a2 1 1 0 0 1 1 0 0
a3 1 1 1 1 0 0 0 0
f(a1,a2,a3) 1 0 0 1 0 1 1 0

   
f(a1,a2,a3) = (a1 a2 a3) ( a1 a2 a3) ( a1 a2 a3) (a1 a2 a3).

  16   .  -
   :

   
f(x1,x2) = 0

     
f(x1,x2) = (x1 x2) (x1 x2) ( x1 x2) ( x1 x2) = 1

     
x1 x2 - 

x1 x2 -  
x1 x2 = x1\x2

x1 x2 = x2\x1
     

x1 x2 = (x1 x2) (x1 x2) ( x1 x2) - 
x1|x2 = (x1 x2) ( x1 x2) ( x1 x2) -  
x1  x2 = (x1 x2) ( x1 x2) ( x1 x2)
x2  x1 = (x1 x2) (x1 x2) ( x1 x2)
     
x1  x2 = (x1 x2)  ( x1 x2) - 
x1 + x2 = (x1 x2) ( x1 x2) -  
(x1 x2) (x1 x2)
( x1 x2) ( x1 x2)
(x1 x2) ( x1 x2)
(x1 x2) ( x1 x2)
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,       

        .

§3    

.   {f1, f2,…, fn} , -
         f1, f2,…, fn

   ( . .   ).
 3.2.     :

{ , , }; { , }; { , }; { , }; {+, , 1}; { , };{ }; {|}.
. ,    { , , }  ,

   3.1.      
,       ,  

  { , }   { , }.   {+, ,1}  
 : X = X+1, X Y = X Y + X +Y.  

  { , }   f g  = f  g. 
 f  g = f g, f g = f g = f g.   { } -

  §1  .  ,    
,   .

  {+, ,1}.     -
,   , . .  X Y  XY.
         10

X Y X+Y XY
1 1  0 1
1 0 1 0
0 1 1 0
0 0 0 0

  . 10   :
1) X+Y = Y + X, XY = YX;
2) (X + Y) +Z = X + (Y + Z), (XY)Z = X(YZ);
3) X + X = 0, XX = X;
4) X(Y + Z) = XY + XZ;
5) 0 + X = X;
6) 0X = 0;
7) 1X = X.

 ,   3,  ,  -
     .

  {+, , 1} ,   
        -
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   ,     .  -
  .

 3.2.
X Y Z = XYZ + XY + XZ + YZ + X + Y + Z.

    3.1 f(a1,a2,a3) = (a1 a2 a3)
( a1 a2 a3) ( a1 a2 a3) (a1 a2 a3)     -

  : a1a2+a1a3+a1+a2+a3.

§4  
  "  " -  , 

    ,   ,    n
 " " ( ,    1  n) 

 " " ( . 3).

. 3 "  "
        ( , -
     ),   

  0  1,        -
    .   -

 . ,    -
    f(x1,  x2,…, xn), 

  :    i (1  i  n)   -
  xi   ( )   

   f(x1, x2,…, xn),  0  1  
 ,          -

 .
      ,  

       -
 .      

       ( . 4).

 1   2   ........       n
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. 4  " - "

       -
 ,      

(f),          -
   (g).

      -
   ,   

  . , ,    . 4

h(x1, y1, y2, x3) = f(x1, g(y1, y2),x3).
      

 ( . 5).      , 
       ,   ,

    .    -
     :

h(x1, x2, x3) = f(x1, x2, x2, x2, x3).

. 5  "  "

f

g

f
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.         
    ,   -

     ( . 6).  -
     ( -

 ).

. 6  
      -

  (     ),  
 .  .6    -

 {h, t}:
h(x1, x2, x3, x4, x5, x6) = f(x1, g(x2, x3), x4),
t(x1, x2, x3, x4, x5, x6) = p(x4, x5, x5, x5, x6).

       
 ( . 7)

. 7  
   

   : ,  
 -      -

  ( .8).   
- , -  - ;   -

   .

      f       p

g

a
b

c a
b

c ca
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c = a b c = a b c = a
- - -

.8.    ,
  

     
    

.  ,    (  
    ),    , -

  .       -
    "  ";    -

, , ,  . 10.
     -

        ( . 9).

.9.  -  -
  

.10.   
: (a b) = a b

: 
      

  ,  ,  
 a, b   s u

s = a + b, u = a b.
 . 11    ,   -

  
a + b = ((a b) (a b)).

a

b

a
b

a
b

a
b
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. 11.  
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 ,   , :
 ,    -

   ,    ,
   ,    ...

. . 

 4.  

§1   

    ,  
    .    -

:
1.    . , -  -  .
2.     .  - .  -

   .
3. ,     , - .   -
     . ,  .
4.     .     
. ,    .

      -
  -    -

   ,     
 ,       " ", " -

"  " ".
        -

  ( )    .
         

 .    . -
,   ,     -

    .   -
  x  y. - ,     -

    , , P(x)  Q(x,y), -
. , - ,   "  x   P"  " -

 x   P"   xP(x)
xP(x), .

  ,   -
    ,      .

1. xQ(x,x), x y Q(y,x).    Q(x,y) 
  "x  y".

2. x(A(x) M(x)) x(C(x) A(x)), x(C(x) M(x)). 
  A(x)   "x - ", M(x) 

 "x - "  C(x)   "x - ".
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3. x(S(x)  M(x)) x(M(x) S(x)), xS(x).  S(x)
  "x    "  M(x)  

"x - ".
4. x(P(x) B(x)) x(M(x) B(x)), x(M(x) P(x)). 

P(x)   "x  ", B(x)  
"x - "   M(x)   "x - ".

     . -
 ,   :

"x -  ";
"x  y";
"x + y = z";
"x -   ";
"x  y - ";
"x -  ".

       ( . . -
 )      -

  .
.

 P(x1, x2,…, xn)  
P :  Mn  { , }.

 M  ,   
 ( ) .

  n  n-  n- . -
       ( -

 ).
     :

Q(x,y) -    "x  y";
M(x) - "x -  ";
P(x) - "x  ".

       ,
 ,   .

 4.1.
1.  P(x)  "x   2",

Q(x)  "x   3",
     P(x)&Q(x)  "x   6".
2.  S(x,y)  "x = y ",

S(x,x)  S(x,y) -     x  y.
        

   "   ".
.  .  P(x) - , 

x P(x)  ,     -
 ,    x M  P(x) - . xP(x)   
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"   x P(x)". x P(x)  x   -   x  -
   .  

  .
xP(x)       

:
P(x)   x;
P(x),     x;

  x ( ) P(x);
   P(x);

   P;
  P.

.  .  P(x) - , -
 x P(x)  ,    

 ,    x M,   P(x) - .
x P(x)   "   x,  P(x)".  x P(x)  x
  -   x     .

     
.

xP(x)       
:

  x (  )  P(x);
  x ( ) P(x);

 x,   P(x);
     P;

-    ( ) P.
 4.2.

 x (P(x)&Q(x))  "  x,    6" - 
.

 x (P(x)&Q(x))  "  x   6" -  .
.     :

1)    x, y, z, x1, y1, z1  . .;
2)   P, Q, P1, Q1  . .;
3)    &, , , , ~;
4)   ,  .

.      -
,     (  

    ).
1. P(x1, x2, …, xn) - ,  P - n-   (  -

  ).   x1, x2, …, xn -  -
,      .

2.  A - , A -      
 ,     A.
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3.  A  B - ,    , 
        -  .  (A&B),

(A B), (A B), (A~B)  ,    
 A  B  ,     A 

B   .
4.  A - ,    x. 

x A,  x A   .  x   .  
,    A ,  . -

,     A  ,  . 
     A   -

  x  x  .
5.        

  ,      1-4.
 4.3.

     :
P(x1,x2,x7) -  ,   x1,  x2,  x7 -  -

; (  x  y P(x, y, z))  x Q(x, w) - ,    x, y
,   z, w .

 (  x  y P(x, y, z))  x Q(x, y)   .

   -  
.

 

§2 

    ,   -
    .

.      -
,     M,   -

,  -  ,   -
   n  n-    M.  

     
M  ,       

.
       -

   ,    ,  -
       

  ;      ( -
)          -

 ( )  .
    (   -
).



58

  F  n-  <a1,  a2,…, an>, ai M,  
 <x1, x2, …, xn>   F|<a1, a2,…, an>.

 F    A(x1, x2, …, xn),  x1, x2, …,
xn -  ,  F|<a1, a2,…, an>   n-

,    A,  -
     a1, a2,…, an.

 F  A.  A|<a1, a2,…, an>= ,  F|<a1, a2,…,
an> = .

 F   A B, A&B, A B  A~B.  A|<a1,  a2,…,
an>= , B|<a1, a2,…, an>= ,  F|<a1, a2,…, an>  ,

& , , ~ .
 F  x A.  x1, x2, …, xn -   -

  F,  x, x1, x2, …, xn -    -
 A. x A|<a1, a2,…, an> =     ,   -

 a M  A|<a, a1, a2,…, an> = .
 F  x A.  x1,  x2, …, xn -   -

  F,  x, x1, x2, …, xn -    -
 A. x A|<a1, a2,…, an> =     ,  -

  a M,  A|<a, a1, a2,…, an> = .
 4.4.   :

1) A(x, y);
2) y A(x,y);
3) x y  A(x,y).

       -
    A(x, y)  x y.   

-   x y,        a, b 
  ,  a  b.    -

: "       y x y",  -
   x=1. ,   -   -

      .  
        -

,       .
 4.5.    . M - 

  (0, 1, 2,…),   S(x,y,z)  P(x,y,z)
   "x + y = z"  "x  y = z" .

 ,   M    ,  -
  :

1) x = 0;
2) x = 1;
3) x -  ;
4) x -  ;
5) x = y;
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6) x  y;
7) x  y;
8)  .

:
1) F1(x) = y S(x, y, y),   x+y=y   y    ,

 x = 0;
2) F2(x) = y P(x, y , y);
3) F3(x) = y S(y, y, x);
4) F4(x) = F1(x)& F2(x)&( y z (P(y, z, x)  (F2(y) F2(z)))),  F1,  F2 -

,   . 1  2;
5) F5(x, y) = z u (S(x, z, u)  S(y, z, u));
6) F6(x,y) = z S(x, z, y);
7) F7(x,y) = z P(x, z, y);
8) x y z (S(x, y, z)  S(y, x, z).

 4.6.  f(x) -   , -
   [a, b].

1.  : M -   -
, P(x, )  |x-x0|< , Q(x, )  |f(x) - A|< , R( ) -

>0.  x0 -    [a,b]; A - 
  .     ,  A -

  f(x)  x x0,  
x ((R( )&P(x, ))  Q(x, )).

2.  : M -   -
, P(x, )  |x-x0|< , S(x, )  |f(x) - f(x0)|< , R( ) -

>0.  x0 -    [a,b].  -
  ,   f -    x0   

x ((R( )&P(x, ))  S(x, )).
3.  : M -   -

, P(x,x1, )  |x-x1|< , S(x, x1, )  |f(x) - f(x1)|< , R( )
>0, D(x)  x [a,b].    , 

 f -    [a,b]    
x1 x ((D(x1)&R( )&P(x, x1, ))  S(x, x1, )).

§3   

.  A    , 
   <a1,  a2,…, an>, ai M,   -

 x1, x2, …, xn   A,  A|<a1, a2,…, an> = .
 A    ,   

        .
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 A    ,   
         -

.
 A  (   ),    

 .
 A  (   ),   -

,    .
 A  (   ), 

    .
     

 S,     S    .
      -

 .
 A        

, A     ,  A   
 , A .

         
    .

     A  A B,    B.
 A B       

 ,  A    ,  B .
 A     ,  A 

 ,   A     , 
A   .

 4.1. x A(x) A(y),  y    
A(x), .

.  {x, x1,  x2,..., xn} -   
  A. , , {y, x1, x2,..., xn}  -

    x A(x) A(y).  -
       -

 M   <b, a1, a2,..., an>    
{y, x1, x2,..., xn}   M.  ,   -

xA(x) A(y)   <b, a1, a2,..., an>  .
  .

1.   A(x)   <b, a1, a2,..., an>   
 b M.  xA(x)     

<a1,a2,...,an>.   A(y),    A(x)  , 
     <b, a1,  a2,..., an>. 

,  x A(x) A(y)     
<b, a1, a2,..., an>.

2.   A(x)   <b, a1, a2,..., an>  . -
, xA(x)     
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<a1,a2,...,an>.   A(y),    A(x)  ,  
    <b, a1,  a2,..., an>.  -

,  xA(x) A(y)     
<b,a1, a2,..., an>.

    xA(x) A(y)  -
,    .

 4.2.  A(y) x A(x),  y    
A(x), .

.  {x, x1,  x2,..., xn} -   
  A. , , {y, x1, x2,..., xn}  -

     A(y) x A(x).  -
       -

 M   <b, a1, a2,..., an>    
{y, x1, x2,..., xn}   M.  ,   -

 A(y) xA(x)   <b, a1, a2,..., an>  .
  .

1.   A(x)   <b, a1, a2,..., an>  . -
 A(y),    A(x)  ,    -

   <b, a1,  a2,..., an>.  ,  -
 A(y) xA(x)      <b, a1, a2,..., an>.
2.   A(x)   <b, a1,  a2,..., an>  .

,  A(y),    A(x)   
 . xA(x)     

<a1,a2,...,an>.  ,   A(y) xA(x)   
   <b,a1, a2,..., an>.

     A(y) xA(x))  -
,    .

     
 ,    .  ,   

 ,     
 :    

 ( . .       ).  
   5,   .
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 ,    -
.

 

    :
,   ,

,    
    .

. 

 5. 

   ,   ,    
,      -

 .       -
 :      

 ,      
    .  ,  -

       ,  
  .

       
 .

§1   

     -
  (     ),   

    
     -

  (  ).
    -

 
.  
   " " .

.   T -
 , :
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1)      -  
T;     T -

  T;
2)     T, -

  T;
3)    , 
 T;

4)    R1, R2, …, Rm   -
,  .    -

        -
.

     ,  
  ,    .  ,

   , ,    -
  T ;    T  -

 .
.   A   A1, A2,…, Aj  

  Ri,  A   
 A1, A2,…, Aj,    Ri.

   T    A1, A2,…,
An  ,    i  Ai     T,

   -     -
   .

 A   T,    
,      A.   

 ( )  A.  ,  -
  -  ,    ( ) 

 .
,    { } { } { }

   .
.  A   -

   T    ,    -
  A1, A2,…, An,  An  A,    i  Ai

  ,  ,    -
       .  -

  A .  -
  .

   "A  " 
 |  A.   :  = {B1,  B2,..., Bn},  

{B1,B2,..., Bn}| A  B1,  B2,..., Bn| A.    
, | A      ,  A   

      | A ("A  ").
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       -
.
1.   |  A,  |  A.

    ,   A    -
,    ,      .

2. | A    ,     -
,   |  A.

 " "  2    1. 
"  "   ,    A 

      .
3.  |  A  |  B   B  ,  |  A.
   :  A     

  ,  A  .
 ,      -

,    ,  ,  -
  ,      

.  ,    ,  ,  
   -     .  -

 ,       -
,       .  -

,   ,  ,  -
  .     

 ,    ( . §3), 
.     .   -

   ( . .   , 
)       -

    ,    -
     (     ),

         ,
   - .

      ,   -
   -   (  ,  -

).    ,  -
    , . .   .

      .    -
          

 .        
      -

. ,         
 ,   .
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§2  

     
       - -

 .
    :

1.   : , , (, )   Xi  
    : X1, X2,….   -

 ,  X1, X2,… - .
2.   : )   Xi - -
; )  A  B - ,  ( A)  (A B)  .

 5.1.  X1 X2 X1 - -
,   .

 5.2.  A, B, C - .  (C (A B)),
((( A) B) ( C))  .

          -
 ,       

:       -
,    .     

C (A B), ( A B) C.
  .     

A, B  C,    :
A1.  A (B A);
A2.  (A (B C)) ((A B) (A C));
A3.  ( B A) (( B A) B).

 A1-A3   ,  
     ,  

 . ,  X1 (X2 X1)  ,
   A1,  ( A A) (( A A) A) (  A - 

) -     A3.
     modus

ponens (  ,  ).   
: A, A B  B.   B  ,   

  modus ponens   A  A B. ,  
   : A, A B  B.

        -
  ,       

 , &, ~, , A~B ((B A) (A B)).
 5.3.    A    A A,

. . A A - .
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    A2  B  A A   C -
 A,  

(A ((A A) A)) ((A (A A)) (A A)).                                                    (1)
  A1   B  A A,  

A ((A A) A).                                                                                             (2)
  (1)  (2)   modus ponens 

(A (A A)) (A A).                                                                                     (3)
  A1   B  A,  

A (A A).                                                                                                      (4)
  (3)  (4)   modus ponens  A A.

 5.1. | A B | A, | B.
.  A1,  A2,..., An -   A ,  An

  A.  B1, B2,..., Bm -   A B ,  Bn -
  A B.  A1, A2,..., An, B1, B2,..., Bm, B -   B .

        modus
ponens   An  Bm.

  ,     -
     ,    .   -
   .

 5.2
1.       .
2.       .

. ,    A1-A3  
     .   -

 2 ,  ,   modus ponens, -
     .

,     -
   A  A B  .  

A  ,   , B . , B -
.

      -
 .

 5.1. (    - , 1930 .).    - -
 , A  B -  ,A |  B,  |  A B.  , -

A|  B,  |  A B.
.  B1,  B2,..., Bn   {A},  Bn=B.

  i (1  i  n) ,  |  A B.
 . B1   ,   ,

   A.    A1  B1 (A  B1)  -
.      |  A B  modus ponens. 
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 ,  B1   A,    |  A  B1 ( . 
5.3) , ,  |  A  B1.

 .  ,  |  A Bk  
k<i.  Bi   :

1) Bi  ;
2) Bi ;
3) Bi   A;
4) Bi   modus ponens   Bs  Bm,  s<i  m<i

 Bm   Bs  Bi.
    |  A B     i=1. 

    ,  -
 |  A Bs  |  A (Bs Bi).    A2, | ( A (Bs Bi))

((A Bs ) (A Bi)). ,  modus ponens, |  (A Bs ) (A Bi) ,
  modus ponens,  |  A Bi.

.
1. A B, B C | A C.
2. A (B C), B | A C.

 1.
(a) A B       
(b) B C      
(c) A           
(d) B            modus ponens  (a)   (c)
(e) C            modus ponens  (b)   (d)

 , A B,  B C, A |  C.    ,
A B,B C|  A C.

 2.
(a) A (B C)  
(b) B              
(c) A              
(d) B C          modus ponens  (a)   (c)
(e) C               modus ponens  (b)   (d)

 , A (B C),B,A| C.    ,
A (B C),B|  A C.

       -
  ,     

.  ,    "  A,  B"
,   A     B.

 5.2. [23, . 41-43].    A, B 
  :

(a) B B;
(b) B B;
(c) A (A B);
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(d) ( B A) (A B);
(e) (A B) ( B A);
(f) A ( B (A B));
(g) (A B) (( A B) B).

.
(a) | B B.

1. ( B B) (( B B) B)                        A3
2. B B                                                      5.3
3. ( B B) B                                          1, 2    (2)   5.1
4. B ( B B)                                        1
5. B B                                                     3, 4   (1)   5.1

(b) | B B.
1. ( B B) (( B B) B)               A3
2. B B                                                  (a),  
3. ( B B) B                                       modus ponens  (1)  (2)
4. B ( B B)                                              1
5. B B                                                      3, 4   (1)   5.1

( ) | A (A B).
1. A                                                              
2. A                                                               
3. A ( B A)                                                 1
4. A ( B A)                                            1
5. B A                                                       2, 3, modus ponens
6. B A                                                     1, 4, modus ponens
7. ( B A) (( B A) B)                            3
8. ( B A) B                                               6, 7, modus ponens
9. B                                                                5, 8, modus ponens

,   1-9, A,A|  B.   ,
A,|  A B ,     , | A (A B).

(d) |  ( B A) (A B).
1. B A                                                     
2. A                                                               
3. ( B A) (( B A) B)                            3
4. A ( B A)                                                 A1
5. ( B A) B                                               1, 3, modus ponens
6. A B                                                          4, 5,  (1)   5.1
7. B                                                                2, 6, modus ponens

  1-7, B A, A |  B,  ,   
,   .

( ) |  (A B) ( B A).
1. A B                                                          
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2. A A                                                      (a)
3. A B                                                     1, 2,  (1)   5.1
4. B B                                                       (b)
5. A B                                                 3, 4,  (1)   5.1
6. ( A B) ( B A)                             (d)
7. B A                                                       5, 6, modus ponens

  1-7, A B | B A,  (e)    -
.

(f) |  A ( B (A B)).
, A, A B |  B.    , -

 |  A ((A B) B).   (e)   | ((A B) B)
( B (A B)). ,   (1)   5.1, 
| (A B) ( B A).

(g) | (A B) (( A B) B).
1. A B                                                           
2. A B                                                         
3. (A B) ( B A)                                       (e)
4. B A                                                      1, 3, modus ponens
5. ( A B) ( B A)                                  (e)
6. B A                                                    2, 5, modus ponens
7. ( B A) (( B A) B)                         3
8. ( B A) B                                               6, 7, modus ponens
9. B                                                                  4, 8, modus ponens

, A B, A B|  B.     , -
 (g).

 5.3. , A |  B  , A | B,  |  B.
.   5.2(g)  (A B) (( A B) B) -

 .  ,  | (A B) (( A B) B).  , 
  |  A  B | A B.   

 5.1.
 5.4. [23, . 43]  A   

X1, X2,..., Xm       -
  X1, X2,..., Xm.   X'i  Xi,  Xi  

,  Xi,  Xi   ,  , , A'  A, 
   A   , A,   A -

  .  X'1, X'2,..., X'm| A'.
, , A ( X1  X2),    

 
X1 X2 ( X1

X2)
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 5.3.    . ,  -
,     X1, X2 | ( X1  X2),

  X1, X2 | ( X1  X2).
.     -

    n   A  .
 .  n=0,  A     -

  X1,      X1| X1 
X1 | X1.

 .  ,     -
 j<n.

 1. A   : B.   
  B, ,  n.

 1a.      -
 B    .  A    .  -

, B'  B,  A' A.   , -
  B,   X'1, X'2,..., X'm| B. ,   5.2(b)

 modus ponens, X'1, X'2,..., X'm| B. B   A'.
 1b.  B   ;  B'  B,   A'

  A.   , X'1, X'2,..., X'm| B, 
  , B  A'.

 2.  A   B C.    -
      ,   . ,   

, X'1,X'2,..., X'm| B', X'1, X'2,..., X'm| C'.
 2a.  B   .  A 

 ,   B' B,  A'   A.  , X'1,X'2,..., X'm| B
,   5.2 ( ), X'1,X'2,..., X'm| B C,  B C   A.

 2b.  C   . , A
    C'  C,  A'   A.  X'1,X'2,..., X'm| , 

,    1, X'1,X'2,..., X'm| B C,  B C   A.
 2c.  B     C  -

 .  A' A,   A   , B'  B  C' 
C.  X'1,X'2,..., X'm| B  X'1,X'2,..., X'm| C. ,   5.2

(f)  X'1,X'2,..., X'm| (B C), (B C)  A'.
 5.3. ( , 1921)  A   

     ,  A - .
.      ,

     5.2.   A  , -
,   . ,  X1,  X2,..., Xm -  -

 ,   A.    -
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    X1, X2,..., Xm  ,   -
 5.4, X'1, X'2,..., X'm| A (A'   A,   A  ).

  ,  Xm   ,   
5.4,  X'1, X'2,..., Xm| A;   Xm   ,  

     X'1, X'2,..., Xm| A. ,   5.3,
X'1, X'2,..., Xm-1|  A.    ,   , 
Xm-1     ,     5.4  5.3,  -

 Xm-1   ;  m       | A.

     , -
  A1, A2  A3. ,    

x|y = (x&y),     
((P|(Q|R))|(S|(S|S)))|(T|Q)|((P|T)|(P|T)))

    "  A  A|(B|C)  C".

§3  

  -   , 
 ,  ,   ,     :

1)   : x1, x2,…;
2)   P, Q, R, A, …;
3)  , ;
4)  ; ,  ;
5)   .

   4.1    
     (    ,   -
    :  ;    -

  ).
  .      A 

B,     (     -
  ):

A1.  A (B A);
A2.  (A (B C)) ((A B) (A C));
A3.  ( B A) (( B A) B).
A4. x A(x)  A(y),   A(x)    y.
A5. A(x) y A(y),   A(x)    y.

   :
1.  modus ponens;
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2.    :  B A(x), 
B xA(x),   B    x.

3.    :  A(x) B, 
xA(x) B,   B    x.

4.    .  -
  A   (       

  )  ,   
 A.

  ,      
     ,  -

   .
       

    ,  
   /   .

 "   " ,     -
       -

.        ,  -
        . 

       
       . .

       
 .    .

 5.5 (    ). ,A| B  -
    ,    -

  modus ponens, | A B.
    [23, . 70].

 5.6.  B A(x),   B    x,
 ,   B xA(x)   .

.  x1,  x2,..., xn -     -
 B xA(x).      

M   <a1,  a2,..., an>, ai M, 1  i  n, -   
   B xA(x).

 1.  B     
  .   B A(x) - ,   -

  a M   A(x)   <a, a1,  a2,..., an>  -
  (  x   a). xA(x) - 

 , , B xA(x) -    .
 2.  B    

<a1,a2,...,an>   .      -
 B xA(x)   .

 5.7.  A(x) B,   B    x,
- ,  xA(x) B -   .
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.  x1,x2,...,xn -     -
xA(x) B.  x, x1, x2,..., xn -    

 A(x) B.      -
 M   <a1, a2,..., an>, ai M, 1  i  n, -   -
   xA(x) B.

 1.  B    
<a1,a2,...,an>   .    , 

xA(x) B   .
 2.  B    

<a1,a2,...,an>   .   A(x) B - ,
    a M   A(x)   <a, a1, a2,..., an> -
   (  x   a). xA(x) 

     <a1,a2,...,an> , , xA(x) B  -
 .

 5.4
1.    -  .
2. ,       
  1-4,  .

3.       -
.

.
1.   1- 3     5.5,  

4- 5     4.1  4.2.
2.   modus ponens     -
.      2  3  

 5.6  5.7.      -
  .

3.       1  2.
     .

 5.6 (      ,
1930).       .

        -
         

.
 5.7 (     -

, 1936).   ,     -
    ,   

.
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§4  

   .  
   .

 

     .
     , ,  

     .  -
       
 B ( ),     A1,...,An

( ).     
A1,A2,...,An |=  B

 ,  B   A1,A2,...,An.
     . 

    ,      -
 .        -
        ,   

  .      
;       -

 .
       . 

     modus ponens (   -
 ).     :
A, A  B  |=  B.

  ( )     
  .     :

A  B, B  C  |= A  C.
       

  .     
,   (  )   .

      
   .

    
      2.4. ,  

       
     .

   
      

  P Q.     
  

A1,A2,...,An |=  P Q.
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 A1,A2,...,An  -  ,   -
.       

 ,  
(A1& A2&...&An) (P Q)

 .    
(A1& A2&...&An&P) Q.

        
A1& A2&...&An&P |=Q.

 ,     
P Q,         

   P   ,   
     Q.

     . ,  -
    ,     -
 , ,    ,    

   .
  
    A B,  A - 

, B - .     -
       -

  ,  .  
    .

     ,  -
   ,   

A B B A,
   A B   B A.

      -
  , . .   -

       -
 .

       
 ,    .  

 ,     A   -
 A B.         A  

,     B.     -
 ,      ,  

      .    
        -

,        
.

  -    ,
, B A  A B.   B  -
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 A.  , ,    B
(    ) ,    -

  A.          -
,   ,      .
     ,   

  .    .
   

      -
   (  ).    

 :
A B (A B)  (C& C)  (A& B) (C& C),
A B  (A& B) A,
A B  (A& B) B.

      -
 A B    A B, . . ,  -

 :
(A B) ( A B)  A & B.

       A,   B.  B
  A, ,  A,    B. , B,

  .    A B,   
   A.        -

 ,    C,  ,   -
C,  .     ,   -

  .   ,  -
  A& B    ,   -

   A B  .    
   . ,     -

,       ,  -
   ,   ,     -

    ,    -  .
 

       : "
   A   B".     

 
x (A(x) B(x)),

 A(x)   "x   A", B(x) - " x 
 B".       ,  

        -
,       

 .  ,      , 
      .   -
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( ),     .

    -
.

 

§5  

  , ,  -
       

( ,     -   )  -
.

        -
      60-  ,  -
      

   -  .    -
  ,      

,    ,      
 ,       -

  ,  ,    . 
         

  .
     -

     50-  ,   1965 .  -
   ,        

    .
   ,   ,  -

       
,       , -

 .  ,    -
, ,  modus ponens,   “ ”, -
         -

.     ,    -
 ,     .

        
 .   1972     (“ -

   ”),   
  .

       -
.  A, B  X - . ,   

A X  B X - .  X  ,    ,
 B . ,  X ,   ,  A -
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.     A B .   
     

A X, B X |= A B,
     
X A, X B |= A B.

   ,  X - ,  A  B - 
,     .  

    :
 : A  X, X  B |= A  B,

 : X, X B |= B.
       -

    ,    
.         -

    A.
,    , 

  ,       -
 ,    -

.
   ,   -

 .       -
 .

1.      ,   -
  ,    :

)      
A B = (A B)& (B A),
A B = A B;

)        ;
)   A  (B&C) = (A B)& (A C).

2.       -
  (       ),

 , .      ;
  ,      .

3.   -   ( , ), -
     .    -

  .    ,    
 ,    , ,

X Y Z P,
X P W.

     X Y Z W.
4.   ,    P P  -

  P.     ,   -
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,  ,     -
.
     

P Q,P R,Q S |= R S.
         

.

P Q (1)
P R (2)
Q S (3)

        .
(R S) R& S

R (4)
S (5)

     .

P        (2)   (4) (6)
Q           (1)    (6) (7)

Q        (3)    (5) (8)
    (7)  (8)

 ,      
  ,     

  ,   4.1.  ,  -
         ,
    ,    , -

      .
,      f1,  f2,

f3,...,       -
, . .    .

 -     
,   :

)     ( ) ;
)  fi -    r,  t1, t2, ..., tr - , 

fi(t1, t2, ..., tr) - .
   ,    -

-  n-  ,    . -
    ,   -

     4.1.
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   -    , 
    &,  .   -  

   . ( ) -  -
 ,  .   

   .  A  B -  , 

A B
    
B A.

     ,   -
.

       ( -
) .     : , ,

D F E   (F&E)  D.
    .   -

     ,      -
 ,   -     

        ,
       ( . . -

)   .   :
P(a) Q(b,d), (1)
Q(b,d) R(b,d). (2)

   (1)   Q(b,d),  
 (2) -    Q(b,d)   -

     ( . . b   b,  d
  d),   (1)      (2).

     (3),  :
P(a) R(b,d). (3)

 (4)  (5)     ,   
 Q   :

P(a) Q(b,d), (4)
Q(d,d) R(b,d). (5)

 .      
 . , ,   -

  . ,   Q(x,y) R(x,y) -
  :

x y (Q(x,y) R(x,y)).
     ,   -

   .         -
          -

  ,      



81

  ,      
. , 

P(a) Q(a,b), (6)
Q(x,y)  R(x,y) (7)

,    Q . 
  x   a,   y -  -

b.  ,    (8), . .  
P(a) R(a,b), (8)

,   R   (7),  
.

      
 S  T.
1.  S  T - ,  S  T -  .  . ., 

      .
2.  S - ,  T -  ,   -
  S   T. ,  T - ,  S -

 ,  T     S.
3.  S  T -   ,    .  . .,
 ) S  T      

)     ( ) .
    .

      
    [11]. ,    

 F(x,y), ,  x   y,    
F(john,harry) & F(john,sid) & F(sid,liz).

 ,     .    -
  ,     .

    M(x), S(x,y)  B(x,y),  -
,  x - ,     y,    y. 

      :
x,y (F(x,y)  M(x));
x,y,w ((F(x,y) & F(x,w))  S(y,w));
x,y ((S(x,y) & M(x))  B(x,y)).

  : 1)   - ; 2)   
 ,   ; 3)  -   .

   z B(z,harry)?     -
  ,    z B(z,harry).
        

    (       
):



82

F(x,y)  M(x); (1)
F(x,y) F(x,w)  S(y,w); (2)
S(x,y) M(x)  B(x,y); (3)

F(john,harry); (4)
F(john,sid); (5)
F(sid,liz); (6)

B(z,harry). (7)
     ,   -

,      .
       

     ,  
         -
     .   

,       .
, ,   john  x  sid  y,  

:
F(john,sid) F(john,w)  S(sid,w).

         
(5),    

F(john,w)  S(sid,w)
 (5)  (2) {x->john,y-sid}.

(8)

, 
S(sid,harry)

 (4)  (8)   {w->harry},
(9)

M(sid)
 (6)  (1) {x->sid,y->liz},

(10)

S(sid,y)  B(sid,y)
 (10)  (3)  {x->sid},

(11)

B(sid,harry)
 (9)   (11)  {y->harry},

(12)

 
 (12)  (7)  {z->sid}.

 ,    (12), ,  sid
 harry,     (4), (5)  (6).   -

  ,  ,  harry   .
     .

   :   -
  .

.  "  ".
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   -
 ,     .

"  "

§6  

 , ,      -
     .    
    .    -

  ?     ,  -
       .

     ?
 30-       -

      "  " (  
    ).   -

     (  -
  ,   

), .    -
    ( -

)  .   
  .

 1889 .    
    

,      ,
   -

.     -
 .   :

1) 1   ;
2)       ;
3) 1       ;
4)    a     b   -

  c,    b  c ;
5)  -     1    , 

     n, ,     -
  n  ,      

  (   ).

  ,    -
         

,  ,  ,    
(   ).   1931    

    .
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 5.8 (    ).   -
    T ( ) 

    , -
  ( ,  -

),      ,
 )  T   

 , . .  
A,    A,   A   (

)  T;           )   
    -

  T,  ,   -
    
  .

    -
,  ,  -
 ,   : "

 ".    ,   ,   -
.        

  ,     . 
, . .   ,    -

 .       -
     .  [27].

       -
    ,     -

   .   1977   -
    ,    -
 .

,     ,  -
  .  :   -

 n    1+2+…+n = n(n+1)/2.   -
,    .    

    ,      
,          
       -

  .
        

:     n  1+2+…+n   
n(n+1)/2,      n;     -

 1,     n=1 ;     
   1,      ,  n-1  -

 ,    ,  n -   
. ,     , , 
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       -
,      .

,      
 1+2+…+n = n(n+1)/2 ,   ,   , 
     ;  ,   

    .

    ,   
,    .

  ,     -
   ,   -

    -
,      -

.
. . 

 6.  

§1     

      .  , -
    ,   -

  ,       -
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 ,   ,      -
  ,    ,  -

 ,      -
  .

    
.  algorithm -    -  - 

      (    
  " "  " ").

 ,  -   ,
      .

       , 
  .    ,   -
    ,    -

.       .
  

.      ( ),
       .

.    (  ,  ) 
 , . . ,     .

.       , . .
,       .

.     -
  ,     .

        -
  .

   :    
     , ,  -

 .      -
      , . .  -

.
 " " :    .

,         
?

     , , ,
     .  ,  -

     .  
     .

   ,     -
 .  ,      -

,        
.       

.
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     {0,1,2,...}. -
,         -

 Df
k (k -   )    

Rf .    k-  . 
" "    ,     -

k ( ,      Df = k,  -
  ).

 k-    f: k  -
 (  ),   , 
 f.      :

1.      x = <x1, x2, ..., xk>  Df,
          f(x).

2.      x,   -
  Df,     .

      -
    "  " ,    -

     ,   -
  .

    ,   ,
         , ,

,         
 .  ,       ,

     x   -
.

   ,    -
    ,    

    ,   
      .  

    .
     -
,   ,   -
.

 

§2 -  

     -
     (1936).

     , 
     

     -
   .

   :
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    0(x) = 0;
                        s(x) = x+1;
    pri, 1  i  k, pri(x) = xi.

      -
  ( )   .  
 .

  . ,                    k-  -
 f(x1, x2, ..., xk)      m-  -

(y1, y2, ..., ym)  k-   g1(x1, x2, ..., xk),                g2(x1, x2,
..., xk), ..., gm(x1, x2, ..., xk), 

    f(x1, x2, ..., xk) = (g1(x1, x2, ..., xk), g2(x1, x2, ..., xk), ..., gm(x1, x2, ..., xk)).
 (   )   .

   .  n  0  n-   f   (n+2)-
  g  (n+1)-    h   :
h(x1, ..., xn, 0) = f(x1, ..., xn),
h(x1, ..., xn, y+1) = g(x1, ..., xn, y, h(x1, ..., xn, y)).

 n=0   (a - )
f(0) = a;
f(y+1) = g(y, f(y)).

       -
 . -     

  .
 .      -
  f: k+1    h: k ,  -

 :
1)   Dh = {<x1,..., xk> |  xk+1 0, f(x1,...,

xk, xk+1) = 0  < x1,..., xk, y>  Df   y  xk+1};
2) h(x1,..., xk) =   y,   f(x1,...,xk, y) =0.

    h(x1,..., xk) = y[f(x1,..., xk,y) = 0].
,    f  ,      0,

y[f(x1,..., xk, y) = 0]   .   -
 h(x1,..., xk)     f(x1,..., xk, y) 
 y = 0,1, 2,...   ,    y,  f(x1,..., xk, y)  0.

   ,  f(x1,..., xk, y)     0.
 ,        -

        , -
- .     -

,    .   
  ,      -

.
   [23, .136],    -

,         
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  -     -
 .      .

  .  g(x1,  x3) - -
   f(x1, x2, x3) = g(x1,x3),  f(x1, x2, x3) - -
 .

 .  g(x1,  x2) - -
  f(x2,  x1) = g(x1,  x2),  f   -
.

 .  g(x1,  x2,  x3) - -
   f(x1, x2) = g(x1, x2, x1),  f(x1, x2)   -

-  .
 

  -  .   -
       [21, 23].

  
sum: <x,y>  x+y.

       
sum(x,0) = pr1(x) = x,
sum(x,y+1) = s(sum(x,y)) = sum(x,y)+1.

  
prod: <x,y>  x y.

  
prod(x,0) = 0(x) = 0,
prod(x,y+1) = sum(prod(x,y),x).

  1
(x) = x-1,  x>0,
(0) = 0.

  - , ,
(0) = 0 = 0(x),
(y+1) = y = pr2(<x,y>).

 
x y = x-y,  x  y,
x y = 0,  x < y.

  - , ,
x 0 = x,
x (y+1) = ( x y).
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|x-y| = x-y,  x y,
|x-y| = y-x,  x<y.

  -    
|x-y| = (x y)+(y x).

,
0! = 1,
(y+1)! = prod(y!,y+1).

min(x,y) -    x  y
  : min(x,y) = x (x y).

 
sg(x) = 0,   x = 0,
sg(x) = 1,  x>1.

  
sg(0) = 0,
sg(y+1) = 1.

rm(x, y) -    y  x
    

rm(x,0) = 0,
rm(x,y+1) = prod(s(rm(x,y)),sg(|x-s(rm(x,y))|)).

 ,    ,   
- ,       -

 .  ,   -
        ( .,

, 23, . 135-151).
  ( - )   -

     . , -
 f(x,y)  -   |x-y2|,  , 

g(x) = y[f(x,y)=0] -    
g(x) = x ,  x        -
.

 ,  -    -
  ,    ,   -

,        (    -
      -  ).

, ,   (  ) ,
      .  -
     [13, . 53]:
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f(0,y) = y+1,
f(x+1,0) = f(x,1),
f(x+1,y+1) = f(x, f(x+1,y))

  -   -
,    ,    -
,   ,   , 

 .
 

  ,  -
  ;   e 

   .
. 

§3  - 

 -

-       1930 .
  -      -

,     .  -  
    .   [2] -

     , -
     .    

- .
-  -   ,  -

 ,    .     ( -
    ,     )
     

     . 
   x2-4  (x+2)(x-2)  - 

     ;  
    .

    
 . ,   ,

     
      

 - .    -
     -

   .   
  ,  
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.    - .  ,
     .

-    ( ) 
( -  ),     -

   .  , - ,
       [7, . 143-146].

-      -
    ,  ,    -
      -

 [32].
   , -

, , -     , 
    . 

 " " -    , 
 ,  -  ,     .

       -
, , ,   ( ) 

 ( ),  ,  
   - ,      -

   .

-    
  "  5x3+2"?  -    , 

     ,  f,   :
"  f : ,   f(x) = 5x3+2".  

,   x  ,   ,  
  y. -     

f    .    f -
 " x. 5x3+2".

 ,   f(x)     
f,       x.      -

 .  -     
x   ( x. 5x3+2)x.

   ,    -
      [3]. ,  -

,    , f(x,y)    
gx   gx (y) = f(x,y),   f'   f'(x) = gx. -

 (f'(x))(y) = f(x,y).   [1]     -
        

     .
-       

( . .     ).  -
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 ( )      
- .  f,    a,  

f a.     x . x^2+3  :
   a   ( x . x^2 +3) (a) = a^2+3.

  x + 2y       x  (
x.x+2y )     y  ( y. x +2y).  ( x. x +2y )a

   a+2y,   ( y. x +2y )a  -   x+2a.
y. x.E   y.( x. E).  (( y. x. x+2y) a) b

( x. x+2a) b  b+2a   (( x. y. x+2y) a) b  ( y. a+2y) b  a+2b.
     “  ”   (.)   “  -

”.
-  ( - )

    - .
    - .
   -  M  N   -  (MN)

(  , ,  M   N).
   x  -  M   -

-   ( x.M) (    x, -
M).   - .

  :   ,  , -
 ,    . .,    -

 -      
(   + 3 4   3+4).

 x      
      

 .       , ,
     ,  , 

   ,    .
,      , -

   ,     -
 :

1.  x     x.
2.  x,  x.M,  .   x 

x.M   y,        -
  ,      M.

3.     M  N  (MN)
          , -
     M  N.  ( )  -

 , ,   ,      
 ( ) .

  ,    
 , x.x y.y.
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     - , 
      , :

x . y . (x+y)*2
     “    x,  
   y,    (x+y)*2”.

 :   (...((( x1. x2.... xn.E)a1)a2)...an)
     ( x1. x2. ... xn.E)a1a2 ...an.

   .  
-  M, N   x  [N/x]M   -

 N     x  M   y 
M  ,     N   
 [N/x]M.   (    M  N  -

 ,   M  N ):
) [N/x]x  N;

b) [N/x]y  y,   y    x;
c) [N/x](PQ)  ([N/x]P [N/x]Q);
d) [N/x]( x.P) x.P;
e) [N/x]( y.P) y.[N/x]P,  y      N  x

    P;
f) [N/x]( y.P) z.[N/x]([z/y]P),  y     N  x

    P  z -  ,  
   N;

g) [N/x]t  t,  t  .
    .  M y.yx.

 N  vx,  [(vx)/x]( y.yx) y. [(vx)/x](yx)  (e)
y. y(vx)  (a).

 N  yx,  [(yx)/x]( y.yx) z. [(yx)/x](zx)  (f)
z.z(yx)  (a).

   (f)    ,    
   . v.x y.x  -
     ( ,     x),  -

 v  x      : [v/x]( y.x)
y.v,  [v/x]( v.x) v.v.

 , -      -
       ,  -

 - ,  ,  -
 , . .       

 .
  , . .   -

    .  , 
 ( ),     ,
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   - ,    -
- ,       -
.

      
-  , 

+ 1 3   4
  ( x.M)N - . (   
    .) -   

 P        [N/x]M,   
,    . 

P  Q ,  P -   Q.  
- -  .    , 

-   - ,     -
    .

 6.1.   (    ):
1) ( f. x.f 3x) ( y. x.* x y)  0

 ( x.( y. x .*xy)3x) 0  -      
 ( y. x.*xy)3  0
 ( x.*x3)0
 *03
 0

2) ( f. x.f3x) ( y. x.*xy)  0
 ( x. ( y. x.*xy)3  x) 0 -      
 ( x.( x.*x3)x )0   -    
 ( x.*x3)0
 *03
 0

  -   .  -
  ( ,    . .)  ,

       (  -
 - ).

 
, -    ,  

     .  , -
 -   ,     . -

 ,  ,    
  .    

 :
while      
do     
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end
(     ).

       -
    .

 6.2.
( x. y.y) (( z. z z) ( z.z z))

 ( x. y.y) (( z.z z) ( z.z z))
 ( x. y.y) (( z.z z) ( z.z z))
 ...

(   )

( x. y.y) (( z. z z) ( z.z z))
y.y

(  )

  (   )
    ,   (

    - ) 
 -     . (

  .)
    ,   -

    .
   ,  

 .
    -  

    [32].
   ( ),  

       .
   ( ),   -

       .
( x. y.y) (( z.zz) ( z.z z)) -      -

 -    .
( x. y.y) (( z .z z) ( z .zz)) -      -

 -     .
x. y.y -    ,  -

  .       -
        , 

 ,    ,      -
.

       -
 . “   ,    ” -



97

   (     
      ,    

   ). Clean -     
.

    . “  , 
”;  ,     ,  , 

 ,  .  ,  -
     (       -

).    ,  ,  .
   - [7, .74].   E

        
,         

       .
 [7, . 298-303].   E 

 ,      
 (      ).

 
 -    ,   -

     -   -
 ,        ,  -

-   .
    ,   

 .        
      ,  ,  
     .

, ,   sum(x), -
       1  n

sum(n) = (IF (=  n  0) 0  (+  n  (sum  (1-  n)))).
      :  0,  

  (=),     (IF),   (+) 
  1 (1-).

       - ,
  ,     -

    .    
  sum:

sum = s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n)))
,     , -    s 
  sum,   .   -

,   , Y- ,
   :

Y f  = f (Y f)
Y     . “

”  f  -   ,     -
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    f.  ( ,       -
 . ,  x . x,  

 .)    Y f      -
 f .

Y sum
= Y( s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n))))

 ( s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n)))) (Y sum)
n . IF  (=  0 n)  0  (+  n   ((Y sum)  (1-  n)))
n . IF  (=  0 n)  0

                   (+  n   (( m . IF  (=  0 m)  0  (+  m   ((Y sum)  (1-  m))))
                              (1-  n))))

      ,   
 sum.   Y sum   -

  sum,    ( . . Y sum)  s   .
 ,  sum  -   

Y( s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n))))
:

(Y( s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n)))))  1
n . IF  (=  0 n)  0  (+  n   ((Y( s . n . IF (= 0 n)  0  (+  n  (s (1-  n)))))

                                               (1-  n)))  1
 IF  (=  0  1)  0  (+  1   ((Y( s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n)))))

                                        (1-  1)))
 (+  1  ((Y( s . n . IF  (=  0 n)  0  (+  n   (s  (1-  n)))))  0))
 (+  1  ( n . IF  (=  0 n)  0

                             (+  n   ((Y( s . n . ...)))))  0)
 (+ 1  (IF (= 0 0)  0  (+  0  ((Y ( s . n . ...))))))
 (+ 1 0)
 1

      f   ,  -
 E,  -    Y ( f . E).

    Y  :
 Y = h . ( x . h ( x  x)) ( x . h (x x))

:
Yf=
( h . ( x . h ( x  x)) ( x . h (x x))) f

 ( x . f ( x  x)) ( x . f (x x))
 f  (( x . f (x x)) ( x . f (x x)) )
 f (Y f)
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-
  - ,   - . 

      . ,  -
        :

TRUE = x . y . x
FALSE = x . y . y
IF = p . q . r . p q r

 ,    :
TRUE A B  A
FALSE A B  B
IF TRUE A B =
( p . q . r . p q r) ( x . y . x)  A  B

 ( q . r . ( x . y . x) q r ) A  B
 ( q . r . ( y . q)  r ) A  B
 ( q . r . q ) A  B
 ( r . A ) B
 A

 .     n -
  n-   (  xn(y)   -

  x(x(...(xy)...)), x  n ).
     n  

<0> = x . y . y,   <n> = x . y . xn (y)

    -
+ x y = p . q . x p (y p q)

,    .
+ 1 1  = p . q . <1> p (<1> p q)
= p . ( q . (( x . y . x y) p (( x . y . x y) p q)))

p . ( q . (( x . y . x y) p p q))
p . ( q . (p p q))

= <2>
,      k -

  M, 
M<n1><n2>...<nk> -    < (n1,n2,...,nk)>,  

(n1,n2,...,nk) , 
M<n1><n2>...<nk>     , (n1,n2,...,nk)  -

.
  [7, . 189].   -

   ,  - .
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§4  

      ,
   [29, . 12-14]. ,   -

   , -
     -

  1936 . [4].    -
     , 

      -
  .   

  :   
   ,   
     

 .
     -

     
  .      

     0, 
  1.         

,        ,      -
     .     

,   -  - .     
    .

    ,  ,    
.          
.      ( -

) q0, q1,..., qn.       -
 ;   ,   
   0,  , -    1.   -

         -
 :

1)  ( ,  ,  )   -
  ,     ;

2)        ;
3)   .

 ,     
,        -

   ,   .   
 ,        .

.   -   M ,   -
   n,     

  {0, 1,..., n} {0, 1},     -
  {0, 1} { , } {0, 1, ..., n}.
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,  M(3,1) = <0, , 2>.   
  ,        q3,   -

    1,    1 (  
 0),   ,     

   ,  ,     -
 q2.  M(3,1)  ,      

 q3,       1,   -
. (     .)

      
  ,      -

   .  ,  ,
    M  (   )   -

  .       ,
        .

    -    1,  0.
 <n>    1  n+1. 

<n1> 0 <n2> 0 ... 0 <nk>
  k   1,     0.

,    .
.  Df  Nk -    k-

 f: Df  N (N -   ).  f  -
,     M ,  

 M    q0,     
<n1> 0 <n2> 0 ... 0 <nk>,

(     ), :
   f(n1,  n2,..., nk) ,  M    ,

      <f(n1,  n2,..., nk)>,   ,
    , ;

   f(n1, n2,..., nk)  ,  M    -
.

,      , 
   .  ,   

     , 
 .

6.3.   ,  
n1+n2.

  M  :
M(0, 1) = <1, , 0>;
M(0, 0) = <1, , 1>;
M(1, 1) = <1, , 1>;
M(1, 0) = <0, , 2>;
M(2, 1) = <0, , 3>;
M(3, 1) = <0, , 4>;
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M(4, 1) = <1, , 4>;
M(4, 0) = <0, , 5>.

    1+1.    
  .

 

0 0110110
0 0110110

   -

0 0110110  
1 0111110
1 0111110

   -

1 0111110   
2 0111110  1
3 0111100   1
4 0111000
4 0111000
4 0111000

 

4 0111000
5 0111000

  ,      -
     .     -
 ,       ,  -

       . ,
     ,  0  1,      

          
    .     -

     .   -
    -     -

       
.

§5  

  60      -
    .     

.     , -
   :

  - - .  ,  
    [23, . 261-278].
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  . ,    -
 [13, . 66-72].
  . ,    ( -

    )     [23,
.228-250].

  - . -   [13].
   (   ,    )

  ;       
  .  

    .
  [13, . 57].    -

         
 .
:      

    
  ?
,      -

     -
 ( )  ,   

     -
   .  

     -
 .   

      
.

 .   
   

   -
.

  ,      ,   -
,    ,    -

  [13, . 75-76].
   :    -

         
 .
       -

  .  ,   6.2, 
   ,     -

   6.2      .
      ,     -

   ,      ,
    .
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...   -   ,
  .

  

     . -
  ,    
....    ,

  ?  -
...

  -  , 
   .    , 

  ,  
 .

.  . 
"    "

§6      

.  M(x) ,   -
 ,  

cM(x) = 1,  M(x) ;
cM(x) = 0,  M(x) 

.
.  M(x) ,   

 .      -
.

   ,  ,  -
  .

       .  -
 ,       -

,    .
     [13, . 108].   -
  ,  ,   -

   (    ), -
        .

      -
:         -

    .   -  -
        -
 : "   ,     

     -    
".
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      ,  -
,      (    -

)    [13, . 110].   
       .  

,  ,    ,    
      ,  . 

,  ,      -
,    .

  [13, . 114].   -
     .   -

    .
 p(x1, x2,..., xn) -    x1, x2,..., xn  

.  
p(x1, x2,..., xn) = 0,

        
.      . -

,     x2-2 = 0.
  ,   1900 , -

  ,  ,   ,   
   ,      -

.  1970    .  ,  
  .       [21].

 ,       
 ,   .  -

    [31].    -
,      , 

 .  [28].

§7  

    ,   -
,   .     

   ,    -
 .         

:       -
         -

   , . . .   -
 ,   ,    : -
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,     ,   -
  ,     .

 

       -
 (     ). 
  T      T.
 , T      .  -

        .
 , ,     . 

    (    n -  
)  ,   .
       

.        -
 " " C = {c1, c2,..., cm}  " " d(ci, cj)   -

  ci,  cj  C.   -    
<ck(1), ck(2),..., ck(m)>  ,   

1

1

m

i
d(ck(i), ck(i+1)) +d(ck(m), ck(1)).

    ,    ck(1), -
        ck(1) -

    ck(m).    -
     {c1, c2,..., cm}  {d(ci,

cj)}.
    I T    |I|

(   ).   |I|  ,    -
    ,   , 

     .
    , ,  

  I=(A,B) (n n)- ,   , -
 |I|=n.     ,    -

 ,      |I|=n2.    -
 |I|       m.

 T -   A - ,  .   -
 I T  A   

 SI.  SI     .
 , ,  :

   SI,    ;
   SI, . .    ,   SI

  ;   ,  SI -
    ;
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   ,    SI;
       SI    

  ,      -
 ,       -

  .
       -

 |I|, ,    I   n 
       Cn.   C 

 , ,   , ,  -
   ,     ,

   ,   ,   -
 .

      S  FA 
     ,  

  -       .
    :

FA(n) = max { (SI) | I T, |I| = n}.
      ,   -

  T    Tn =  {I | I T,  |I| = n}. ,
I T, |I| = n, p(I) -  I   

   n.     A  -
 :

MA(n) =
nPI

ISIp ).()(

     .  
  |I|   (SI)    -

  A,   T,   FA  -
 , ,   ,   

MA.       -
 .  "    " [15].

  -    , -
   .

     . 
,   f(n)  O(g(n)),    C -

,  |f(n)|  C (g(n))    n.
   :     

      T?     -
     T.   - 
    T    -

   ,   T.   
    A  T     FA

 T,    .    -
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     ,    
 , ,     .

    

   ,   -
  n      O(n),   n -

  .     -
     ,   n1  n2
.    - O(n1 +  n2).  , 

 , ,     
    O(log2n), n -  .

    - ,  -
 ,      . -   

   .
  (   

 ,    P) -
 ,      O(nk),  k - 

 > 0. ,      
 , .

 ,      -
  .

,     n  -
    ,   ( ?). 

          
   n.

 P
   " "     -

 .      .
     n .   

  O(n log n)     [26, .316-
321].

        m .    -
         -

         O(m) [24, .
200-201].

   - .       n .
      ,   

   .     
-    :    n ;
    (d[i,j]), i,j = 1,...,n.   
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 .       
 O(n log n)[26, .357-358].

     ,   n   m .
  O(m n) [26, .377-382].

    .   
  (  ), ,   , 

    ,    .  n - -
 ,  m -  ,    O(n+m) [26,

.364-365].
     [6, . 284-302],  O(n log n)

 , -      -
   .
    .  -  [6, . 304-308].

   O(n log n log log n). ,  
    n-     

O(n2).
   .   [6, . 259-261] 

  O(nlog 7),      n n. -
     O(n3).

 E: ,   
    ,   

     ,  
        .

      P,    E
   ,      -

       .    
   ,     
      ( . . ) .

      [20, . 207]:
    :     

,   ,    -
,     ?

   ;
       ;
   ,   ;
     ( , , -

 )       
;
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     ( , , , )
  ;

    ( , ,  , ),
    , , -

 ;
     ;    

       O(L(n)L(L(L(n)))),  L(n) -
    n (  L(L(L(n)))   -

  ;  ,   L(L(L(n))) = 2, 
10999999999) [5, . 102].

 

     ,  -
   P,   E.     -

  [26, . 443].
,     

         -
.  ,     -

;  ,        -
      " " .

 ,      -
    -  .   
        

 ;  ,  
        . -

     -   
  ;   ,  

    .
   ,  -

,      ,     -
,         . -

     ,   
     . -

      , " -
",  ,     .   -

 ,      -  . 
, ,      . .   -

,     (  ) ,
  .    ,  

  ,     .
     

  .  ,  -
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   §4,   .  
 , ,     M 

  {<  >, < >, <  -
>}.         -

 ,     .    -
       .

     .  [6].
,       -

  ;  -
 -  ,      -

    .
NP    ,    -

 ,    -
 , . .  ,   
     ,  

; , P NP.      -
 , ,  ,    ,

 ,   ,   -
 P.

 ,      
NP.    ( , ,  -

 )   
.        - " " 

" ".  ,   T   
  :  DT     ( -

 )   YT (YT DT)    
" ".

 ,    ,
    .

.    C = {c1,  c2,..., cm} " ",
" " d(ci, cj)     ci, cj  C   B -

 .
.   " ",     

C,     B?  ,   -
 <ck(1), ck(2),..., ck(m)>  C  , 

1

1

m

i
d(ck(i), ck(i+1))+d(ck(m), ck(1))  B?

      -
   ,     
    .    

       -
 ,        
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  .     
  ,       
 B.

    . -
, ,      , -

    .  , -
       ,    ,  -

  ,    B     
      . 

,  "  "     , -
        |I|.

 ,   ,  -
    .     

  -    .  
 I  T      -

 ( )   S.   ,  
      ,

    S.     I  S
       ,  -

       
" ",    " ",   

  (      ). -
  " "   T,   

 I  DT    :
1. I YT,     S,  

 I   ,   ,    
(I, S),   " ".

2. I  YT,      S,  -
  I        (I, S)

 " ".
,      -

    ,     -
     ,   -

     " " "
 . ,     I 

  S,        (I, S)
 " "      ,    I -

   .

NP-  NP-  

 ,    NP  
  ,    .
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.  Q     R  
 ,    :
    g(x)  f(x),   

;
     x     Q  g(x)

     R;
     ( ) y  R  f(y) 

  Q.
 ,     (    - Q) -

    (R) ( . 12).

. 12.     Q  R

.    Q  
  R  R    Q,   Q  R -

 .
.

 NP-  ( NP- ),   
NP    .

 NP- ,    NP  NP-
.  ,  T NP- ,   
    ,    NP.

  NP-    "  
 NP".    NP-     

  ,   NP-   .
, NP-   T  : 

P NP,  T NP\P. , T P    , P=NP.
 ,    ,   NP-

,    :
.     F,  

  .
.      

 ,    F ?
 (  ).    NP-

 [12, . 56-63].
,  ,  ,  Q NP- ,  -

   , 
  Q   NP;

 Q  R  R  Q
g

 R
f
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        Q.
   NP-    -

 [12].     ,   
  P,   E.   NP- .

   :    ,  -
      ?

- ,   .  
      ,     -

   -    -   -
     ,      

.

,   -
 ,  -

   ,  
    -
... ,  ,  -
,     -

,    , 
   , 

    
  ,  

   ...
  "  "
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 7.   

     . -
 A  ,    A  -

A   A   A.   -
,      ,    .  [9].
       ,    -
   .     

  .         -
 " "  (" ", " ", " -

", " "  . .),     .
[23, . 7-10].

 

 ,  ,    . 
  ,  ,       ?

    :   
  ?

             

    .
 : "  ".     ,    

, , ,   .      ,  
   , ,  .    ,
      .

   

                                 
                            

       -
.     ,   .  ?

   

:     .
: ,   , .
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       ,  
,       .

     ,    .

  (1905)[23, . 9]

        -
     . ,  "

      "  . 
       -

 ,  :    ( . . 
 )  ,    k ,    

  k         .  
    ,    

  .      
     . ,   

  n,  n-   .   -
: "  ,   n-     1,  

n-    n-      1,  n-  
  2,   n-    n-     1". 

    ,  k- ; , -
 ,    k-     k-  

.

  . 

 (  , 1908):
     : -

,   ,   , -
.  ,  " ", " "  " -

",    ,   ,
 " ", " "  " ", -   -

.      " -
"?

. . (   , 1906):
     "   ,   -

      ". ,  
,  12 .    

:   ,      
  ,    ,  

  13   ?
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      .

 ( ):
     .  

    ,   ,   
   .    ?

"  " [10, . 96-97]

"         -
     .

    , -   , -     
  .        , 

     .
  ,     .  -

     .     ,
  .

   ? -  . -    -
   !

 ?   , -  .
  . ,       -

 :  -   ,      
  ,     .  ,   -

          ,
,     .

 , -  .
 , , , , -  , 
   ,    .  

    ,       
 -   .       ,

     .       -
   ,      . ,

  . ,  ,     -
,  .     ,  , 

  ,   ,      .
  ! -  ,  . - 

     ,   .  
 .      ,    

   .
,    

  , ,   ,   .
 ,    ,     

 . , ,   ,   -
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,      -    
     ".

    [14, . 184]

 ,     
 f:   , . .   

   f1, f2, f3,... .
    g 

g(n) = fn(n)+1.
     ,   n=1 
  f1,  n=2 -  f2  . . ,   .

  , ,   ,   fn(n) ,
  1  fn(n),   g(n).

   .      -
   .     ( , -
),     f,  ,  g  -

        ,  -
     f.   -
      .
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 8.  

      -
 («0»  «1»).      

      (   ) .
  Nx - ,     – , 

  – ,     – .  
     [ ].

,    ,  -
 “ ” (  1)        

.      ,   -
,  -    

,  -    .
    ,  -

  .

§1.   . 

     .  
1920  [34].   « »  «1», « »  «0»  

  – « » - ½.     -
   ,   –   -
.    .    «1». -
     11, 12  :

 11
Nx

1
½
0

0
½
1

 12
x  y 1 ½ 0

1 1 ½ 0
½ 1 1 ½
0 1 1 1

[Nx] = 1 – [x];
[Cxy] = 1,  [x]  [y];
[Cxy] = 1 – [x] + [y],   [x] > [y]    ;
[Cxy] = min(1,1 – [x] + [y]).
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       -
 : [Kxy] = min([x], [y]),   –   -
    : [Axy] = max([x], [y]).

,        
( )   :  , -

,      . -
       . 

     ,    -
   :  b ~ b  a   . 

       :
( )    (  ( ))  ( . .     ,

     ).  ,   [x] = ½  [y] =
½.

        , -
     ,

   .
,       -

   .  . .      -
  - ½,    .

§2.  

       :
1.  2. 

    , -
  ,     .  

 (  13, 14     . 
      “ ”  

 “1”, “ ” – “0”     “ ” - ½. -
   1.

 13
Nx

1
½
0

0
0
1

 14
        1 ½ 0

1
½
0

1
1
1

½
1
1

0
0
1
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[Cxy] = 1,   [x]  [y];
[Cxy] = [y],  [x] > [y]

         .
,      1  0   -

   .     -
,  (  )  (  ),     :

(  )  .     -
,      .

      (
  ),  ,   

  .    ,   
      -

  [35].

§3.    . .

   . . [36]   
     -

   . ,  
         -

   ,    
.  ,      

   ,    .
   . . ,    

  (« »  « »)  .  
    ( ).

    
  ,   – .

 « »  R  1, « » – F  3, « » – S
 2,     – «~ »,   – « »,

« » –    , « » –  -
, « » –  .    . . 
,      .

         -
 .

   . . ,    -
:

;
  ;
  .



122

§4.  -    . .

  [37]     – -
 ,  =2. ,    

  1, 2,…,  (   2   – ).   
  ,     i, 

1  i  S,  1  S  -1.  1,…, S   ( -
).   S     2.   N1

x – -
 , N2

x –  .   -
 15  .

  15
X N1

x N2
x

1
2
3
.
.
.

K-1
K

2
3
4
.
.
.
K
1

K
K-1
K-2

.

.

.
2
1

   :
[N1

x] = [x] + 1  [x]  K-1
[N1

x] = 1.
    :

[N2
x] = K - [x] + 1

,   =2     -
       .

       
  .
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  -   
   .

 

    :
   .
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"     "

( , ,  ,
  ( ) .

  1

 1

1.     X,      :
A\(A\X) = .

2.    :
{{1,2}, {2,3}}   {1,2,3}?

3.   :  A B  B C  A C.
4.  A={0, 1}.    A2, A3.
5.   -  ,    -

.  (  \ )-1 = -1 \ -1.
6.      A={1,2,3}  -

 B={a, b}.
7.    A  

A(x) =
Ax
Ax

,0
,1

:
A B(x) = A(x)+ B(x)- A(x) B(x);

8.      N2 (N -  -
  {1,2,3,…}): <x,y>  <u,v>  x+v = y +u. ,  -

 .
9.   : )   N2; )  

N N2 … Nn … = {     
}.

10.   -    X,   -
   X.

 2

1.   :  A B  B C  A C.
2.    :

{2,3}, {3.4}  {2,3,4}?
3.  A B, A B, A\B, B\A, BA,   
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A={1,2,3}, B={2,3,4,5}, U = {0,1,…,9};
4.    <a,b>   {{a}, {a,b}}. -

,    -  
     -
 .    ,    

<a,b> = <c,d>  a=c, b=d.
5.  x  y  x2 = y2. -1, , -1 -1.
6.     A={1,2}  , ,  

 , .
7.    A  

A(x) =
Ax
Ax

,0
,1

:
A (x) = 1- A(x);

8.    -    X,   
  X.

9. ,        N
   .    

 ?      -
      Z?

10.    -    X,  -  -
  X  =  .

 3

1.      ,  
 :
{1,2} ? {1,2, {1}, {2}};

2.    :
{4,5}, {5,6}  {4,5,6}?

3.  A B, A B, A\B, B\A, BA,   
    A={x | x   2}, B = {x|  x   3}, U = N -  -

 .
4.  A C, B C. ,  A B = (A C) (C B).
5.  -    R  eR = {<x,x>|x R}. , 

 = eR  =  =      R.
6.  X -     f: X  X . -

,   f .
7.    A  
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A(x) =
Ax
Ax

,0
,1

: A\B(x) = A(x) - A(x) B(x).
8.    -    X,  -  -

  X  =  .
9. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -   A =

{1,2,3,4,5,6,7}.     
,   M.

10.  -    X, -1     X.

 4

1.   :  A B  B C  A C.
2. ,     A  n , 

-  P(A)  2n .
3. , BA \ = A  B.
4. ,   C  A B   -

   A1  A   B1
 B    ,    <a,b> C, <c,d> C

,  <a,d>, <c,b> C.
5.  A={0, 1}.    A2, A3.
6.    A  

A(x) =
Ax
Ax

,0
,1

:
A B(x) = A(x) B(x);

7.  f: X  Y  A X.   A   f -
  f(A)= {y | y= f(x), x A}.
 B Y.   B   f 

 f-1(B)={x X| f(x) B}.
,  f-1(A B) = f-1(A) f-1(B).

8.  -    X, -1     X.
9.  A={1,2,3}.   P(A)   

X  Y  "  X  Y    ". -
,        -

.
10. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  

A = {1,2,3,4,5,6,7}.     -
,   M.
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 5

1.       :
{x| x  {1}};

2. ,     A  B  A (A B) = A.
3.     X,      :

A\(A\X) = .
4.  A, B, C, D -  . , 

A B  C D  A C  B D,
5.    <a,b>   {{a}, {a,b}}. -

,    -  
     -
 .    ,    

<a,b> = <c,d>  a=c, b=d.
6.    A  

A(x) =
Ax
Ax

,0
,1

:
A B(x) = A(x)+ B(x)- A(x) B(x);

7.  A={a1, a2,…, an} -  .  
f: P(A)  {0,1}n  
f(B) = < 1, 2,…, n>, i=0,  ai B, i=1,  ai B.

,  f - .
8.  A={1,2,3}.   P(A)    X  Y

 "  X  Y    ". ,
       .

9.  -    X, -1     X.
10. ,       

N    .    -
  ?     

      Z?

 6

1.      ,  
 :  ? { }.

2.       :
{x| x  {1}};

3.    P(x)   :
{2,3,5,7,11,13,17,19};
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4.  A, B, C, D -  . , 
A C = B D  A=B  = .

5.  A C, B C. ,  A B = (A C) (C B).
6.    A  

A(x) =
Ax
Ax

,0
,1

:
A (x) = 1- A(x);

7.    {0}   R  R:
a) x  sin(x);
b) x  lg(x2+1);
c) x  x2+2x+1.

8. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  
A={1,2,3,4,5,6,7}.     -

,   M.
9.    -    X,  -  -

  X  =  .
10.   : )   N2; )  

N N2 … Nn … = {     -
 }.

 7

1.      ,  
 :  ? {{ }};

2.       :
{x | x  {1,2}};

3.    P(x)   :
{ , , , , , , , };

4.   (A\B) C = (A C)\(B C).
5. ,   C  A B   -

   A1  A   B1
 B    ,    <a,b> C, <c,d> C

,  <a,d>, <c,b> C.
6.    A  

A(x) =
Ax
Ax

,0
,1

:
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A\B(x) = A(x) - A(x) B(x).

7.   , ?
f: R R, x  x2+3x+5;

8. ,        N
   .    

 ?      -
      Z?

9.   -    X,   
  X.

10. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  
A={1,2,3,4,5,6,7}.     -

,   M.

 8

1.      ,  
 :  ? {1,2,{1},{ }};

2.       :
{x | x  {1,2,3}};

3.    P(x)   :
 [-2,3].

4. ,  (A B) (C D)  (A C) (B D).
5.  A, B, C, D -  . , 

A B  C D  A C  B D,
6.  f: X  Y  A X.   A   f -

  f(A)= {y | y= f(x), x A}.
 B Y.   B   f 

 f-1(B)={x X| f(x) B}.
,  f-1(A B) = f-1(A) f-1(B).

7.   , ?
f: R R, x  x15(x2-1);

8.   : )   N2; )  
N N2 … Nn … = {     

}.
9.      N2 (N -  -

  {1,2,3,…}): <x,y>  <u,v>  x+v = y +u. ,  -
 .

10.  A={1,2,3}.   P(A)   
X  Y  "  X  Y    ". -

,        -
.
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 9

1.      ,  
 : {1,2} ? {1, 2, {1,2}};

2.       :
{x | x }.

3.    A, B  C ,   -
 A B, B C, A C.

4.    = {<x,y> | x2 + y2  < 1}  D   R .
5.   (A\B) C = (A C)\(B C).
6.  A={a1, a2,…, an} -  .  

f: P(A)  {0,1}n  
f(B) = < 1, 2,…, n>, i=0,  ai B, i=1,  ai B.

,  f - .
7.   , ?

f: R R, x  23x+1;
8.      N2 (N -  -

  {1,2,3,…}): <x,y>  <u,v>  x+v = y +u. ,  -
 .

9.   : )   N2; )  
N N2 … Nn … = {     

}.
10.  -    X, -1     X.

 10

1.      ,  
 : {1} ? {1, {1,2}};

2.     A:
A = {{1,2}, {3}, 1};

3.   A\(B\C) = (A\B) (A C).
4.  A = {1,2,3,4,5}, B = {{1},{1,2},{2,5},{3}}.   -

 = {<a, X>  A B| a X}  D   R .
5. ,  (A B) (C D)  (A C) (B D).
6.    {0}   R  R:

d) x  sin(x);
e) x  lg(x2+1);
f) x  x2+2x+1.

7.   , ?
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f: Z Z  Z, <a,b>  a+b, Z -   ;
8.   -    X,   

  X.
9. ,        N

   .    
 ?      -

      Z?
10.   -    X,  -  -

  X  =  .

 11

1.      ,  
 :  {1,2} ? {1,2, {1}, {2}};

2.     A:
A={{1}, {2}, 1};

3.    :
{{1,2}, {2,3}}   {1,2,3}?

4.     x  y  x2 + x = y2 +y, -
    ?

5.    = {<x,y> | x2 + y2  < 1}  D   R .
6.   , ?

f: R R, x  x2+3x+5;
7.   , ?

f: Z  Z Z, a <a,a>;
8.    -    X,  -  -

  X  =  .
9. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  

A={1,2,3,4,5,6,7}.     -
,   M.

10.   : )   N2; )  
N N2 … Nn … = {     -

 }.

 12

1.       :
{x | x }.

2.     A:
A = { , { }, { , { }}}.

3.    :
{2,3},{3.4}  {2,3,4}?
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4.    ,   
      : x  y  x   y?
5.  A={0, 1}.    A2, A3.
6.   , ?

f: R R, x  x15(x2-1);
7.      A={1,2,3}  -

 B={a,b}.
8.  -    X, -1     X.
9.  A={1,2,3}.   P(A)   

X  Y  "  X  Y    ". -
,        -

.
10.   -    X,   -

   X.

 13

1.       :
{x | x  {1,2,3}};

2.      ,  
 : {1,2} ? {1,2, {1}, {2}};

3.    :
{4,5}, {5,6}  {4,5,6}?

4.    ,   
      : x  y  x    y?
5.    <a,b>   {{a}, {a,b}}. -

,    -  
     -
 .    ,    

<a,b> = <c,d>  a=c, b=d.
6.   , ?

f: R R, x  23x+1;
7.     A={1,2}  , ,  

 , .
8.  A={1,2,3}.   P(A)   

X  Y  "  X  Y    ". -
,        -

.
9.   : )   N2; )  

N N2 … Nn … = {     
}.
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10.      N2 (N -  -
  {1,2,3,…}): <x,y>  <u,v>  x+v = y +u. , 

-  .

 14

1.       :
{x | x  {1,2}};

2.      ,  
 :  {1} ? {1, {1,2}};

3. ,     A  n , 
-  P(A)  2n .

4.   -    X. :
 -1 =  ;

5.  A C, B C. ,  A B = (A C) (C B).
6.   , ?

f: Z Z  Z, <a,b>  a+b, Z -   ;
7.  X -     f: X  X . -

,   f .
8. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  

A={1,2,3,4,5,6,7}.     -
,   M.

9. ,        N
   .    

 ?      -
      Z?

10.    -    X,  -  -
  X  =  .

 15

1.       :
{x| x  {1}};

2.      ,  
 : {1,2} ? {1, 2, {1,2}};

3. ,     A  B  A (A B) = A.
4.   -    X. :

   ;
5. ,   C  A B   -

   A1  A   B1
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 B    ,    <a,b> C, <c,d> C
,  <a,d>, <c,b> C.

6.   , ?
f: Z  Z Z, a <a,a>;

7.    A  

A(x) =
Ax
Ax

,0
,1

:
A B(x) = A(x) B(x);

8. ,        N
   .    

 ?      -
      Z?

9. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  
A={1,2,3,4,5,6,7}.     -

,   M.
10.  -    X, -1     X.

 16

1. ,     A  B  A (A B) = A.
2.      ,  

 :  ? {1,2,{1},{ }};
3.       :

{x| x  {1}};
4.   -    X. :

  ;
5.  A, B, C, D -  . , 

A B  C D  A C  B D,
6.   , ?

f: P(A)  N, f(X)=    X, N - 
  , A -  .

7.    A  

A(x) =
Ax
Ax

,0
,1

:
A B(x) = A(x)+ B(x)- A(x) B(x);
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8.   : )   N2; )  
N N2 … Nn … = {     

}.
9.  A={1,2,3}.   P(A)   

X  Y  "  X  Y    ". -
,        -

.
10. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  

A={1,2,3,4,5,6,7}.     -
,   M.

 17

1. ,     A  n , 
-  P(A)  2n .

2.      ,  
 :  ? {{ }};

3.     A:
A = {{1,2}, {3}, 1};

4.   -    X. :
    = .

5.  A, B, C, D -  . , 
A C = B D  A=B  = .

6.      A={1,2,3}  -
 B={a,b}.

7.    A  

A(x) =
Ax
Ax

,0
,1

:
A (x) = 1- A(x);

8.      N2 (N -  -
  {1,2,3,…}): <x,y>  <u,v>  x+v = y +u. ,  -

 .
9.  -    X, -1     X.
10.   : )   N2; )  

N N2 … Nn … = {     -
 }.

 18
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1.    :
{4,5}, {5,6}  {4,5,6}?

2.      ,  
 :  ? { }.

3.       :
{x | x }.

4.      -
 ( , ) , -

    R.
5.   (A\B) C = (A C)\(B C).
6.     A={1,2}  , ,  

 , .
7.    A  

A(x) =
Ax
Ax

,0
,1

:
A\B(x) = A(x) - A(x) B(x).

8.   -    X,   
  X.

9.   -    X,  -  -
  X  = .

10. ,       
N    .    -

  ?     
      Z?

 19

1.    :
{2,3},{3.4}  {2,3,4}?

2.   :  A B  B C  A C.
3.      X,      :

A\(A\X) = .
4. 1 = {<x,y> R R | x y >0}, 2 = {<x,y> R R | x+y -  }.

1 2.
5. ,  (A B) (C D)  (A C) (B D).
6.  X -     f: X  X . -

,   f .
7.  f: X  Y  A X.   A   f -

  f(A)= {y | y= f(x), x A}.
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 B Y.   B   f 
 f-1(B)={x X| f(x) B}.

,  f-1(A B) = f-1(A) f-1(B).
8.   -    X,  -  -

  X  = .
9.   -    X,   

  X.
10.  A={1,2,3}.   P(A)   

X  Y  "  X  Y    ". -
,        -

.

 20

1.    :
{{1,2}, {2,3}}   {1,2,3}?

2.  A B, A B, A\B, B\A, BA,   
A={1,2,3}, B={2,3,4,5}, U = {0,1,…,9};

3.    A, B  C ,   -
 A B, B C, A C.

4. 1 = {<x,y> R R | x y >0}, 2 = {<x,y> R R | x=y2 }. 1

2.
5.    = {<x,y> | x2 + y2  < 1}  D   R .
6.    A  

A(x) =
Ax
Ax

,0
,1

:
A B(x) = A(x) B(x);

7.   , ?
f: R R, x  x2+3x+5;

8.  -    X, -1     X.
9.      N2 (N -  -

  {1,2,3,…}): <x,y>  <u,v>  x+v = y +u. ,  -
 .

10. ,  M = {{1}, {2,5}, {3}, {4,6,7}} -  
A={1,2,3,4,5,6,7}.     -

,   M.
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  2

 1

1.      ,  -
     :

"  ,  x  , ,  x  ";
2.     x, y, z 
     ((x (y&z)) ( y x)) y ?
3.     ((p q)&( r q)&(t r)) (p t) ?
4.   (p p).
5.       

E(x)  "x -  "  D(x,y)  "y   x"
    

x(E(x) D(6,x)).
6.       :

D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
 "  x   y  y   z,  x   z";

7.     (+, )   (<, =)
        -

 :
 "  
    x + y = 1
   2x + 2y = 0

  ";
8.     (+, )   (<, =),

       
, ,    :

 "     x  y,  x<y  y 0,  x/y<1".



144

 2

1.      ,  -
     :

    "   ,   ".
2. ,  A~B A~ B.
3. ,   ((p q)&p)  q  .
3.     x, y, z 
     ((x (y&z)) ( y x)) y ?
5.       :

D(x,y)  "y   x";
I(x,y)  "x  y";
P(x)  "x -  ".

    
x ( I(1,x) y (P(y)&D(y,x))).

6.       :
D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
"  d -    a  b,  a  b   d  d -

     a  b".
7.     (+, )   (<, =)

        -
 :

"        
 ".

8.    "x = y"  D(x,y) "y   x", 
       ,

  :
 "x -  ";

 3

1.    "  ":  , 
  (A1 A2 … An) B    
 (A1 B)&(A2 B)&…&(An B).

2.     ,      
 ,     .

3.       
    ( p& q)~(p q),  p q ?
4. ,  A~B A~ B.
5.       :
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D(x,y)  "y   x";
P(x)  "x -  ".

    :
x (P(x) D(2,x));

     .
6.     (+, )   (<, =)

        -
 :

"      0,      -
  0";

7.     (+, )   (<, =),
       

, ,    :
"    x,  x2 - 4 = 0";

8.    "x = y"  D(x,y) "y   x", 
       ,

  :
"a  b -   ".

 4

1.       
( p& q)~(p q),  p q ?

2.  A B  A,B  .
3.    "  ":  , 

  (A1 A2 … An) B    
 (A1 B)&(A2 B)&…&(An B).

4.     ,      
 ,     .

5.       :
D(x,y)  "y   x";
P(x)  "x -  ".

    :
x y ( P(x)  D(x,y))

     .
6.     (+, )   (<, =)

        -
 :

) "  
    x + y = 1
   2x + 2y = 0

  ";
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7.     (+, )   (<, =),
       

, ,    :
"     x  y,  x<y  y 0,  x/y<1".

8.       S(x,y,z) "x + y = z"
 P(x,y,z) "x  y = z".

      -   
  ,  x  y   - .

 5

1. ,   ((p q)&p)  q  .
2.       ,   

 ,      -    . 
   ,     ? -

      ,   -
   (       -

).
3.      ,  -

     :
 "   ,   ".

4.  A B  A,B  .
5.       :

D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
 "  x   y  y   z,  x   z";

6.     (+, )   (<, =)
        -

 :
"        

 ".
7.    "x = y"  D(x,y) "y   x", 

       ,
  :

 "x -  ";
8.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    1.
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 6

1.     ((p q)&( r q)&(t r)) (p t) ?
2.
3.      ,  -

     :
"  ,  x  , ,  x  ";

4.       ,   
 ,      -    . 

   ,     ? -
      ,   -

   (       -
).

5.       :
D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
"  d -    a  b,  a  b   d  d -

     a  b".
6.     (+, )   (<, =),

       
, ,    :

"    x,  x2 - 4 = 0";
7.    "x = y"  D(x,y) "y   x", 

       ,
  :

 "a  b -   ".
8.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    -

 - .

 7

1.   (p p).
2. ,   ((p q)&p)  q  .
3.       .   -

     :
)   ;
)   ;
)         ;
)    .
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 ,    .  -
?

4.    (x y)&(x y).
5.     (+, )   (<, =)

        -
 :

"      0,      -
  0";

6.     (+, )   (<, =),
       

, ,    :
"     x  y,  x<y  y 0,  x/y<1".

7.       S(x,y,z) "x + y = z"
 P(x,y,z) "x  y = z".

      -   
  ,  x  y   - .

8.      U   Q(x,y)
 "x  y". ,  "  x    y 

z".

 8

1.      x, y, z 
((x (y&z)) ( y x)) y ?

2.      ,  -
     :

"  ,  x  , ,  x  -
";

3.    (x y)&(x y).
4.       .   -

     :
1)   ;
2)   ;
3)         ;
4)    .

 ,    .  -
?

5.     (+, )   (<, =)
        -

 :
) "  

    x + y = 1



149

   2x + 2y = 0
  ";

6.    "x = y"  D(x,y) "y   x", 
       ,

  :
 "x -  ";

7.       S(x,y,z) "x + y = z"
 P(x,y,z) "x  y = z".

 ,    1.
8.       

E(x)  "x -  "  D(x,y)  "y   x"
    

x(E(x) D(6,x)).
 9

1. ,  A~B A~ B.
2.    "  ":  , 

  (A1 A2 … An) B    
 (A1 B)&(A2 B)&…&(An B).

3.       ,   
 ,      -    . 

   ,     ? -
      ,   -

   (       -
).

4.      ,  -
     :

"  ,  x  , ,  x  -
";

5.     (+, )   (<, =)
        -

 :
"        

 ".
6.    "x = y"  D(x,y) "y   x", 

       ,
  :

 "a  b -   ".
7.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    -

 - .
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8.       :
D(x,y)  "y   x";
I(x,y)  "x  y";
P(x)  "x -  ".

    
x ( I(1,x) y (P(y)&D(y,x))).

 10

1.     ,      
 ,     .

2.       
( p& q)~(p q),  p q ?

3.  A B  A,B  .
4.      ,  -

     :
 "   ,   ".

5.     (+, )   (<, =),
       

, ,    :
"    x,  x2 - 4 = 0";

6.       S(x,y,z) "x + y = z"
 P(x,y,z) "x  y = z".

      -   
  ,  x  y   - .

7.      U   Q(x,y)
 "x  y". ,  "  x    y  z".

8.       :
D(x,y)  "y   x";
P(x)  "x -  ".

    :
x (P(x) D(2,x));

     .

 11

1.  A B  A,B  .
2. ,   ((p q)&p)  q  .
3.     ,      

 ,     .
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4.    "  ":  , 
  (A1 A2 … An) B    
 (A1 B)&(A2 B)&…&(An B).

5.     (+, )   (<, =),
       

, ,    :
"     x  y,  x<y  y 0,  x/y<1".

6.       S(x,y,z) "x + y = z"
 P(x,y,z) "x  y = z".

 ,    1.
7.       

E(x)  "x -  "  D(x,y)  "y   x"
    

x(E(x) D(6,x)).
8.       :

D(x,y)  "y   x";
P(x)  "x -  ".

    :
x y ( P(x)  D(x,y))

     .

 12

1.       ,   
 ,      -    . 

   ,     ? -
      ,   -

   (       -
).

2.     ((p q)&( r q)&(t r)) (p t) ?
3. ,  A~B A~ B.
4.       
( p& q)~(p q),  p q ?
5.    "x = y"  D(x,y) "y   x", 

       ,
  :

 "x -  ";
6.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    -

 - .
7.       :
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D(x,y)  "y   x";
I(x,y)  "x  y";
P(x)  "x -  ".

    
x ( I(1,x) y (P(y)&D(y,x))).

8.       :
D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
"  x   y  y   z,  x   z";

 13

1.    (x y)&(x y).
2.   (p p).
3.      x, y, z 

((x (y&z)) ( y x)) y ?
4. ,   ((p q)&p)  q  .
5.    "x = y"  D(x,y) "y   x", 

       ,
  :

 "a  b -   ".
6.      U   Q(x,y)

 "x  y". ,  "  x    y  z".
7.       :

D(x,y)  "y   x";
P(x)  "x -  ".

    :
x (P(x) D(2,x));

     .
8.       :

D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
"  d -    a  b,  a  b   d  d -

     a  b".

 14

1.       .   -
     :

)   ;
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)   ;
)         ;
)    .

 ,    .  ?
2.      x, y, z 

((x (y&z)) ( y x)) y ?
3.   (p p).
4.     ((p q)&( r q)&(t r)) (p t) ?
5.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
      -   

  ,  x  y   - .
6.       

E(x)  "x -  "  D(x,y)  "y   x"
    

x(E(x) D(6,x)).
7.       :

D(x,y)  "y   x";
P(x)  "x -  ".

    :
x y ( P(x)  D(x,y))

     .
8.     (+, )   (<, =)

        -
 :

"      0,      -
  0";

 15

1.      ,  -
     :

 "   ,   ".
2. ,  A~B A~ B.
3.     ((p q)&( r q)&(t r)) (p t) ?
4.   (p p).
5.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    1.

6.       :
D(x,y)  "y   x";
I(x,y)  "x  y";
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P(x)  "x -  ".
    

x ( I(1,x) y (P(y)&D(y,x))).
7.       :

D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
) "  x   y  y   z,  x   z";

8.     (+, )   (<, =)
        -

 :
 "  
    x + y = 1
   2x + 2y = 0

  ";

 16

1.    "  ":  , 
  (A1 A2 … An) B    
 (A1 B)&(A2 B)&…&(An B).

2.     ,      
 ,     .

3. ,   ((p q)&p)  q  .
4.      x, y, z 

((x (y&z)) ( y x)) y ?
5.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    -

 - .
6.       :

D(x,y)  "y   x";
P(x)  "x -  ".

    :
) x (P(x) D(2,x));
     .

7.       :
D(x,y)  "y   x";
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G(x,y,z)  "z -    x  y".
     :

"  d -    a  b,  a  b   d  d -
     a  b".

8.     (+, )   (<, =)
        -

 :
"        

 ".

 17

1.       
( p& q)~(p q),  p q ?

2.  A B  A,B  .
3.     ((p q)&( r q)&(t r)) (p t) ?
4. ,  A~B A~ B.
5.      U   Q(x,y)

 "x  y". ,  "  x    y  z".
6.       :

D(x,y)  "y   x";
P(x)  "x -  ".

    :
x y ( P(x)  D(x,y))

     .
7.     (+, )   (<, =)

        -
 :

"      0,      -
  0";

8.    "x = y"  D(x,y) "y   x", 
       ,

  :
 "x -  ";

 18

1. ,   ((p q)&p)  q  .
2.       ,   

 ,      -    . 
   ,     ? -

      ,   -
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   (       -
).

3.    "  ":  , 
  (A1 A2 … An) B    
 (A1 B)&(A2 B)&…&(An B).

4.     ,      
 ,     .

5.       
E(x)  "x -  "  D(x,y)  "y   x"

    
x(E(x) D(6,x)).

6.       :
D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
"  x   y  y   z,  x   z";

7.     (+, )   (<, =)
        -

 : "  
    x + y = 1
   2x + 2y = 0

  ";
8.    "x = y"  D(x,y) "y   x", 

       ,
  :

 "a  b -   ".

 19

1.     ((p q)&( r q)&(t r)) (p t) ?
2.    (x y)&(x y).
3.      ,  -

     :
 "   ,   ".

4.  A B  A,B  .
5.       :

D(x,y)  "y   x";
I(x,y)  "x  y";
P(x)  "x -  ".

    
x ( I(1,x) y (P(y)&D(y,x))).

6.       :
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D(x,y)  "y   x";
G(x,y,z)  "z -    x  y".

     :
"  d -    a  b,  a  b   d  d -

     a  b".
7.     (+, )   (<, =)

        -
 :

 "        
 ".

8.      U   Q(x,y)
 "x  y". ,  "  x    y  z".

 20

1.   (p p).
2.       .   -

     :
)   ;
)   ;
)         ;
)    .

 ,    .  -
?

3.      ,  -
     :

"  ,  x  , ,  x  -
";

4.       ,   
 ,      -    . 

   ,     ? -
      ,   -

   (       -
).

5.       :
D(x,y)  "y   x";
P(x)  "x -  ".

    :
x (P(x) D(2,x));

     .
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6.     (+, )   (<, =)
        -

 :
"      0,      -

  0";
7.     (+, )   (<, =),

       
, ,    :

"    x,  x2 - 4 = 0";
8.       S(x,y,z) "x + y = z"

 P(x,y,z) "x  y = z".
 ,    -

 - .


