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, F*(j )      , s,

 ,  ( ) F*(j ),    -
 ,   .    -

 ,        
 + k s (k =  1,  2 …).

 F*(s)    .
1.    s =s1    s F*(s) -

      s = s1+ jm s ,   s-
     :   Im s  <

< s/2    s/2 < Im s <  3/2 s, -3/2 s < Im s < - 1/2 s,
3/2 s < Im s <  5/2 s  . . ( .  2.9).

 2.9

3/2 s

s/2

 - s/2

-3/2 s

     
               

S- .
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2.  F(s)   s = s1, F*(s)   -
 s = s1 +jm s   m.

2.3  

 –       
.        -

     ,    
.      -

 ,     -
 ,        .  -
        -

  ,  , .  
    .
    ,    -

 f(0), f(T), f(2T),…     
f(kT)     t = kT   -

f(t).      -
 .

2.3.1  

     :  , -
 ,  ,  - , 

  –  .    -
   :       

c,      ,   -
  ,  2 c.

     :     
       , 2 c,

         , 
   .     ,     c ,  

  f(n) (kT), f(n-1) (kT),… f(1) (kT), f (kT) (k =
=0,1,2…),       :

kTti

i
i

c dt
tfdkTfnT )()(,2)1(

2
1 )( .

   :     -
     :
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k s

s

2/)kTt(
2/)kTt(Sin)kT(f)t(f ,                              (2.32)

s,   , -  .
. f(t) –   F(j ) –  -

:

.de)j(F
2
1)t(f

,dte)t(f)j(F

tj

tj

                                                               (2.33)

      -
.   (2.30),  :

n
s

* )jnj(F
T
1)j(F .

   ,  ,    -
   :

k

jkT
k

* eC)j(F ,                                                                 (2.34)

     :

.)(1 2

2

*

s

s

djFeC Tjk

s
k                                                  (2.35)

    (  ,   (2.31)). 
         -
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    ,      
   , . .:

.
2

,0

;
2

),(*
)(

s

sjTF
jF                                                 (2.36)

  (2.36),    (2.35) F*(j ) 
(2.36)      (    

 > s/2      ). :

.)(
2
1)(1 djFedjFe

T
C TjkTjk

s
k        (2.37)

   (2.37)   (2.33), ,
        -

 ,  = f(kT).     -
   (2.34) F*(j ).  , 

  (  (2.36)),    
F(j ),     (  (2.33))  -

 f(t).        
f(kT)    f(t),    -

.
  (2.32)     (2.33) -

 : F(j ) c  (2.36) F*(j ). 
  (2.34)   , = f(kT), ,  

    , ,   -
  ,  .   
 .

.
2/)(

2/)()(

)(2
)(

2
)(

)(
2

)(
2

)(
2
1)(

2

2

2

2

2

2

2

2

*

k s

s

k

TjkjktTjktj

k

k

Tjktjtjtj

kTt
kTtSinkTf

e
jkTjt

TkTfdeTkTf

dekTfeTdejFTdejFtf

s

s

s

s

s

s

s

s
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N  = s/2       
.

2.3.2  

      
        (2.32). -

,     ,  
 .  (2.32)  , 

    .   (2.32)  -
 - ,       t

   ,     -
  .

         
,      , , , -

,        (2.32).
     -

,       ,
   ,  .

 ,  ,   ,
 -  ,   

2.10,   -  .  ,  
    ,    -

    .

 2.10

  ,  ,     -
   ,    :

)    ,    (  > c  -
   ;

s/2- s/2

1

n(j) 1
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)   (2.31),  :   
   c N.    

(2.31),      
       .  
         -

   .

2.3.3 

   -    
  f(t).      -

  ,      
 .

    ,     -
   –    .  -

f(t)    kT  t < (k + 1)T.

.)()(

;1)()(

...,)(
!2

)())(()()( 2

kTt

k

k

dt
tdfkTf

)T(ktkTtftf

kTtkTfkTtkTfktftf

         (2.38)

    :

))2(())1((2(1)1()(1)(

,)1(()(1)(

2 TkfTkfkTf
T

TkfkTf
T

kTf

TkfkTf
T

kTf

 . . (2.39)

  (2.39) ,      (  
     (2.38)     

f(t),      
f(kT).  ,    -

   ,       f(t).
  (2.38)    ,   -

    ( ) ,    ,  
,        

.       
.          

    .
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     .
1.       .
2.     –    

   ,    -
.

  ,  ,  :

)t(fmaxT)kT(f)T)1k((fmaxe
k0 .                               (2.40)

   .      -
 :

0

* )()()(
k

kTtkTxtx ,

     :

0k

kTs* x(kT)e(s)X .

     :

0k
))TkTt(1)kTt(1)(kT(x)t(y .

    y(t) :

0k 0k

TsTs
kTs

s)1T(kkTs

s
e1)s(*X

s
e1e)kT(x

s
e

s
e)kT(x)s(Y .

    :

s
e1

)s(X
Y(s))s(W

Ts

*0 .                                                    (2.41)

  (2.41) s  =  j ,    -
:
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s
j

s

s

s

2/Tj
Tj

0 e
sin

2e

2
T

2
TSin

T
j
e1)j(W .

(2.42)

- A0( )   - 0( )
   (2.42)    2.11.    

  ( ) -   
 (    2.10).

 2.11

   ,    (2.38), -
  ,   :

T)1k(tkT)kTt)(kT(f)kT(f)t(fk .                   (2.43)

0( )

A0( )

2 / s

s/2 s 2 s 3 s

n(j)

-

-2

-3
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     (  
,    ) :

2

TsTs

1 Ts
2ee)s(W .                                                                        (2.44)

      :

)T)1(f)T(f(
T

Tt)T(f)t(fmaxmaxe ktk1 .

 f(t)     , :

)t(fmaxTe
t

2
1 .

      -
        , 

.        
,        -

.
    2.2.1    
.   ,   ,  

     .
         

       . -
         -

     .
    c   (  -

) ,      
     2 c.  

,         
     .

     ,  
 ,   ,  , -

, ,   ,  -
 ,  ,       -

      .
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3 Z-

  ,     -
  (     ) ,  z-

. z-        ,
      .   

       -
   –   , z-

       
 .

3.1  

3.1.1 z-

    «    », z-
      

eTs = z.     –   
  s, ,  (2.23)  (2.28) 

« »       -
    z.

 ,   (2.23)  (2.28)  (2.25)  -
   z- :

,z)kT(f)z(F
0k

k                                                                                  (3.1)

,
1

1
)(
)()(*)(

1
1ln1

k

n
T

n

n
z

T
s nezD

NsFzF
                       (3.2)

),F(,
)(
)()( nD

NF

n
zln

T
1ss )jns(F

T
1)z(F .                                    (3.3)

     ,   (3.1) -
     .   (3.1) ,
z-        z.
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    (3.2)  (3.3)  ,   -
,     (2.28)  (2.25).

  (3.1)–(3.3),   z- ,
     , 

 z-     .
  z- ,    

,   F(z)=Z{f(t)},  F(z)=Z{F(s)}.
   ,  z-   -

 ,    F(s).

3.1.2  s- z-

  s-  z-   .  -
    ,       -
         .

   z-    -
      ,    , -
.

,       
 F(s),  ,  - f(t). 

   F(s)   ,  

,
2

sIm s
i                                                                                         (3.4)

    F*(s)    -
        ,    -

         . z-
,  z = eTs,     , -
   F*(s),    

,       -
z = eTs          z,  

   .  , z- F(z)   -
  (3.4)    f(t).

  (3.4)  ,    F(s)   
,     ,    -

 F*(s)     ,   , -
      F(s),   
 (   ),      -

   z  F(z).    
f(t)  F(z)     , 

  « »    F(z).
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,  ,    -
 ,   (3.4)   (2.31).

      s-   -
       ( , 

,   ,   ,   
. .).   ,      

z- .
   ,  s-    -
   .     -

,   1-2-3-4-5-6    3.1 z = eTs   -
     ( .  3.2).

 3.2

 3.2

3

4

2

1

6

5

s/2

- s/2

1
6

3
4

2
5

Im s

Re s

Im z

Re z
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:

,)( zeeee TsjnmTsTjms s

       s     
.  ,  s    -

  z,    s-  -
  ,    .

  ,  s-  
s = +j  (  = const), z = eTs    
e T,        – s/2  + s/2  

z       -
  (   3.3).      -

s (  s = j )      ,
   3.3 .

a)

)

 3.3

s/2

- s/2
- 2 1

e 1
Te- 2

T

Im s

Re s

Re z

Im z
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  s  =  +  j  (  = const)  s-
   , x      T.

,   z:
.)sin(cos zmjIzReTjTeeeez TjTTTs
                   (3.5)

           Re z  Im z z,  (3.5), -
 :

,TtgzRezIm                                                                                         (3.6)
        T ( .  3.4).

a)

)
 3.4

- 2

2

s/2

1

- 1

- s/2

- 2T

2T 1T

- 1T

Im s

Re s

Im z

Re z
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  s     
 z,     s/2 -    .

3.1.3   z-

z-       -
,        ,     -

        -
.

1. z-    ,  
 –   ,    -

   .      -
      .

2. z-   Y(z) –   -
   y(t)     .

, Y(z)     y(t)   -
 .  ,   - Y(z) –

   (   - ) y(kT) y(t)
   t = kT.

3.      z-  
         

 ,  .      –
   (  )  t = 0. 
  ,  z- ,  

.  , ,   
  .

4.         -
    .   z-

   ,   .
    (     )  

   z- .

3.2   

3.2.1    

      -
        z-

.
       r(t)  

(   3.5).  « - »  ,  -
,   W(s) = (s)/R (s).
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 3.5

       :

.
0k

(t-kT)r(t)r*(t)

   (s) =R*(s) W(s), R*(s) –  -
  .

        z- -
    (2.25):

.)()(1)(1)( **

n
ss

n
s jnsWjnsR

T
jns

T
s     (3.7)

      R*(s+jn s)=
=R*(s),  (3.7)  :

).()()( **

n
sjnsWsRs                                                     (3.8)

 :

),(1)(*

n
sjnsW

T
sW                                                 (3.9)

 (3.8)   :

* (s) =R*(s) W* (s),                                                                                  (3.10)

 ,   z = eTz , :

 (z) =R (z) W (z).                                            (3.11)

y(t)

(s)
W(s)

r(t)

R(s)
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  W(z)   
.   (3.11),    z-

     z-   
 (    )   , 

(3.9),      :

z
T

s
n

sjnsW
T

zW ln1)(1)( .                        (3.12)

 y(t)     ,  
(3.11)       .

   (3.11)        -
  .

,        -
   t = 0 (  3.6).

 3.6

      
w(t).       S2,

   3.6 ,     :

0

** )()()()(
k

kTtkTwtwty ,                                     (3.13)

w(kT) –      
k = 0, 1, 2,…

      :

0k

* )kTt()kT(r)t(r .

S2

r*(t)

R*(s)

r(t) S1

R (s)
W(s)

y*(t)

*(s)
y(t)

(s)
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      :

...)2()2()()()()0()( TtwTrTtwTrtwrty                  (3.14)

  t = kT (k  N0)  (3.14)  :

.))(()(

)0()(...))1()()()0()(

0

k

n
TnkwnTr

wkTrTkwTrkTwrkTy

(3.15)
     :

0 0 0

* )())(()()()()(
k k

k

n
kTtTnkwnTrkTtkTyty .

(3.16)
 z- .      z-

       (3.15),   
   ,      
  z = eTs    (3.16).       

      (    (3.11)):

(z) =R(z) ·W(z).

     W(z) -
 z-   w(t):

0
)()(

k

kzkTwzW                                                             (3.17)

  ,  (3.11), z-   
.

 ,    (3.11) z- (z)  -
  y(t)      . 

        -
  .    ,   y(t)  -

     , z-
    .
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3.2.2      

      -
        . ,

,    ,  -
S2,  S1,      ( .

 3.7).

 3.7

 ,   ,  ,
     -

:

*
1(s) =W*

1(s)· *(s),                                                                                (3.18)
*(s) =W*

2(s)· *
1(s). (3.19)

  (3.18)  (3.19)    z, -
:

(z) =W1(z)· W2(z)· (z).                              (3.20)

  (3.20) ,     
 ,     3.7,   -

   :

W(z) = W1(z) ·W2(z). (3.21)

     ,    -
 ( .  3.8),      

   :

W(z) = Z{W1(s) ·W2(s)} = W1W2(z) = W2W1(z). (3.22)

  (3.22)      W1 W2  - 
  , z-    

y*(t)

*(s)

y(t)

(s)

x1
*(t)

1
*(s)

X1(t)      S2

1 (s)

x*(t)

*(s)

x(t)      S1

(s)
W1(s) W2(s)
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,     W1(s) W2(s). -
    z-   , -

,  (2.25)      -
 :

.)()(1)}()({)(
ln1212121

z
T

sn
ss jnsWjnsW

T
sWsWZzWW

 3.8

    ,  
(3.21)  (3.22),  ,  :

W1W2(z)  W1(z)W2(z).

,    3.8,    

(z) =W1W2(z)· (z).

       
         

  ,      3.9,    .
     3.9, ,      3.9, 

  :

*
1(s) =W*

1(s)· *(s);
*
2(s) =W*

2(s)· *(s);
*(s) = *

1(s) + *
2(s).

  ,   -
      :

W(z) = W1(z)  + W2(z).

W1(s) W2(s)
X(s)        X*(s)

x(t) x*(t)

y*(t)
Y*(t)

y(t)

Y(s)
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)

)

 3.9

     
    . ,  , -

   3.10,      :

)z(WW1
)z(W

)z(
)z()z(W

21

1 .

 3.10

x(t)

(s)
W1(s)

W2(s)

            y*(t)

*(s)

y(t)

(s)

x1(t)
X1(s)

 x2 (t)

 X2(s)

x*(t)

*(s)

x*(t)

*(s)

x(t)

(s)

W1(s)

W2(s)

y*(t)

*(s)

y(t)

(s)

x1(t)
X1(s)

 x2 (t)

 X2(s)

x*(t)

*(s)

x(t)      S1

(s)

W1(s)

W2(s)

y*(t)

*(s)

y(t)

(s)
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 ,    3.11,  
  :

)z(W)z(W1
)z(W

)z(
)z()z(W

21

1 .

 3.11

     .
       -

  ( )        -
      .

3.2.3     

    ,   
, :

s
e1

)s(W
Ts

0 .                                                                                    (3.23)

z-  W0(s) :

1
s
1Z)z1(

s
e1Z)s(W 1

Ts

0 .

  ,       -
      ( -

)   z-    -
     .   

x(t)

(s)
W1(s)

W2(s)

            y*(t)

*(s)

       y(t)

(s)
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        .
      W(s), 

   3.12 z-    
:

Y(z) = W1(z)  X(z),                                                                                   (3.24)

W1(z) = Z{W0(s)  W(s)}.                                                                            (3.25)

  (3.23)   (3.25), :

s
)s(WZ)z1(

s
)s(W)e1(Z)z(W 1Ts

1 .

         -
,       

  ,       
   z -1  z- .

    (1 – z -1). , z-

s
)s(W        .

 3.12

    ,     
    .    ,

 Z{W(s)} = W(z), :

)s(W)z(Wlim
0T

.

,  x(t)    ,
  ,   x*(t),    -

W(s)
Y(z)

W1(z)

X(z)
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   , )t(x)t(xlim
0T

.    -

    « »  ,   -
  .  ,   x*(t) -
     .   ,  

  y(t),      3.13,   -
 : )t(x)t(ylim

0T
,    : ).s(X)s(Ylim

0T

 3.13

 ,       
 ,        

       .
        

  , :

)s(W)}s(W)s(W{Zlim 00T
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   ,   (3.26)  
W(s),   k.     -

  (3.2):

.
s

)s(sWRe
)s(Ts

Tslim
)(D
)(N

e)(D
)(N

s
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n

k k
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k
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k

11 0
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1
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,   ,      

 W(s),     (3.26).
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    ,  z-    -

y(t)x*(t)x(t)
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        . -
       .   

    z-   
   z- ,  

  z- .   
   z-    -

        -
   ( )    .

3.3.1   

     3.14. ,  -
z- ,    3.14, .   (

  ,     ,  )
     s1.

)

)

 3.14

        
,       s2  -

        ( . . 3.14, )   
   s1  N .  , 

W(s)

y*(t)
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s1

y(t)
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)

r(t)
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s1
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y*(t)

 T
s1

y(t)
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)

r(t)
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N
T

N
T

s2
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65

 s2 N
T , N –   ,

 . ,   s2    
   s1     

.
  (3.14),      

:

0k
)kTt(w)kT(r)t(y ,                                                                       (3.27)

w(t) = L-1{W(s)} -   .
 (3.27)      , 

   
N
nTt , ,    (3.27)

N
nTt , :

0k
kT

N
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N
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N N
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N
nTy)t(*y .

z-    , :

0

* .)()(
n

N
n

NN z
N
nTytyZzY                                                          (3.29)
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N
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N
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e - TsW(s)
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 (3.35),  , ,    Y( )
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e

e)(YsRe

ez
d

e
e)(Y

j
),z(Y

)s(T
)s(T

T

Ts)s(T
T

11
1

1

1
1

2
1

                 (3.36)

 1/1- e –T(s - )  n = s + jn s (n = 0,  1,  2, …) 
 ,   (3.36)   :

.ez
e)jns(Y

T
),z(Y Ts

n

)jns(T
s

s1

       = 1 – m 
  :

.ez
e)jns(Y

T
)m,z(Y Ts

)jns(T)m(

n
s

s11                                (3.37)

,     ,  
z-  y*(t - T).    :

0k

kz)TmTkT(y
m1

)}Tt(*y{Z)m,z(Y ,

     :

0k

k1 z)T)mk((yz)m,z(Y .                                                           (3.38)

 ,     (3.37)    ½ y (+ 0) ( . 
 (2.27)).
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 ,     z-
: (3.34), (3.37)  (3.38).   (3.34)  

 y(t),   Y(s),   -
  ,    Y(s). 

(3.37) ,  y(0) = 0.  ,  (3.38) 
 ,        

  .
    ,  -

z- .   = 0 (m=1) z-
   z- ,   , 

   :

)z(Y
1m

)m,z(Y .                                                                              (3.39)

,    (3.38) m = 1, :

)0(y)z(Yz)T)mk((yz
1m

)m,z(Y
0k

k1 ,

   (3.39) ,  y(0) = 0.
       

Y(z,m)   m    .
  z-    -

  ,    3.15. 
   y(t) :

Y(s) = W(s)  R*(s).

     (3.37), :

),m,z(W)z(R
ez

e)jns(W
T
1)z(R

ez
e)jns(*R)jns(W

T
1)m,z(Y

Ts
n

)sjns(T)m1(
s

Ts
n

)sjns(T)m1(
ss

    (3.40)

W(z,m)  z-  W(s)  -
  ,  (3.37).

   ,     ,  
      . -
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   ,    
  3.16.

 3.16

  :
Y(z,m) = W(z,m)  E(z),
E(z) = R(z) – WH(z)  E(z),                                                                       (3.41)

WH(z) z-   W(s)  H(s).
  (3.41) Y(z,m):

).z(R
)z(WH1

)m,z(W)m,z(Y                                                                    (3.42)

3.4    

  z-    
      . -

      , -
      ,    -

       
 ( ., ,  3.2.2).   

       -
         -

.   ,    ,
        ( )

,        
 ,    .

  ,      
,      «  », 

     .  
     .   

    .

e - TsW(s)

y*(t) y*(t- T)

y(t- T)
y(t)

e*(t)e(t)r(t)

H(s)
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1.       . 
 3.17      

( . 3.17, )     ( . 3.17, ).

)

)

 3.17

2.       
 .        

,    3.17, :
E(s) = R(s) – W(s)H(s)  E*(s),
Y(s) = W(s)  E*(s).                    (3.43)

       -
,         .

  (3.43)        
:

E*(s) = R*(s) – WH*(s)E*(s),
Y*(s) = W*(s)  E*(s),                                                                               (3.44)

WH*(s), Y*(s), E*(s)  W*(s) , ,  , -
  (2.25)  (3.9).

 (3.44)    , 
,   ,   «  -
».      3.18.

W(s)

H(s)

Y(s)E*(s)E(s)R(s)

R(s) 1 E(s) E*(s) W(s) 1 Y(s)

- H(s)
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 3.18

3.          -
       . ,

  ,    3.18,  
   Y*(s)    E*(s) :

),s(*R
)s(*WH1

)s(*W)s(*Y

).s(*R
)s(*WH1

1)s(*E

4.        -
,        ,  

     .  
        

       .
        3.19.

 3.19

R*(s)

E*(s)

- WH*(s)

W*(s) Y*(s)

R*(s)

E*(s)

- WH*(s)

W*(s) Y*(s)1

R(s) 1 E(s)

1

W(s) 1 Y(s)

- H(s)
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 ,      -
,         -

  .  ,   3.19 :

),s(*R
)s(*WH1

)s(W)s(Y

).s(*R
)s(*WH1
)s(H)s(W)s(R)s(E                                                          (3.45)

     
     .

z-     -
   (3.45).

       -
       ,

,   ,     (Sedlar M.
and Bekey G.).

    z-  
  .    z-  

z- ,    
    .   -  -

 .  -   
  ,  -   –  -

   .    
  ,      – -
  .    
      -

 .  ,     , 
   , ,  

.      ,  -
,  z- .

      
   ( . . 3.20).

 3.20

.
y
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    W(s),  -
,  , –   H(z).

 ,       -
  -  .   -

, -      
,  –  ,   -

   ,      
H(z), -   -   -

,      . -
    ( ),  ,   -

 3.21.

 3.21

    :

).s(W
s
e1)s(F

Ts

  y(t) :

Y(s) = F(s)  U*(s).                                                                                    (3.46)

    ,   (3.46)
:

Y*(s) = F*(s)  U*(s),

  z-    z = e Ts:

Y(z) = F(z)  U(z).

H(z)
s
e1 Ts

W(s)

 

y(t)u*(t)r(t) e(t) e*(t) u (t)
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     ,   -
   3.22.

 3.22

 ,      -
         -

      .

H(z) F(z)
Y(z)

y(kT)

U(z)

u(kT)

E(z)

e(kT)

R(z)

r(kT)
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4   

  ,    -
 ,         .

       
    (   ), 

      –  
  .       -

  ,    ,   -
        -

  .
      

  :
-     ;
-        -

;
-      ;
-        -

 .

4.1  

        
  ,    (   -

 )  ,      .
       -

    ,      -
 g, :

x(kT + T) =  (x(kT), r(kT)),                                                            (4.1)
y(kT) = g (x(kT), r(kT)),                                                                             (4.2)

y(kT) –     kT, r(kT) –  
   kT.

 (4.1)   ,   (4.2) –
 .

4.1.1   ,   

    ,   
,  (4.1), (4.2)     -

  :
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x[(k + 1)T] = A(kT) x(kT) + B(kT) r(kT),                                              (4.3)
y(kT) = C(kT) x(kT) + D(kT) r(kT),                                                        (4.4)

x(kT) – -    n, r(kT) – -
-    p, y(kT) – -

  m; A(kT), B(kT), C(kT), D(kT) – 
         

.        
 kT (k = 0, 1, 2, …).   (4.3), (4.4) 

 ,  A, B, C D    .
 (4.3), (4.4)       ,  -

  ,   T = 1:

x (k + 1) = A(k) x(k) + B(k) r(k),                                                             (4.5)
y(k) = C(k) x(k) + D(k) r(k).                                                                   (4.6)

    (4.5)  (4.6)   , 
k  « »  «  »,  

       . 
  (4.5)    (4.6)     :

x(kj+1) = A(kj) x(kj) + B(kj)  r(kj),                                                            (4.7)
y(kj) = C(kj)  x(kj)+ D(kj)  r(kj).                                                                (4.8)

 -  , , , 
(4.5), (4.6),    4.1.

 4.1

T

D(k)

C(k)

A(k)

B(k)
y(k)r(k) x(k)
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4.1.2       

        
   ,     -

     –  ( ).   -
   4.2.

 4.2

 ui(t), i = 1, 2, …, p     -
  ,      :

ui(t) = ui(kT) = ri(kT),  kT  t  (k = 1)T.                                                    (4.9)

      -
:

),()()()()( tttt
dt

td uBxAx                                                              (4.10)

y(t) = C(t) x(t)+ D(t) u(t).                                                                     (4.11)

  [1],    (4.10)  :

t

0t
00 ,d)()(),t()t()t,t()t( uBxx                                          (4.12)

(t, t0)  –  ( ) ,  -
A(t).

 (4.12)   t   t0,   
 (4.12) t0 = kT   t = (k + 1)T.    (4.9)  -
u( )     ,    -

 (4.12) :

.

.

.

.

up(t)

.

.

.

.

y(m)

y1u1(t)r1*(t)

rp*(t)

r1(t)

rp(t)
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x[(k +1)T] = [(k + 1)T, kT] x(kT) + [(k +1)T, kT] r(kT),                (4.13)

T)1k(

kT
.dt)(],T)1k[(]kT,T)1k[( B                                        (4.14)

 (4.13) ,  ,   
 ,    4.2.   
      .  -

         (4.11),  
t = kT  :

y(kT) = C(kT)  x(kT) + D(kT) r(kT).                                                     (4.15)

 (4.13)  (4.15)     -
      .

 (4.13)  (4.15)        -
 ,  = 1:

x(k +1) = (k +1, k) x(k) + (k +1, k) r(k),                                          (4.16)
y(k) = C(k) x(k) + D(k) r(k),                                                     (4.17)

1k

k
.d)(),1k()k,1k( B                                                         (4.18)

,      ,   -
 (4.11)  (4.12) t0 = tk,  t = tk+1, tk  tk+1 –  

  (       
     ):

x(tk+1) = (tk+1, tk) x(tk)+ (tk+1, tk) r(tk),                                               (4.19)
y(tk) = C(tk) x(tk)+D(tk) r(tk),                                                                 (4.20)

1kt

kt
,1kk1k .d)()t()t,t( B                                                             (4.21)

4.1.3       

      , 
           -

  (4.5)         -
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 (4.13).  ,  ,   
  (4.12)   t  t0,  -

 (t, t0)     
  A(t). ,  (4.12)   

t t0 (  « » ),   t t0 (  « » ).
     (4.13), (4.16)  (4.19) -

    (4.12),      -
 .

   , ,   (4.16)  -
 .   (4.16) x(k):

x(k) = –1(k +1, k)  x(k +1) –  –1(k + 1, k) (k +1, k)  r(k).

   ,   -
 :

x(k) = (k ,k +1) x(k +1) + ( k ,k +1) r(k),

k

1k
.d)(),k()1k,k( B                                                               (4.22)

 (4.22)      « -
» k + 1  « » k.     -

,    (4.12) t0 = k + 1 t = k.
    (4.13),   (4.5)   -

   A(k) B(k)  .  , 
A(k)   k   .  -

A(k)   k  N,   (4.5)  -
   ,       k,  N.

     :

x(k) = –1(k) x(k +1) –  –1(k) (k) r(k), k  N.

4.2   

  (4.3)–(4.8)  (4.13)–(4.20)   
 ,       ,  , ,  

 (4.5), (4.6)  A(k)  (k +1, k),  -
B(k)  (k +1, k ),      (4.16)  (4.17)

. ,     
     ((4.3), (4.5), (4.7), (4.13), (4.16)  (4.19)).
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       (4.5)  (4.6) -
   .   ,   

        -
    .

4.2.1   

   ,  -
  (4.5):

x(k +1) = A(k) x(k).                                                                                 (4.23)

   x(k0),    (4.23) :

x(k0 +1) = A(k0) x(k0).

 :
x(k0 + 2) = A(k0 +1) A(k0)  x(k0).

  :

1

0
0

k

kn
),(k(n)(k) xAx k  k0.                                                                (4.24)

 (k, k0),  ,  -
  (4.23), ,    (4.24) 

:

0

0

1k

0kn0

kk

kk,)n(
)k,k(

E,

A
                                                          (4.25)

 A(k)    ,  A(k) = A0 (  -
  ),     :

)0kk(
00000 )kk()k,k( A                                                              (4.26)

     :

x(k +1) = A0  x(k).                                                                                    (4.27)

;

.
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 (4.26),     ,    
      .

   ,     A(k)
,   A(k)    

A0   A1(k).    
    . :

x(k +1) = [A0 + A1(k)]  x(k) = A0  x(k) + A1(k)  x(k) = A0  x(k) + r(k). (4.28)

 (4.28)       -
A0     r(k) = A1(k) x(k).

  (4.28)       -
 ,     (4.23).   :

1k

0kn

)1nk(
0

)0kk(
0 ).n()k()k( rAxAx

   :

r(n) = A1(n) x(n)

:
1k

0kn
1

)1nk(
00

)0kk(
0 ).n()n()k()k( xAxAx A                                  (4.29)

  (4.29)  .
    x(n)   (4.29)

:

.)()(

.)()()()(

1

1
)1(

0

1

0
)(

01
)1(

00
)(

0

0

0

00

n

km

mn

k

kn

knnkkk

mxm

knkk

AA

xAAAxAx

   :

x(k) = [E + S( 0 A1) + S( 0 A1  S( 0 A1)) + S( 0 A1  S( 0 A1

S ( 0 A1))) + …] 0 x(k0),
                                                                                                                   (4.30)
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S    ,  .
  ,     (4.30),  -

:

(k, k0) = [E+ S( 0 A1) + S( 0 A1  S( 0 A1))+ …] 0 ,               (4.31)

0    (4.26).
 (4.31)      , 

     . 
 1       ,   -

(k, k0)    .
  (k, k0)   

    .
  .

1.       :

(k0, k0) = .                                                                                  (4.32)

2. (k2, k1) (k1, k0) = (k2, k0),                                                           (4.33)

 A(k)   k,  :

min(k0, k1, k2)  k  max(k0, k1, k2).

 A(k)   k  N,   (4.33)
  max(k0, k1, k2)  N.

3. (k1, k2) =  –1(k2, k1),                                                                         (4.34)

 A(k)  :

k = k2 – 1, k2 – 2, … k1    (k2  k1),
k = k1 – 1, k1 – 2, … k2   (k1  k2).

4.      (4.33) :

(k +n)= (k) (n).                                                                              (4.35)

5.      (4.34) :

(k) = –1(-k).                                                                                          (4.36)
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       -
 –   .  (4.25)  n -

  . (k, k0)   (4.31) 
    A1(k)    0

(  )    .  ,
      -

.
       (  -

 )    .   
      

 .
1.   .    

,    (4.27)    ( -
) ,    0  .

n

2

1

0 ...
A  .

  (k – k0)  :

)0kk(
n

)0kk(
2

)0kk(
1

)0kk(
0 ...

)kk( A .

      
    [ i E – A]  

i,     ,  ,
     :

 =  –1 .

  ,   
(k – k0)  :

1

)0kk(
n

)0kk(
2

)0kk(
1

1)0kk()0kk(
0 ...

)kk( A .
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2.  - .     -
      .

   - ,   -
     (n – 1)-  , n – -

 ,     . -
 ,   (k – k0) :

....)kk( )1n(
1n

2
210

)0kk(
0 AAAEA

 i    :

n,...2,1,i,... )1n(
i1n

2
i2i10

)0kk(
i

 i    .
             ( , j   l)

   i      :

1.-0,1,2,...l    s,
d

d
!s

j

1n

0i

i
is

s
s0kk

j

3.  z- . z-    
   (4.27),      :

zX(z) – zx(0) = AX(z).

   X(z), :

X(z) = (zE - A) –1  zx(0),

 ,    :

x(k) = Z –1 {(zE – A) –1  z} x(0).

 ,    :

(k) = Z –1 {(zE – A) –1  z}.                                                                     (4.37)

     (4.37) –  ,
      .  

(zE – A) –1      .
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(zE – A) –1  z = F. :

zF =zE + AF.                                                                                     (4.38)

    (zE + A)   
:

z2F= A2F+ zA +z2E.                                                                                  (4.39)

  (zE + A) ,   :

z3F = A3F+ zA2 +z2A + z3E.                                                                     (4.40)

 ,    :

z4F = A4F+ zA3+z2A2 + z3A + z4E,                                                           (4.41)
………………..

…………………..

znF = AnF + zAn-1+… + zn-1A + znE.                                                         (4.42)

   (4.38)-(4.42) F = F    -
  ai   ,

:

a0F = a0F,
a1zF = a1AF + a1zE,
a2z2F = a2A2F + a2zA + a2z2E,
………..
an-1z(n-1)F = an-1A(n-1)F + an-1zA(n-2) + … + an-1z(n-1)E, (4.43)
znF = AnF + zA(n-1) + … + z(n-1)A + znE,

ai –  

anzn + an-1z(n-1) + … + a1z + a0 = 0   (an = 1).

      (4.43), :

n

0i

n

0i

n

1i

n

2i

n

1ni

n)1n()1ni(
i

2)2i(
i

)1i(
i

i
i

i
i ,zza...zazaaza EAAAFAF

(4.44)
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an = 1.
      (4.44)    
   - .   (4.44) -

F, :

.
z

az

za

az
n

1j

n

ji

)ji(
i

j

n

0i

i
i

n

1j

n

ji

)ji(
i

j

AE

AA
F                                           (4.45)

  (4.45) –   Adj(zE – A)z.
F   (4.45),   :

(k) = Z –1(F).

4.2.2  

    ,     -
   .   
 ,    . -

 L*    L  
:

, Lx  =  L* , x ,                                                                             (4.46)

 -  ,   :

1k

0ki

T ).i()1i(, baba                                                                        (4.47)

 , Lx   (4.23), :

).k()k()k()k(

)i()i()1i()i()i()i()1i()k()k(

)1i()1i()k()k()i()i()1i()1i(L,

00
TT

1k

0ki

1k

0ki

TTT
00

T

1k

0ki

2k

10ki

TTT

xx

xAxAx

xxxAxx

(4.48)
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      -
  :

T(k), x(k)  = const,                                                                              (4.49)

 k = 0, 1, 2, … .
  (4.49):

T(k) x(k) = T(k0) x(k0),

   (4.48) , :

L*( ) = T(i) - T(i+1) A(i),

     :
T(i) = T(i +1) A(i).

   ,  
A(i),    :

(i +1)= [A –1(i)] T (i).                                                                          (4.50)

 (4.50)     .
       -

.
     (k, k0) 

  (4.23):

(k +1, k0) = A(k) (k, k0).

      , -
:

[  –1(k +1, k0)] T = [A –1(k)] T  [  –1(k, k0)] T.                                           (4.51)

  (4.51)  (4.50) ,  [  –1(k, k0)] T

  (4.50) , ,   -
  .      

  (4.50).   :

 (4.49)       ,   
.
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1k

0kn
0

T1T
0

1 .kk,)n()k,k( A                                                    (4.52)

    (k, k0) k0  k
  «  »  (4.23),   
:

x(n) = A –1(n) x(n +1)

    n = k n = k0.   :

),k()n()k(
1k

0kn

1
0 xAx ,

:

1k

0kn

1
0 ).n()k,k( A                                                                              (4.53)

  (4.53)  (4.52)    
(4.34):

 –1(k, k0) = (k0, k),      k  k0.

 ,       
(4.25)         (4.53).

  ,       
  A(k) ( .  4.1.3).

4.2.3  

   (4.5)  (4.6).    
     ,  -

   .     -
     .

     A(k)  (4.51):

 –1(k, k0) =  -1(k +1, k0) A(k).                                                             (4.54)
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  (4.5)   -1(k +1, k0),   (4.54) –
 x(k),      :

 -1(k +1, k0) x(k +1) -  –1(k, k0) x(k) =  -1(k +1, k0) B(k)  r(k).

   k  m   m k0
k –1    .     ,  

 ,  ,    :

1

0
1

000
1

0
1

0

1
k

km
(m).(m)), k(m)(k), k(k(k))(k, k rBxx   (4.55)

  (4.55)  (k, k0)   ,  1 (k0, k0) =
(      (4.33)  (4.34)):

1k

0km
00 ).m()m()1m,k()k()k,k()k( rBxx                        (4.56)

 (4.56)     -
  (4.5).       -

 ,   ,    -
  ,   .

    A, B, C D   (4.5)
 (4.6)       x(k)    

        (  
   ):

1

00
0

).()1()()-()(
k

km
mmkkkkk rxx B                            (4.57)

   y(k)   
(4.56)  (4.57)        (4.6):

-   :
1k

0km
00 ),k()k()m()m()1m,k()k()k()k,k()k()k( rDrBCxCy

(4.58)
-   :

1k

0km
00 ).k()m()1m-k()k()kk()k( rDrBCxCy
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(4.59)
,        

    (4.5)  (4.6) z- .
z-        (4.5)  (4.6)

   X(z) Y(z):

X(z)= (zE – A) -1  z x(0) + (zE – A) –1 BR(z),                                       (4.60)
Y(z)= C(zE – A) -1  z  x(0) + [C  (zE – A) –1 B + D] R(z).                 (4.61)

 z-    (4.60)  (4.61), -
x(k) y(k).

4.3     

4.3.1    

      
z-     .

       -
 :

Y(z) = W(z) R(z),                                                                                    (4.62)

)z(Y
...

)z(Y
)z(Y

)z(

m

2

1

Y

z- m-  -   -
y(k),

)z(R
...

)z(R
)z(R

)z(

p

2

1

R ,

z- p-  -   r(k), :
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)z(W...)z(W)z(W
...
...

)z(W...)z(W)z(W
)z(W...)z(W)z(W

)z(

mp2m1m

p22221

p11211

W                                               (4.63)

 ,   Wij(z) –  -
  j-   i-  .   (4.63)  -

   .
z-      -

    (4.60)  (4.61):

X(z) = (zE – A) -1  z  x(0) + (zE – A) –1 BR(z),
Y(z) = C(zE – A) -1  z x(0) + [C  (zE – A) –1 B + D] R(z).

       (4.62) 
,       

 x(0) = 0,    
  

W(z) =C  (zE – A) –1 B + D.                                                                  (4.64)

        (4.64)  
 (4.37) :

w(k) = C (k –1) B + D (0),                                                             (4.65)

w(k) –    ( ) ,  

.0t0,
0,t,1

)t(

        -
   (4.65) :

.0k,0
0,k,
,1k,)1k(

)k( D
BC

w                                                        (4.66)
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   ,      , 
k0,  (4.66)   :

.kk,0
,kk,

,1kk,)1kk(
)kk(

0

0

00

0 D
BC

w                                (4.67)

 ,     , 
 (4.5)  (4.6),     :

.,0
,

1B,)1(
),(

0

0

00

0

k   k
,k   k

,k  kk,k
kk D

C
w

4.3.2  

  ,      3.4 
   ,     

        -
,     .    

  .
    (     –

 )       
      . -

        -
 ,    .  

 :   , ,  -
  .

 ,      .
    ,   -

,    4.3.
1.    ( . 4.3, ):

x2(k) = ax1(k),
X2(z) = aX1(z).

2.  ( . 4.3, ):

x3(k) = x1(k) + x2(k),
X3(z) = X1(z) +X2(z).
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3.     ( . 4.3, ):

x2(k) = x1(k +1),
X2(z) = zX1(z) – zx1(0)

,    X1(z):

X1(z) = z –1X2(z) + x1(0).

)

)

)

 4.3

     (     -
)  :

)  ;
)    ;
)   ;
)   .

      .

a
x1(k) x2(k) x1(k)    a    x2(k)

x1(k)

x2(k)

x3(k)

x1(k)
1

x3(k)

1
x2(k)

 1

x2(k) x1(k) x2(k)        z -1

x1(0)

1

x1(k)
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     :

y(k +2)+ 5y(k +1) + 6y(k) = r(k).                                                             (4.68)

  (4.68) y(k + 2):

y(k + 2) = r(k) – 5y(k +1) – 6y(k).                                                            (4.69)

      , -
y(k).    ,   -
 4.3,   ,  

(4.68).     4.4.

 4.4

      
 .

       , 
   z –1   :

),k(r
1
0

)k(x
)k(x

65
10

)1k(x
)1k(x

2

1

2

1                                          (4.70)

.
)k(x
)k(x

01)k(y
2

1                                                                                  (4.71)

x2(k +1)
-5

x2(k)
X2(z)

y(1)  x2(0) y(0)  x1(0)

y(k +1)  z -1 y(k)

Y(z)x1(k)
X1(z)

-6

r(k)       1    y(k +2)      z -1

R(z)
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   (4.70)    
   ,     X1(z)

X2(z),   – R(z), x1(0), x2(0):

),z(R
z
z1

)0(x
)0(x

1z6
zz511

)z(X
)z(X

1

2

2

1
1

11

2

1                          (4.72)

 = 1 + 6z –2 + 5z –1.
  (4.72) ,     -

        ,
       (4.37).

 z-    (4.72)  -
     .

       -
         

:

.
6z5z

1
z5z61

zz
)z(R
)z(Y)z(W 212

22

,       
 (4.68).

4.3.3       

         -
  ,      

       -
,    ,     

  .
       

          -
: ,   .

    
      z –1:

,
)z(R
)z(Y

za...zaa
zb...zbb

)z(W n
n

1
10

m
m

1
10                                                  (4.73)

n m  -   ,    -
 –   a0.
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     (4.73)   
X(z):

.
)z(X)za...zaa(
)z(X)zb...zbb(

)z(R
)z(Y

n
n

1
10

m
m

1
10

         -
 ,   :

Y(z) = b0X(z) + b1z –1X(z) + … + bmz –mX(z),                                           (4.74)
R(z) = a0X(z) + a1z –1X(z) + … + anz –nX(z).                                             (4.75)

  (4.75) (   -   
R(z)  X(z)) X(z), :

).z(Xz
a
a

...)z(Xz
a
a

)z(R
a
1)z(X n

0

n1

0

1

0
                                  (4.76)

  (4.74)  (4.76)   ,  
      .

    m = n = 3    4.5.

 4.5

)z(X
a
1)z(R
0

Y(z)
x1(k)

z –1                b3

b2

b1

b0

x2(k)x3(k)

z -1z -1

0

1

a
a

0

2

a
a

0

3

a
a
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 ,   ,   -
 4.5,   :

x1(k + 1) = x2(k),
x2(k +1) = x3(k),

).k(r
a
1)k(x

a
a)k(x

a
a)k(x

a
a

)1k(x
0

3
0

1
2

0

2
1

0

3
3

    ,     -
 :

.

a
a

a
a

a
a

100
010

0

1

0

2

0

3

A

  ,   ,  
        -

  ,    ,     -
.

     -
    .     -

   .
    ( ) zk 
    :

n

1k

n

1k
1

k
1

k
1

k

1

k

k ,
zzAA

z
zz

A
)z(W                                                   (4.77)

Ak –  ,  W(z)   zk.
  ,   

 (4.77),      -
,     ,    4.6.

 4.6

Ak    xk(k + 1)       z –1          xk(k)

zk

1
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 ,     
 xk        
,         -

    .  ,  -
     ( ) .

     , , zi
 p,   W(z)     :

1p

0j
jp

i

jp ,
)zz(

A

     ( . 4.7).

 4.7

 ,        -
 ,       

.

A3

1
zi

z -1

z -1

Ap

z -1

zi

1
zi

z -1

zi
1

A2

A1 1

x1(k)

x2(k)

x3(k)

x (k)
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        -
      .   -

 W(z)  :

,
)zz(...)zz)(zz(
)cz(...)cz)(cz(k)z(W

n21

m21                                                       (4.78)

ci (i = 1, 2, … m) – W(z), zj (j = 1, 2, … n) – W(z),   -
  , m  n.

 (4.78)   :

W(z) = k  W1(z)  W2(z)  …  Wn(z),

.mk,
zz1
zc1

zz
cz

)z(W 1
k

1
k

k

k
k                                                   (4.79)

.nkm,
zz

z
zz

)z(W
kk

k 1
1

1
1

1

                                     (4.80)

    (4.79)  (4.80)   -
 4.8,   4.8,  .

)

)
 4.8

   ,   -
 (4.78),     , -

   4.8.

z –1                  ck1

1

zk

1 z-1                          1

zk
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4.3.4       

        ,  
 .      -

  .
      , 

    .   
   u*(t)  h(t) ,  -

  kT  t  (k +1)T :

h(t) = u(kT).

     , :

s
)kT(u)s(H .                                                                                      (4.81)

    (4.81)   
  s –1,  H(s) u(kT) ( . . 4.9).

 4.9

     ,   -
        -

  .     
   .  t0  
        -

kT,      (4.13)    (4.12).
        -
   ,    4.10.

h(t)u*(t)e*(t)r(t)      e(t) y(t)

 4.10

u(kT)          s –1              H(s)
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     :

,
6z5z

1
)z(E
)z(U)z(D 2                                                                     (4.82)

   –  :

.
s)s(H

)s(Y)s(W
2

5                                                                              (4.83)

    (4.82)   ( . .
4.4),         4.11.

 4.11

  ,    4.4, 4.9 
4.11,      ( . . 4.12).

e(kT)
-5

x3(kT) x2(kT)    H(s)

z –1                z –1  h(kT)  s –1                  5                 s -1

X1(s)

-1
x1(kT)

s -1

  1    Y(s)

-2

-6

r(kT)  1

 4.12

X1(s)

x1(t0)

s -1

1         Y(s)

-2

H(s)            5                         s -1
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    , t0 = kT  x1(kT) = y(kT).
     X1(s), x2(kT), x3(kT),

:

),(
)2(

5)(1)( 211 kTx
ss

kTx
s

sX

x2((k + 1)T) = x3(kT),
x3((k + 1)T) = - x1(kT) – 6x2(kT) – 5x3(kT) + r(kT).                                (4.84)

     (4.84)   , :

).(1
2
5)()( 2

)(2
11

0 kTxekTxtx tt

   t0 = kT, t = (k + 1)T   -
  (4.84),    :

).(
1
0
0

)(
)(
)(

561
100

0)1(
2
51

)1(
)1(
)1(

3

2

1
2

3

2

1

kTr
kTx
kTx
kTxe

Tkx
Tkx
Tkx T

    :

y(kT) = x1(kT).

4.4     

4.4.1    

       -
      , , 

,       .  -
      

      .   
,      -

     ( )  
   .

      
, , ,  (4.7), (4.8):

x(kj + 1) = A(kj)  x(kj) + B(kj) r(kj),
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y(kj) = C(kj) x(kj) + D(kj) r(kj).

    ,  
   k0  -

   r(ki),  i = 0, 1, 2, … N-1, -
   x(k0)    

x(kN)    kN  k0.
    ,   -

   k0   -
  r(ki),  i = 0, 1, 2, … N-1,   -

       y(kN) 
  y(k0)   kN  k0.

   (     -
),     (     ) 
k0  kN  k0.

 ,    ,  -
    (     -
).         -

,      .   
(k), B(k), C(k), D(k)     k,  -

     .    -
   .

  ,    -
 k0 x(k0)      -

y(k)  r(k)  k0  k  kN, kN – 
.

  ( ) ,   -
   k0  kN  k0.

       
.

4.4.2     

 4.1.     ,   -
 (4.7),     ,   -

,    Q   n.  -
Q    :

Q = [Q0 Q1  … Q N - 1],   (n N  p),                                                      (4.85)

Qi = (kN, k i + 1) B(ki),   (n  p),   i = 0, 1, 2, … N – 1.
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.    (4.7)  
 (4.56).     :

1N

0i
ii1iN00NN ).k()k()k,k()k()k,k()k( rBxx             (4.86)

      n-
- ,  k0   kN,   (4.86)  :

X(kN, k0) = Q  R,                                                                                      (4.86')

Q – ,   (4.85), R – -
N  p :

.

)k(
....

)k(
)k(

1N

1

0

r

r
r

R                                                                                         (4.87)

      k0 
,    x(k0)   

x(kN),  ,      (4.86')
  R,    (4.86').

 (4.86') ,  ,    n
  N  p    -

R.     ,    -
     ,    
      .*  -

 (kN, k0)     Q, -
   ,   n.    -
.

    –   ,
   Q n    -

   :

1N

1i

1N

1i
1iN

T
i

T
i1iN

T
ii

T ).k,k()k()k()k,k( BBQQQQG

(4.88)

*   –     ,   
,   ,    – X(kN, k0).
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 4.2.        , -
  (4.7),   ,  -

    , m.  :

T = [T0 T1  … TN],  (m  (N + 1)p),                                                       (4.89)

.Ni),k(
,1Ni0),k()k,k()k(

N

i1iNN
i D

BC
T

.      (4.56) 
  (4.7)      ,  -

 (4.86):

).k()k(

)k()k()k,k()k()k()k,k()k()k(

NN

1N

0i
ii1iNN00NNN

rD

rBCxCy

     m-  -
Y(kN,  k0),       

(4.89):

N

0i
ii0N ,)k()k,k( TR*rTY                                                            (4.90)

R* - -  (N + 1)p:

.

)k(
...

)k(
)k(

N

1

0

r

r
r

R*

     ,   -
 y(k0)   y(kN)   (    -

Y(kN, k0))     R*,
y(k0) y(kN),      

(4.90)  Y(kN, k0).
 (4.90) –  m   c (N + 1)p

  R*.
        , -

       . -
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    Y(kN,  k0)  , 
  m,    .

        -
  :

1N

0i

T
ii

T .TTTT

       
  .  ,    
 ,       . 

      .

 4.3.    :

x(k i + 1) = A x(ki) + B r(ki),                                                                        (4.91)
y(ki) = C x(ki) + D r(ki),

   ,    (n  N  p)-

Q = [B  AB  A2B  …  AN – 1B]

 n   QQT  .
     4.1  -

 .

 4.4.      (4.91) -
   ,      

(zE – A) –1  B

 .
     (4.60).

 4.5.       
:

x(k i + 1) =  x(ki) + Bn r(ki),                                                                      (4.92)
y(ki) = Cn x(ki) + Dn x(ki),

 -  .
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,   Bn  ,  

 .
,    ,  

 (4.92)  .     
 Bn       

 r , ,  .
        (

  ),       
Bn,        -

  .

 4.6.      (4.91)   -
  ,  :

T = [CA N – 1B  CA N – 2B  …  CAB  CB  D]

 m    .
     4.2  -

 .

4.4.3     

 4.7.     ,  -
  (4.7), (4.8),   ,   -

L  n.      -
 :

L = [C T(k0)  T(k1, k0) C T(k1)  …  T(k N – 1, k0) C T(k N – 1)].                 (4.92)

.      (4.8)  
(4.58):

).k()k(

)k()k()k,k()k()k()k,k()k()k(

ii

1i

0j
jj1jii00iii

rD

rBCxCy

(4.93)

  (4.93)  i = 1, 2, … N – 1   -
y(k0) = C(k0) x(k0) + D(k0) r(k0),      -

:
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Y(kN 1, k0) = LT x(k0) + GR,                                                                     (4.93')

,

)(
....

)(
)(

),(

1

1

0

01

N

N

k

k
k

kk

y

y
y

Y

,

)k(...)k()k,k()k()k()k,k()k(
..............
0...)k()k()k()k,k()k(
0...)k()k()k(
0...0)k(

1N121N1N011N1N

120122

101

0

DBCBC

BCBC
DBC

D

G

L   R   (4.92)  (4.87) .
     

x(k0)   Y(k N – 1, k0),  ,  -
      

 (4.93') x(k0)  Y(k N, k0), L, G  R. -
 (4.93') –    (m  N)  n 

 x(k0).     
    ,      -

   ,  n ( , m  N  n).
 ,   L  n ,    -

,  L   n,    .
        

.

 4.8.     (4.91)  
,   :

L = [CT   ATCT   (AT) 2 CT  …   (AT) N – 1 CT]

 n.*
    4.7   .

 4.9.      (4.91) -
 ,      (zE – A) –1

.

*   –    LLT.
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     (4.61).

 4.10.     ,  -
     (4.92),  , 

     Cn   ,
   .
    ,     -

 ,      .
      4.5.

4.4.4   

      -
  ,     .

 4.11 ( ).      
    S1, S2, S3, S4 (  4.13):
S1 –     ;
S2 –     ;
S3 – ,    ;
S4 –    .

 4.13

S1

S2

S4

S3

r

y
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  S1.  ,  -

 S2,  S3,  S4     
, ,       -

 S1,          -
    S2, S3  S4.

   S2,  S3,  S4 (    
),           

       .
       -

  .

 4.12 ( ).      -
     ( . . 4.14), :
-  n    Sa  Sb,  n =

=na + nb;
-      ( -

)       ( ) Sab
(Sba), Sab (Sba) ,   
Sa (Sb)  Sb (Sa);

-  (   )   ( -
)       ( -

) Sa Sb;
- Sa Sb  ( ),    

( )       -
 ( ) Sab (Sba)   -

  Sb.

 4.14

      
         -

.

Sa

Sb

ya = y

ub = y

r                 ua

yb
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 4.13.     :

x(k + 1) = A x(k) + B u(k),
y(k) = C x(k)                                                                                              (4.94)

    ,   , -
       (  4.15)  -

  :

x(k + 1) = (A – BG) x(k) + B r(k),

    .

 4.15

    ,    
    G.

 4.14.      (4.94)  -
    ,      (

4.15)

u(k) = r(k) – G x(k)

   .
       -

     ( ,  
       ).
       -

  .

x(k + 1) = A x(k) + B u(k)

G
x(k)

r(k) u(k)
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 4.15.       ( -
),       ( -

) .
 ,   (    –

   )    
    ,    
      .  

       
      . 

      ,  -
 .

 4.16.     ,   
    ,  

  ,        ( -
 )       , 

,      .
        -

,      ,    
     .

        -
 ,    .  

      ,   

     .
)s( 22

  , -

    T  =  k  (k = 0, 1, 2, …), z-
    :

.0
ezTcosez21

Tsinez
)s(

Z
T22T1

T1

22

 ,    (  0)  -
    .  ,    

(i T) =  (j T)  i = 0, 1, 2, … N – 1 ,   4.3  4.8, 
   .

      -
       ,  , 
,    –  j   

  T  k , k = 0, 1, 2, … .
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5    

    ,     ,
   ,   -

.         
 3  4.      

 .       -
   ,   .  -

        -
        -

 .
       

    .    -
       

 .     -
,       

        -
  ,   .    -

        
        -

        .
       

      :
-        ;
-   ;
- z- ;
-      .

5.1  

       ,   
       -
   .       -

  ,   
   ,    .

        -
 ,      .

  –  ,    5.1.
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 5.1

   ,     

    
s
e1)s(W

sT

,  

    (  5.2, ),     (  5.2, ).

)

)

 5.2

   .
 ,    5.2, ,  , -

  s- :

s1
k

r(t) y(t)

   r(t)           e(t)       e*(t)

s1
kW0(s)

y(t)

r(t)           e(t)

s1
k

W0(s)

y(t)

y*
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E(s) = R(s) – Y(s),

).s(*E
)1s(s

k)e1()s(*E
s1

k)s(W)s(Y
Ts

0

      ,  -
   (  5.3).   5.3  :

.
)1s(s
k)e1()s(*W

*Ts

1

 5.3

     ,   -
z:

).z(R
)e1(kez

)e1(k)z(R

)1s(s
k)e1(Z1

)1s(s
k)e1(Z

)z(Y
TT

T

Ts

Ts

      (5.1)

   R(z),    
  :

r(t) = V  t.

   (5.1) :

.
)1z)](e1(kez[

)e1(TzkV)z(Y
2TT

T

                                              (5.2)

R*(s)                 E*(s)       W1*(s)       Y*(s)

- W1*(s)
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    ,   -
 5.2, ,      :

.
)1z)](e1(kez[

)]1e)(1z()ez(T[zkV

s1
k)s(WZ1

s1
k)s(RZ

)z(Y
2TT

TT

0

 (5.3)

  (5.2)  (5.3), ,   , -
,       ,  -

     .
       -

     ,  -
         

.

5.2  

       -
 ,   ,  -
.    ,   

     .
      , -

    .   s –1  
    .  -

    ,   s –1 
      -

      .
    ,  , 

 :       -
,        s –1   -

     .
 ,  ,    ,

     .

5.2.1  

      ,
    ,   , 

    ,   -
,  ,       
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(   )      (
  ).

      -
     s –1.

       
5.4,  (  )    5.4,  (   

).

)

)

 5.4

  5.4, ,    -
    :

.
1z

T
s
1Z)z1(

)z(X
)z(X

2
1

1

2                                                        (5.4)

     (5.4)  -
 :

x2[(k + 1)T] = x2(kT) + T x1(kT).

      5.4,  -
 :

.
1z

Tz
s
1Z)z1(z

)z(X
)z(X

21
1

1

2                                                    (5.5)

s -1W0(s)
x2(t)x1(t)

W0(s) s -1
x2(t)x1(t)
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    ,    -
   z.

    (5.5)  :

x2[(k + 1)T] = x2(kT) + T x1[(k + 1)T].

5.2.2  

    -  ,    -
      , .  -

       
     (  ).

     5.5.

 5.5

      -
 (2.44) :

,
Ts

2ee)s(W
2

TsTs

1

      
     5.5   :

.
1z
1z

2
T

s
1Z

T
2zz

)z(X
)z(X

3

1

1

2                                                (5.6)

       -
  ,        

    .
        ,

,  ,   .
     -

      
     (    ).

      – z- .

s -1
x2(t)x1(t)
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5.3 z-

       (t) 
  :

,dte)t()s(F st

0
                                                                                  (5.7)

jc

jc

st .dse)s(F
j2

1)t(                                                                          (5.8)

    (5.8)      -
       :

jc

2/jc

st
2/jc

2/jc

st
2/jc

jc

st

s

s

s

s

.dse)s(F
j2

1dse)s(F
j2

1dse)s(F
j2

1)t(  (5.9)

     (  s -
 ),        (5.9) 

      -
,  (t).    :

2/jc

2/jc

st
s

s

.dse)s(F
j2

1)t(

     t = kT  -
   A(kT), :

2/

2/

.)(
2
1)()(

s

s

jc

jc

skT
A dsesF

j
kTkT

     z,   -

zln
T
1s :

1kzlnk
A ,dzzzln

T
1F

jT2
1zln

T
1dezln

T
1F

j2
1)kT(

(5.10)
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   –       
 e cT.

   (5.10)    ( -
 z- ):

1k ,dzz)z(F
j2

1)kT(                                                                 (5.11)

 ,       
T
1 .   z-

(kT)   F(z)    z –1.
 A(kT)   (5.10),    -

(kT),        z –1 

.T/zln
T
1F

 , z-    s –1   -
   T / ln z     (  

1 / T)    z –1     
.    F [(1 / T) ln z]  -

   z,     
ln z   .   .  z  0 -

:

,...u
5
1u

3
1u2...

z1
z1

5
1

z1
z1

3
1

z1
z12...

1z
1z

5
1

1z
1z

3
1

1z
1z2zln

53
5

1

1

3

1

1

1

153

.
z1
z1u

1

1

  s –1:

.
...u

5
1u

3
1u

2/T
zln

T
s
1

53
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    ,   -
 :

....u
945
44u

45
4u

3
1

u
1

2
T

s
1 53                                                  (5.12)

   (5.12)   T  /  ln  z  
   u.

    n   (5.12)
 :

....u
945
44u

45
4u

3
1

u
1

2
T

s
1 n

53
n

n
                                       (5.13)

       (5.13)  
 .

     *  
(5.13), :

),z(G
)z1(
)z(N

s
1 1

nn1

1
n

n
                                                                 (5.14)

Nn (z –1) –  z –1   n, Gn (z –1)  z-
 s – n.

n = 1  Gn (z –1)   (5.12)  -
 :

.
z1
z1

2
T

u
1

2
T)z(Gs

1

1
1

1
1

n = 2   (5.13) :

.
)z1(
zz101

12
T

3
2

u
1

2
T)z(Gs

21

21222
1

2
2

*       –     
,     .     -

  . s = 0  z = 1,       -
  (5.14)   .     -

      z-    ,  
 .
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   z-     .
  n  4    5.1.

 5.1
s –n Gn (z –1)

s –1

s –2

s –3

s -4

1

1

z1
z1

2
T

21

212

)z1(
zz101

12
T

31

213

)z1(
zz

2
T

720)1(
4

6

4

41

3214 T
z

zzzT

 ,  z-   -
  :

-     Y(s)  -
  R(s)     

W(s):
Y(s) = R(s)  W(s);

- Y(s)    -    s –1;
- s – n z- *;
-  1 / T  YA (z);
-  z- , yA (kT).

5.4.      

      , 
       ,

   .

*  z-  s –1,  s   .   -
 , s –1   ,    

     (5.13),  s.
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    ,    5.6.
,        

.

 5.6

       , 
 5.6 :

)t()0()t()]0([)t( cc rBExBGAx ,                                       (5.15)

xc(t), r(t) – -      -
  n  m; A, B, G (0) E (0) –  

.
  (5.15) :

t

t
c0c0cc

0

,d)()0()t()t()tt()t( rBExx                    (5.16)

   (t – t0)   :

)tt)](0([
0c

0e)tt( BGA .

     
  ,      ,

  (0) ( ), G (0) G (T) ( . -
 5.7).    .

G (0)

xc (t)u (t) (0)
)()()( ttt cc BuAxx

r (t)
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 5.7

    ( ) G (T),  
  r(t)     -

     .
   ,   5.7, :

),kT()t()t( ss BuAxx s                                                                   (5.17)
kT  t  (k + 1) T,

us (kT) = E(T) r(kT) – G(T) xs (kT).                                                         (5.18)

  (5.17)  (5.18) :

).kT()T()kT()T()t()t( sss xBGrBEAxx

   t = (k + 1) T  t0 = kT  :

T)1k(

kT

s

T)1k(

kT
s

),kT()T(d)TkT(

)kT()T(d)TkT()T(]T)1k[(

rBE

xBGx
    (5.19)

  ( )   :

( ) = .

 ,   r(t)   -
   ,   r(t)   -

r(kT) us(kT)

G (T)

us(t)
 ( )

)kT()t()t( sss BuAxx
W0 (s)

s(t)
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  . ,    (5.16) t = (k + 1) T,  
t0 = kT, :

T)k(

kT
cccc ).kT(r)(d)TkT()kT()T(]T)k[(

1

01 BExx        (5.20)

 ,   (5.19)  (5.20), 
,     ,    :

T)1k(

kT
c ),T(d)TkT()T()T( BG                                (5.21)

T)1k(

kT

T)1k(

kT
c ).0(d)TkT()T(d)TkT( BEBE

(5.22)
 :

T)k(

kT

d)TkT()T(
1

B

,d)TkT()T(
T)1k(

kT
cc B

 (5.21)  (5.22)    :

( ) =  ( ) - (T) G(T),                                                                     (5.23)

(T) E (T) = c (T) E(0).                                                                         (5.24)

   (5.23)     -
      
 ,     (5.24) – 

.
   (5.23).     

:

(T) G (T) = (T) –  (T) = D (T) = [d1 d2 … d n]                        (5.25)

 ,       (n  n)  -
   (p  n)   
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G (T).   (5.25)      
  (p = n),       -

   * (   ( ))  -
  :

G (T) = [ (T) ]-1 D (T),

    ( )   :

[ ( ) d1 d2 … d n ].                                                                                   (5.26)

  (5.26)   (      ),  -
  (5.25)  ,     n

      
       n -

.         -
 H (p  n):

q = H x.                                                                                                      (5.27)

     (5.25)  :

H (T) G (T) = H D (T)                                                                         (5.28)

     (p  n)      -
.     ,  H (T) 

,    (5.28)    
.  ,       

 (5.25),  GW (T):

GW (T) = [H (T)]-1 H D (T).                                                               (5.29)

      (5.29)  -
,     ,  -

G (T)      = 0:

,
!j

T)T()T(
0j

j)j(GG                                                                         (5.30)

0T
j

j
)j(

T
)T()T( GG .

*          .
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  (5.30)   (5.23)   
    , :

0j

j)j(

0i

1ii

0i

ii

0i

ii

!j
T)T(

)!1i(
T

!i
T

!i
T)]0([ GBAABGA

.0
!j

T)T(
)!1i(

T
!i
T

!i
T)]0([

0i 0j

j)j(1iiiiii GBAABGA

       
, :

,0
!)!(

)(
!!

)]0([ 1

0

)(1i

j

jjiii

jji
T

ii
BGAABGA                                 (5.31)

i = 1, 2, … .
  (5.31)  ,  -

 G (i – 1) (T), :

.
!)!(

)(
!

)]0([
!)!1(

2

0

)(1i

j

jjiii1)-(i

jji
T

iii
BGABGAABG                (5.32)

      ,   -
     (5.32)   

 (p  n)   .  -
 (5.32)        (i

– 1)-     ,   
    GW (T):

.
!)!(

)()!1()]0([)()(
2

0

)(1
1)1(

i

j

j
W

jiii
i

W jji
Ti

ii
T BGABGAAHHBG

(5.33)

  i = 1, 2, 3   (5.33)  
 5.2.
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 5.2
i GW

(i – 1) (T)

1 G (0)

2 1/2 G (0) [A – B G (0)]

3 21 )]0()[0(
3
1)]0()[0(

6
1)( BGABGBGAABGHHB

    ,   -
   (5.30):

G0 (T) = G (0) (T) = G (0),
G1 (T) = G (0) + T G (1) (T),

).T(
2

)T()0()T( )2(
2

)1(
2 GTTGGG

       ,
  GW

(0) (T), GW
(1) (T) GW

(2) (T).   5.2 , 
GW

(0) (T) GW
(1) (T)    ,   -

G (T),      , 
       .

     (5.30),   -
G (T),       

GW (T)   (5.29).
      

 (5.24).       
p = n:

E (T) = [ (T)]-1
c (T) E (0),

   (T)     .
       EW (T)

  :

EW (T) = [H (T)]-1 H c (T) E (0).                                                         (5.34)
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      ,   (5.34) 
  E (T)   :

0j

j)j(

,
!j

T)T()T( EE

.
T

)T(
0T

j

j
)j( EE

 ,     
(5.33), :

2

0

1

1
11

...3,2,1,i

100

i

j

)j(
W

ji

i
)i(

W

,
!j)!ji(

)T(

)!i(
i

)()]([)()T(

BEA

BEBGAHHBE
           (5.35)

    (5.35) i = 1, 2, 3   -
 5.3.

 5.3
i EW

(i – 1) (T)

1 E (0)

2 - 1/2 G (0) B E (0)

3
)0(

3
)]0()[0(

6
)0()( 1 EBBGABGBABGHHB

  5.3 ,        
 E (T)    .

  ,       -
,   ,       

. ,   (5.28),   -
 G (T) GW (T). :
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H D (T) = H (T) GW (T).

  :

DT(T) HT = GW
T (T) T (T) HT,

    :

(DT(T) - GW
T (T) T (T)) HT = 0.

      n -
  n  .    -

 ,    :

DT (T) – GW
T (T)  T (T)  = 0

D(T) – (T) GW (T)  = 0.                                                                      (5.36)

 ,  (5.36)   
,   (5.29).

 [ 1]:

 [ 2]:
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6    

  ,   ,  
,      .

6.1   

6.1.1     

    ,   -
,       .

, , ,    :

a0 y(k + n) + a1 y(k + n – 1) + … + an y(k) = b0 r(k + m) + b1 r(k + m – 1) + … + bm r(k).
(6.1)

  (6.1) ,   [1],   
  y0(k)    

 (6.1) yH(k):

y(k) = y0(k) + yH(k).

    y0(k) -
   ,   yH(k)  -  -

 ( ) .
    :

y0(k) = c1 z1
k + c2 z2

k  + … + c n z n
k,                                                          (6.2)

ci  - ,   ( ) , zi  -
   

a0 z n + a1 z n – 1 + … + a n z = 0.                                                                  (6.3)

    ( , z1)  -
    :

y0(k) = c1 z1
k + c2 k z1

k  + c3 k2 z1
k + … + c r k r - 1 z 1

k,                              (6.4)

r –  z1.
  (6.2), (6.4) ,     -
  (     ),  zi 
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   .  ,   -
     , 

 (6.1),  :

 zi  1, i = 1, … n,

zi –    (6.3).
        ,

z- .   
 (6.1) :

za...zaza
zb...zbzb

)z(R
)z(Y)z(W

n
1n

1
n

0

m
1m

1
m

0                                            (6.5)

       
   :

z = e Ts.                                                                                                         (6.6)

   s –   , 
 (6.6)     , -

,       ,   -
   (6.5)     .

     :

x (k + 1) = A x (k) + B r (k),

    (k) = Ak     -
k  ,    -
   .    -

,       ,  -
k  (k) .    -

         -
 ,    ,   k  

(k)  . ,  -
 -  Ak  :

1n

0i

i
i

k ,AA

n –  ,  i   :
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1

0

n

i

i
ji

k
j

    j    :

jj

n

i

i
ip

p

p

kp

d
d

d
)(d 1

0

   j.
      k

     ( j)k.    
 k , j  1, , j = 1,  

, j  1.
      k -

   k j
 k – 1. ,  k   

 , j  1,    , j  1.
 ,    -    -

,    :

 -  = 0                                                                                               (6.7)

     .
      (6.3)

 (6.7) , ,     ,  -
    .

6.1.2   

     -
  (6.3) ,     -

      . ,  -
 ,     

 ,       -
 .    :

.
w1
w1z                                                                                                    (6.8)

  (6.8) :
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.
1z
1zw                                                                                                    (6.9)

    z-    -
:

z = e j T = cos T + j sin T,   n   s  (n + 1)  s,   n = 0, 1, 2, …

  (6.9)  :

.
2
Tjtg

Tcos1
Tsinj

1TsinjTcos
1TsinjTcosw                            (6.10)

 ,      
z      w,   
(  )   .

      :

a0 z + a1 = 0.                                                                           (6.11)

   (6.11)   (6.8), :

0a
w1
w1a 10

a0 (1 + w) + a1 (1 – w) = (a0 + a1) w + (a0 – a1) = 0.                                (6.12)

  (6.12) ,      -
       –  -

      ,   
  (6.11).

6.3.1  

   ,  
 :

,
)z(D
)z(Q

a...zaza
b...zbzb

)z(W
n

1n
1

n
0

m
1m

1
m

0                                          (6.13)
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    (6.13)   -
 ,    ,  :

0...1
10 n

nTsnTs
ez a)e(a)e(a)z(D Ts                               (6.14)

    .   -
 (6.14)  (   e Ts), 

      s / 2.
 D(z)   :

D(z) = a0 (z – z1) (z – z2)  …  (z – zn)

 :

z = e j ,                                                                                                      (6.15)

D(e j ) = a0 (e j  – z1) (e j  – z2)  …  (e j  – zn).                                      (6.16)

    (6.16) - +    
 D(e j ).   D(e j )   

  ,    (6.16).   
    :
) R  zi     -
 ( . . 6.1, ),     -

;
) R  zi     -
 ( . . 6.1, ).
     

e j  – zi,
    6.1, ,  2 ,     -
 (6.16)  2 n.

     
e j  – zi
  , ,    D(z) -

 zi  1,         (6.16) 
     D(e j )  , 2 n.

s   z z  =  e Ts, ,
   (6.15),  :

,
T

js
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2

j s  
2

j s , z -

    z  = 1.     -
  D(e Ts) 2 n,   , 

     , 2 n,    -
.
       -
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2
0   

    .   -
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)

)

 6.1

e j

R zi

e j  - zi

e j

R

zi
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 ,      -
 ,  D(e j ),   -

  W(e j ),    -
   ,     -

  =    ,  2n -
, n –  .
    ,      -

,     ,      
 .

6.1.4   

   (  6.2).

 6.2

    ,    
       

W(z).
    s    -

    1 ( . . 6.3, ),     
       -

 (     )      -
 (- 1, j 0)      -

.
   s    -

W*(s)        ,  
        -

     -  W*(s).  
        -

 , , s  2   -
 W*(s),       -
 .

W(z)
r(kT) y(kT)
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)

)

 6.3

  2 z-    
6.3, . s      -

      z,  s  
      z-

.       
  W(z)    -

z     ( . . 6.3, ).
    ( . 6.2) :

.
)z(W1

)z(W)z(

2

1

2
j s

2
j s

s-

2

R

z-
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    :

,
)z(D

)z(Q)z(D
)z(D
)z(Q1)z(W1                                                (6.17)

D(z) = a0 z n + a1 z n – 1 + … + a n ,
      Q(z) = b0 z m + b1 z m – 1 + … + b m.

  (6.17) –    -
 ,   –  .  z  

  z  = 1 D(z),   ,
  2  (n – r), r –   -

   ,    
(     ),     -

 (6.17)      ( -   -
 ) 2 n. ,    -

 (6.17)  :

2 n - 2  (n – r) = 2 r.                                                                                (6.18)

 z      z  =  :

,nm,
a
a

,nm
a

ba

)z(W z
1

const,
1

0

0

0

00

   (6.17)     .
 (6.17)      -

 W(z)  ,     2 r  -
 W(z) (W*(s))  (- 1, j 0)  z(s) 

 2.
 ,       -
  .

    (  r = 0),   
  W(z) ( W*(s))    

(- 1, j 0),  z     -
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   ( s     
2

j s

2
j s ).

       -
 W(z) ( W*(s)).     

    .

1.  z-      z e j T 
 W(z)   -  s / 2 +  s / 2.

2.        (3.9):

n
s ).jns(W

T
1)s(*W                                                                (6.19)

     s = j , (-  s / 2
 s / 2).        -

 W (s + jn s)   n ,   
 W*(s)  (6.19)    -

.

3.        
w    (6.8):

.
w1
w1z

       -
z  w    w  =  j w,   

w      , 
 (6.10), :

.
2
Ttgw                                                                                              (6.20)

 ,    W(z)  -
:

w

w

j1
j1

z                                                                                              (6.21)
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   w  -   +  (   0   
),     .
       -
   ,    -

 ,     
    .

      -
,  ,   ,     -

 (  )   .

6.2  

 ,       -
   :

Y*(s) = W*(s)  R*(s),

W*(s) –    .
  Y*(s)  ,   y(nT).

   y(t)    y(nT)
 ,       –    -

        -
.*     y(nT) -

   ,     .   -
          

 ,     :  -
,  ,  ,  , -

   .   ,     ,  -
      , 

 ,    .
, ,  ,   -

       
.     ,    

     
.     ,  si  - , zi = Tsie  -

  .  ,   (6.3) 
:

a0 z n = 0,  1 = 2 = … =  n = 0.

*            
     .
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a
1
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1
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0
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0

m
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1
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0 (6.22)

   W(z) z-  -
  ( ) :

0k

k .z)kT(w)z(W                                                                           (6.23)

     (6.22)  (6.23) ,  -
     , n    , 

 .  ,     -
 , nT.   , 
       . ,  

,        (  -
  -     -

 ).      -
     .

      , 
  ,    .

6.3  

   ,    
,    .    

    .
, ,      ( . . 6.4).

 6.4

   r(t)           e(t)       e*(t) y(t)
G(s)

H(s)
z(t)
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e(t)        -
    :

e(t) = r(t) – z(t).

    z-  
     :

).z(E)z1(lim)kT(elim)t(*elim*e 1

1zkt
                       (6.24)

   . 6.4, z- E(z)
 :

,
)z(GH1

)z(R)z(E                                                                                (6.25)

R(z) = Z{r(t)},      :

.
s

)s(H)s(GZ)z1()}s(H)s(G)s(W{Z)z(GH 1
0    (6.26)

  (6.25)   (6.24),  :

,
)z(GH1

)z(R)z1(lim*e 1

1z
                                                         (6.27)

 ,        -
,      .

,         -
   (     

):
)   Kp     

 r(t) = R  1(t);
)   KV       

 ,    r(t) = V  t 1(t);
)   Ka      -
   ,    

)t(1
2

At)t(r
2

;

)   .
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,  ,   . 6.4,  , 
      ,   

   :

),s(H)s(GlimK
0sp                                                                            (6.28)

),s(H)s(sGlimK
0sV                                                                          (6.29)

),s(H)s(GslimK 2

0sa                                                                         (6.30)
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) ,
K1
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                                                                                    (6.31)

) ,
K
Ve

V
                                                                                           (6.32)

) .
K
Ae

a
                                                                                            (6.33)

       .
   r(t) = R  1(t) z- -

 :

.
z
Rz)z(R

1
                                                                                          (6.34)

  (6.34)   (6.27), :

.
)z(GHlim1

R
))z(GH1)(1z(

Rz)z1(lim*e
1z

1

1z

        (6.31), -
    :

).z(GHlimK
1zp                                                                                     (6.35)
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:

pK1
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        .
        -

    (   ,  
, z N).    ,  

        -
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 (    )   -
  .

 ,  ,    ,
     M(z) -

 « ».          -
   ,      

  .     -
   .

    1 – M(z),  
(1 – cz – 1):

,
cz1

)z(M1)z(M1
1

 –   ,   – 1 < c < 1 
 M (z). ,  , -

    M (z)   ,  -
       z N = 0   

       . ,   -
,           -
   .     

 :    ,   
,       .  -

,  ,  .

7.6      

    ,   -
 ,      

      (   
).
     

 ( )    (  -
 ) .       

       .
       .

 7.1.       -
     :

x(k + 1) = A x(k) + B u(k),                                                                      (7.35)
     :
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,

a...aaa
...............
......100
0...010

n321

A

B  - :

B = [0  0  …  1] T.

        
    :

u(t) = - G x(t),                                                                                           (7.36)

G = [g1  g2  …  g n].
  7.23       
.

 7.23

.       
(7.36) :

x(k + 1) = (A – B G) x(k).                                                                         (7.37)

     :
 E – A + B G  = 0

   :

.0

ga...gagaga
1...000

...............
0...10
0...01

nn332211

x(k + 1) = A x(k) + B u(k)

G

x(k)u(k)r(k)
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       , -
:

n + (a n + g n) n – 1 + (a n – 1 + g n – 1) n – 2 + … + (a1 + g1) = 0.            (7.38)

      -
  (7.38) ( ,  ), ,

,      ,  ai, -
       -
 gi,   gi - G   

    (7.38).   
.

      G  -
,        -

,        
    .    

 .

 7.2.       -
:

x(k + 1) = A x(k) + B u(k),                                                                       (7.39)

 –  (n  n), u(k) –   ,
 –  - (n  1).

  (7.39)    ,  
   :

y(k) = P x(k),                                                                                             (7.40)

x(k) = P –1 y(k),
  (7.39)     :

y(k + 1) = A1 y(k) + B1 u(k),                                                                    (7.41)

1 –  .

na...aaa
...

...............
...
...

321

1000

0100
0010

1A                                                       (7.42)
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     :

A1 = P A P-1,

B1 = P B = [0  0  …  0  1] T.                                                                       (7.43)

  :

,

1n
1

1

1

AP
...
AP

P

P                                                                                            (7.44)

:
P1 = [0  0  …  1][B  AB  … An – 1B] – 1.                                                   (7.45)

.  ,      (7.40)
   (7.41)   (7.42)  (7.43), 

     (7.44)  (7.45). 
  :

n

2

1

P
...
P
P

P

nn2n1n

n22221

n11211

p...pp
............

p...pp
p...pp

.                                                         (7.46)

  y(k)    (7.40) :

y1(k) = P1 x(k)

y1(k + 1) = P1 x(k + 1).

   x(k + 1)   (7.39).  -
 (7.42)  (7.41) :

y1(k + 1) = P1 A x(k) + P1 B u(k) = y2(k).                                                (7.47)

 (7.40), y(k)    x(k),    (7.47)
P1 B = 0   :

y1(k + 1) = y2(k) = P1 A x(k).
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    (   )   -
, :

y1(k + 2) = y2(k + 1) = y3(k) = P1 A x(k + 1) = P1 A2 x(k),

 , P1 A B  = 0.
   n – 1 , :

yn - 1(k + 1) = yn(k) = P1 An - 1 x(k)

P1 An - 2 B  = 0.

  ,  -  -
:

),k()k( x

AP
...
P
P

y

1n
1

2

1

     (7.40)   (7.44).
   (7.44)  (7.43), :

.

1
...
0
0

BAP
...
ABP
BP

B

1n
1

1

1

1

    :

[P1 B   P1 A B …  P1 An – 1 B] = P1[B   A B …  An – 1 B] = [0  0  …  1].

   P1    
 (7.45):

P1 = [0  0  …  1] [B   A B …  An – 1 B] –1 = [0  0  …  1] Q –1,

Q = [B   A B   A2 B …  An – 1 B] –   ,  (n  n) -
  (7.39) ( .  4.4.2).
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    (7.39)    -
,  ,  Q  n,   -

 .     (7.45) .  
 .

   ,      -
  , ,  (7.39)  (7.41)  -

  .    (7.41)    -
       

      G1 (   7.1).
      (7.39) -

  :

G = G1 P.

 ,  ,   ( ,
   u(k))   .

 7.3.       -
 :

x(k + 1) = A x(k) + B u(k),

 – (n  n) , u(k) –   
(m  1),  – (n  m)      -

.       ,  
         -

   :

u(k) = - G x(k),

G –     (n  m).
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  8.1     -
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      ( ), -
     (    ). -

     ( ) -  ( ) 
-  ( ) .   

    (t)   
d.
   -  ( )

 .      
   :

,d)(ek)t(ek)t(u Ip                                                                    (8.1)

e(t) = d - (t) –  , kp    kI  -   -
.

  (8.1)  :

t

t
0d

0

),t(xd)()t(x                                                               (8.2)

t0 –   .
   (8.2)     

 , ,  . , 
t = kT,  t0 = (k – 1)T,  :

kT

T)k(
dd )T)k()kT((TTd)(

1

1
2

                    (8.3)

k = 1, 2, …
 ,     (8.2) t = kT  

    d   (kT)  [(k – 1)T].
     (8.3)   

     ,  ,  
(kT) [(k – 1)T],      

  t  =  kT,     .   
    ,   -

   .  
,        
.   ,    (8.3)  -

     t = (k + 1)T,   
(8.2)     :
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).kT(xT)1k(
2
T)kT(

2
TTT)1k(x d                    (8.4)

   (8.1)   (8.4) :

u[(k + 1)T] = kp[ d - (kT)] + kI x[(k + 1)T].                                            (8.5)

  (8.5)      
t = (k + 1)T, k = 0, 1, 2, …        -

.
  8.2     
.       -

   ,    -
  .       . -

,      ,   
     

u[(k + 1)T]     (     
     

u[(k + 1)T].   u[(k + 1)T]    ,   -
        

 . - ,       -
      ,   .   -

    (t),   ( ),
    « »     -

.     (kT)    (  ) 
     .   
  .      

 ,     (    ) -
.         -

  (    ),      -
(kT)           .
   u[(k + 1)T]    -

       .  
.
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 8.2

      -
  u[(k + 1)T],   -

   ,      , -
   .     -

   ,   
,     ,  

      . ,  -
,    ,     

   .   , 
 ,     . -

     
   ,    -

    ,      -
    .   ,

   ,    :  -
       ,  

     .

  

(kT)

(t)

u[(k + 1)T]

d
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.         -
  D(z).      -
       

,    7.4.

8.2    

    , 
    ,    -

 ,         -
.

       
    8.3.

 8.3

  x(t)     ( -
   ),   y(t) –  -

 ,  x(t)    q –  .
       

( )      :

y

-q

q

2
q

2q

x

2
q

-2q

Q
y(t)x(t)
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q = 2 – N  ,

N –    ( ).
,    (   x(t) – y(t))    

 
2
q   

2
q .

 ,  ,    8.3,
      ,  -

,  ( .  8.4):   ,   .

u1(kT)r(t)       e(t) e*(t)

 
Q1 D(z) Q2

u2(t)

 
Q3

W(s) y(t)

 8.4

    ,   -
 ,     .  -

    ,    8.5.
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r(t)      e(t)
e*(t)

u1*(t) u1kb
*(t) u2(t)

D(z) Q W(s)
y(t)

 8.5

  8.5      , 
,    ( )   :

.
s
e1)s(W

Ts

0

          -
  , ,      -

     (    
   )     -

   (        ).
    ,     .

 ,  Q    -
    (    ),    -

      (
).

8.3      

   ,    , 
 q/2.  « »    ,  

 8.5,        
 Q       q/2. -

        8.6.
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 q/2

r(t)      e(t)
e*(t)

u1*(t) u1kb
*(t) u2(t)

D(z) W(s)
y(t)

W0(s)

 8.6

     8.6 z-   
     :

.2
)()()1(1

)(
1

2
)()(1

)()(

1

0

0

q

s
sWZzDz

s
sWZ

z
zq

zWWzD
zWWzE

                                                (8.6)

       z-
    (8.6).

   « »     -
   .    

        .
 ,     :

1) q  /8,
2)   u1*(t) –   ( ,

),
     = u1* - u1kb*  - q/2  q/2 -

,     p( )   -
 - q/2  q/2:

.q

,q
q)(p

20

21
                                                                       (8.7)

   ,    ,   -
        3.   



190

, ,  ,    
.

    (8.7) ,    -
 :

.12qd)(pD 22                                                                        (8.8)

       -
   ,       

        -
N = 2 q2/(12 s).      ,  ,  -

  ,      
Su( )  = N       (

    s),       -
 s/2  N.    -
   :

,
2

,0

,
2

,
)(

s

s

p

N
S

  Dp    D :

.D
12
q

2
2N

2
1D

2
s

p

 , ,    8.5,    -
 (   ) ,    8.7.

 8.7

  -
N

r(t)      e(t)
e*(t)

u1*(t) u1kb
*(t)

D(z) W(s)
y(t)

W0(s)
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,    8.7,    
     . ,  ,

   ,    :

2

2

2
0

2

2

2

2
0

112

12
1

2
1

s

s Tj

s

s Tj

,d
)z(W
)z(WWq

Nd
)z(W
)z(WWd)(SD

ezs

ez

ee

                   (8.9)

,
s

)s(WZ)z1()s(W)s(WZ)z(WW 1
00

W(z) = D(z)  W0W(z).

      (8.9)    -
w   :

.
j1
j1

ze
w

wTj                                                                                 (8.10)

      (8.10), 
d :

.
j1

d
T
2d

2
w

w                                                                                 (8.11)

  (8.11)   (8.9)    w,
:

.
j1

d
)j(W1
)j(WW

12
qD

2
w

w
2

w

w0
2

e                                                (8.12)

     ,  -
     ,  

   (8.12)      -
.
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8.4   

       
,       -

 .       -
 ,     

(  ).       
  ,      -

 ,     (   ) -
 ( ) (    
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      -

,         ( -
 )   (  ).

        -
 –  ,        -

           -
   (   –  ). ,  -

          -
   ,       -
    ,    . 
         -

  –   :

,TTT                                                                                                (8.13)

T  -  .
      :

,NTTT2
T
2                                                            (8.14)

N = /(2T) –   , N = 1, 2, …
        -

     :  -
      ,    -

  (  N),    ,  
      

  (   ).
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    y = (x).
      -

    :

.cos2),,(*
1

1

N

n

n
N

j
en

N
Af

NA
NAK        (8.15)

 ,    8.5,   
( .  8.8, ).

                                       )                                                         )
 8.8

  8.8 W(z)    -
  :

.
s

)s(WZ)z(D)z1()z(WW)z(D)z(W 1
0

    Q, 
   ( .  8.8, ),   -

       
(8.15).       

      . 
         -

   , ,   
      ,   

     (- 1; j0),  :

W(z)

- 1

Q

W(z)

- 1

K*
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,1
N

jW)N,,A(*K                                                           (8.16)

)z(W
N

jW     (  (8.14)): z  =  e  j T,  =

= /T, = /N.

 (8.16)    :

)N,,A(*M
)N,,A(*K

1
N

jW                           (8.17)

    .     
 W(z)  z     

z  = 1 ( ,    , W(e j T)  
22

ss ).  

  = /N (N = 1, 2, …),   -
       , 

 .        
 – M*(A , , N)    N ( .  8.9, , ).   -

           -
 .

,   8.9,  ,     
= /4      ,    W(j ), -

  (N = 4),     - M*(A , , 4)
       .

  8.9,  ,    , 

2
jW      - M*(A , , 2)  (  ,  

 ',    ).    
, 1 > 2.       -

 ,  , ,   .
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