
3

. . 

 

 1

    

 

 - 1999



4

   

      
      ( )

    
  ( )

. . 

 

 1

    

 

1999



5

 . .
 .  1.    -

 :  . - :  
  ,  1999. -  71 .

       
 "  ".     -

   ,  .
  ,      

   .

  . .,                            1999
   

                                                          , 1999



6

1.    ……………………………………….. 4
1.1.     ……………………... 4
1.2.   .  -  … 6
1.3.  …………………………………………………… 8
1.4.  ……………………………………………………… 9
1.5.  …………………………………………….. 11
1.6.  ………………………………………………………. 14

2.   …………………………………………… 15
2.1.     ? ……………… 15
2.2.  ……………………………………………….. 17
2.3.   …………………………………………... 18
2.4.    ……………………………. 20
2.5.   …………………………………….. 23
2.6. -   ………………………… 26
2.7.   …………………………………... 27
2.8.    ………………………………... 29
2.9.     ………………….. 32

3.   ………………………………………………….. 34
3.1.     ………………. 34
3.2.  .      ... 37
3.3.     ………………………... 41
3.4.   ………………………………. 42

4.   ………………………………………………. 47
4.1.    ……………………………….. 47
4.2.      …………….. 52
4.3.       …. 54

5.  ………………………………………………………. 55
5.1.   …………………………………… 55
5.2.   …………………………………. 55
5.3.   …………………………………….. 57
5.4.   ……………………………………… 58

6.    ……………………………… 61
6.1.        
          …………………………………………. 61
6.2.    ……………………… 63
6.3.     ………... 63

7.    ……………………………………… 65
  …………………………………………. 71



7

1.   

1.1.    

 S      
   ,    .  -

   S.
   ,   -

   (1845-1918),    ,
       , 
  .    ,    

,      .  -
   ,   ,  -
 ,   ,   ,  

. ,     
,          

( ,   ,   , 
    ,  . .).

  .  x S
,   x   S.   x  -
  S,   x S.

.     , -
      .

  .  A  B 
,         .

 A=B,  A  B ,  A B -   .
 1.1.   .  A

      B  
,        .

,  x A,      
m  x = 2m;  x = (2m - 1) + 1, . . x B.  x B,    

 p  q  x = (2p - 1) + (2q -1) = 2(p + q -1), . . x A.
,     a1, a2,…, an   -

 ,  { a1, a2,…, an }.
 1.2.     {2, 4, 6} = {4, 2, 6} = {2, 4, 4,

6}; {{1, 2}}  {1,2},      {{1,2}} -
  {1,2},   {1,2}    : 

1  2.
       

 .       -
 "   x".   x    -

,      x, ,    
x          
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  ,      
 .    x   -

; "3  x", "x2 + 2x +1 > x", "x2 = 4", "x -  ". -
,  "    x  x2 - 4 = (x - 2)(x +2)"  "   x,

 x>0"     x.
   x  P(x).

  .   P(x) 
  A,        

a,   P(a) -  .
  A,    P(x),  

A = {x|P(x)}.
 1.3.

1. {x | x -  ,  9} = {1, 2, 3, 4, 5, 6, 7, 8}.
2. {x | x -  } -   .

         -
   , ,    . . -

    ,       -
    .

  (1872-1970). (   -
   .)    , -

     , ,   -
,   ,      , -

,  {1, 2},     1  2. -
   A = { X | X X}. ,  A A, ,  -

, A A.   ,  A A,  A -     X,
     , . . A A.    A  -

 A  A    A.
,       

.        -
: "       ,    ". -

,   ?
    ,    

   , " "   .
  , ,  ,   -

,       ,  
 ,   .

    , . .
A B,     A    B. 

,  A   B.  A B  A B,  -
,  A   B,   A B.
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 1.4.      
 ;      

 ; {1, 2}  {1,2,3,4}.
, : ) X X; )  X Y, Y Z,  X Z; )  X Y  Y X,

 X=Y.
      . 

1 {1}, {1} {{1}},  ,  1 {{1}}.    
 {{1}}  {1}.

,   ,   -
.      .

   A -  
 P(A).

 1.5.  A = {1,2,3},  P(A) = { , {1}, {2},{3},{1, 2}, {1, 3},
{2,3}, A}.

     ,  -
  A   n ,   P(A)   2n

.
1. 2.   .  -

       .
  A  B   A B,  -

     A  B:
A B = {x | x A  x B}.

 A  B   A B, 
     A  B:

A B = { x | x A  x B}.
,    A B  A  A B  A B  B

A B.
   A   X 

 X\A     X,   
 A:

X\A = {x | x X  x A}.
   A  B  

 A+B = (A\B) (B\A).
        -

    U,    U -
    ( ).

   A   A  
  x,     A:

A = U\X.
,  X\A = X A.
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      -
-      -

.    U    -
,    -  ,   

( .1).

                                                               A B                     A B

                           B\A                     A+B                        A

. 1.  -

 1.1.    A, B  C  -
 U    (   

):
1. A B = B A  ( ) 1'. A B = B A ( )
2.  A (B C)  =  (A B) C  ( -

)
2'. A (B C) = (A B) C ( -

)
3.  A (B C) = (A B) (A C) ( -

 )
3'. A (B C) = (A B) (A C) ( -

 )
4. A  = A 4'. A U = A
5. A A = U 5'. A A =
6. A A =A 6'. A A = A
7. A U = U 7'. A  =
8. A B = A B (   ) 8'. A B = A B (   )
9. A (A B) = A (  ) 9'. A  (A B) = A (  )

  3.  ,  A (B C)
(A B) (A C). ,  x A (B C),  x A  x B C. -
 x A,  x A B  x A C. , x (A B) (A C). 

x B C,  x B  x C.  x A B  x A C,  
x (A B) (A C).  ,  (A B) (A C)  A (B C).  x
(A B) (A C),  x A B  x A C. , x A  x B  x C,
. . x B C.  x A (B C).
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  8.  x A B.  x U  x  A B. -
, x  A  x  B.  x A  x B,  , x A B. ,

A B  A B.  , x A B.  x A  x B. , x U
 x  A  x  B. , x  A B, . . x A B. , A B  A B.

   .

 1.2.     A  B 
:

1) A B; 2) A B = A; 3) A B = B.
,      . ,

  A B  A,   ,     A  A B.  
x A,  x B,   A B, , , x A B.

,      .  
A B  =  A,   A B  =  (A B) B.    ( .  9)
B (A B) = B. ,   , 
A B = B.

,      .  
A  A B,      A B = B,  A B.

1. 3. 

 <x, y>    ,
    x  y,    .

  <x, y>   <u, v>      , 
x = u   y = v.

 n-   x1, x2,…,xn  <x1, x2,…,xn> ,
 ,  <<x1, x2,…,xn-1>, xn>.

 (  )   
 .       <x, y> -

  ,     <x, y>   
x y.  x  y   -

. n-      n- .
     

D  = {x |   y,  x y}.
     

R ={y |   x,  x y}.

 1.6.
1.  {<1, 2>, <2, 4>, <3, 3>, <2, 1>} -  .
2.        

{<x, y> | x  y -    x  y}.   
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   =.   D   -
    R     .

3.  "  "      
{<x,y> |    x  y    z , 
x+ z = y}.       <.

  D       R  
  .

   X  Y   
  <x, y> ,  x X  y Y.   -

  X  Y  X Y.
      -

  X  Y ,  D  X   R Y.  X =Y,  , 
    X.

   X1,  X2,…, Xn  
  n-  <x1, x2,…,xn> ,  xi Xi, i = 1, 2,…, n. -

    X1, X2,…, Xn  X1 X2 … Xn. 
X1= X2=…= Xn= X,    X1 X2 …, Xn=Xn.  n-  

      X1, X2,…, Xn.

 1.7.
1.  X = {1, 2, 3}, Y = {0,1}.  X Y = {<1, 0>, <1, 1>, <2, 0>, <2, 1>,

<3, 0>, <3, 1>};
     Y X = {<0, 1>, <0, 2>, <0,3>, <1,1>, <1, 2>, <1,3>}.
       ,  ,   X  Y,  X Y  Y X.
2.  X -    [0, 1],  Y -   

[1, 2].  X Y -    [0, 1] [1, 2]   
 (0, 1), (0, 2), (1, 1)  (1, 2).
      -

  ,   . .
    

-1 = {<x, y> | <y, x> }.
 1 2  2 1 = {<x,z>|

 y ,  <x, y> 1  <y, z> 2}.
      :

1. ( -1)-1 =  ;
2. ( )-1 = -1 -1 .

  .     ,
 ,       ,   -
    . , <x, y> ( )-1  <y,x>

 z ,  <y, z>   <z, x>   z , 
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<z, y> -1  <x, z> -1  <x, y> -1 -1. (    "  
 , ".)

1.4. 

  f ,   <x, y>  f     
<x,z>  f  y = z.

    ,    -
   , . .   f  g , 

       .    -
 Df,     - Rf.      
 .       -
   . ,  Df=X  Rf Y,  -

,   f   X    Y 
  X   Y (  

   X  Y).   
 : f: X Y.

 f - ,   <x, y>  f  y = f(x)  ,  y -
,   x,  y -   x  -
 f.   x    y.

 1.8.  {<1, 2>, <2, 3>, < , >} - : 
{<1, 2>, <1, 3>, <2, 4>}   :  {<x, x2 + 2x +1> | x -

 } - ,    y =x2+2x+1.
 f n-    X  Y,  f: Xn Y.  

y = f(x1,…, xn)  ,  y -     
x1,…, xn.

 f: X Y.  ( ) f   ( -
),     x1, x2, y  y = f(x1)  y = f(x2) ,  x1 = x2

( , ,  <x1, y> f  <x2, y> f ,  x1 = x2).  ( -
) f   ( ),    -
 y Y   x X ,  y = f(x).  ( -

) f   ( ),  f  
 .     f: X Y,  , 

f   -     X
 Y.

 1.9.   ,   -
      fi: , i = 1, 2, 3:

1)  f1(x) = ex ,   ;
2)  f2(x) = x3-x ,   ;
3)  f3(x) = 2x+1 .
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   f  g   g f = {<x, z> |  y
,  xfy  ygz}.

 1.3.     .    f:
X Y, g: Y Z,  g f: X Z.

 ,  <x, y>  g f  <x, z>  g f,    u,
 xfu, ugy,    v,  xfv, vgz.  f - , 

u = v;  g - ,  y=z , , g f  - . 
  .

    .

 1.4.      
.

   X    -
 eX : X X ,    x X  eX(x)=x. ,  f: X Y,

 eX f = f, f eX = f.
 f-1 - ,  f. ,    -

 f-1  .     ,  f
   X   Y,  -

.

 1.5.  f : X Y    f-1:
Y X    ,  f - .

 f - , ,  f , f-1   -
 Y.  , f -1- ,    <y, x1>  f-1  <y, x2>  f-1, 

<x1, y> f  <x2, y> f,     f  x1 = x2.
   f    f-1, -

   Y     X.  f ,
   y Y   x X.   f ,

   <x1, y> f  <x2, y> f,  <y, x1>  f-1  <y, x2>  f-1,   f-1

- ,  x1 = x2.
,   ,    f-1  ,

   f.
    ,   -

    f  g:
1) (f-1)-1 = f;
2) (g f)-1 = f-1 g-1.

            f: X Y - , 
3) f-1 f = eX;

4) f f-1 = eY.

1.5. 
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   X ,   -
  x X  x x.

   X ,   -
 x, y  X  x y  y x.

   X ,   -
 x, y, z  X  x y  y z  x z.

,      -
 X     X.

 1.10.
1.         -

.
2.        -

.
3.  x<y      , 

,     .
4.       n  

  Z: x  y (mod n)    ,  x-y   n.
    Z,     x Z  x  -  x  =  0,  ,

,   n.   ,   
x-y   n,  y-x   n .   , 

  x - y   n,      t1  x-y= t1n, 
 y-z   n,     t2  y-z = t2n. 

x-z = (t1+t2)n, . . x-z   n.
5.        

  -  .
6.   N N,  N -   , 

 : <x, y> <u, v> xv = yu.   :
<x,y> <x, y>,   xy = yx; :    <x, y> <u, v>, 
<u,v> <x, y>,    xv = yu ,   uy = vx; : 
<x, y> <u, v>, <u, v> <w, z>,  <x, y> <w, z>,  ,  -

     xv = yu  uz = vw   -
    xz = yw.

 -     X.
 ,   x, 
  X,     y X,  

x y.  ,   x,  [x]:
[x] = {y | y X  x y}.

 1.11.
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1.        
 :    x Z  [x] = {x}, . . -

        -  x.
2.      n    Z

   :    
a Z          a + kn,

 k - . ,    0, 1, 2,…, n-1  -
  ,   [0], [1], [2],…, [n-1].
      n.   

      ,   
 a Z     a = qn + r,  0  r <n.

3.        
     .

4.  ,   <x, y>   
 1.10 (6)  

[<x, y>] = {<u, v> | x/y = u / v}.
        -

  .

 1.6.  -     X.
: 1)  x X,  x [x]; 2)  x, y  X  x y,  [x] =[y] ( . .  -

    ).
      -

  : x x , , x [x]. 
  .  z [y],  y z    

  x z, . . z [x] .  [y]  [x]. ,   -
  ,  [x] [y],   [y] = [x].

  X    -
  X ,     X 

      .

 1.12.
1. X = {1, 2, 3, 4, 5}.  {{1, 2}, {3, 5}, 4} -   X.
2.  X -   .   

 , ,   .

 1.7.    X   X -
 :  x y    ,  x  y   

  .
   .   x y  y z.

 x, y  X1, y,z  X2,  X1 ,  X2 -    X. -
 y X1, y X2,  X1 = X2. , x, z  X1  x z.
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 1.8.     -
  X      .

,      -
  X.    1.6  x [x],  , 
  X    . 
 1.6  ,       -

,  ,    z [x]  z [y],  x z,  [x]=[z], 
y z,   [y] = [z]. ,  [x] =[ y].

     X  -
  -   X

    X/ .

1. 6. 

   X , 
  x, y X  x y  y x  x = y.

,     -
     X     -

 .

 1. 13.
1.  x  y       -

  .
2.      

U  A  B    .
3.        -

    .
     X,   

  , . .   x, y  X  x  y  y  x, 
 .

 1.14.   1.13 ,   . 1  -
  ,  ,   . 2,  
.

,     ,   -
     ( , -
).

   X    . 
       X X, . . 

     X?    



18

  :   X X   
<a, b> <c, d>  a c  b d.     -

.    .
 X      ( )  -

 ( ) .
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2.  

2.1.     ?

        . 
 ,    ,     -

,       ,  
 ,        ,
      ,    -

 .
     ,    .
      

.  ,    - , , , -  
,    .

      ,    
.        -

,    .     -
  . .     

  : "       
".         , 

    ,   " "  -
 , " " - , " " -   . .
    , ,   ,  

    ,    .
       .

       .  
,     ,    -
.       .

 , ,     -
   :

"    , -  , -      -
 :

 ( - : ),  ,   -
  ( - :  -  ).   -

    ( ,    ( -
)     ( ).

       -
 -    -    :

.
   ,   ,   ,

 ,   .
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  -    ,
         

,   - -
.

        
    ,     .  ,  -

  .   , -    
 .

-    … ? ? -    .
- ? ? -    .
-  ?  ! .
 - !    … ,    ?
-  ,  ! -  ,     
,      :

-   -
!  !

  ,   :
-             ,  -

?!"

  -  ,  -
  ,    .

 ,   100      -
  ,     

  ,   ,   
       .

     ,  
 ?  , 

  ,    
 ,  , , , -

,         -
 .

       
    ,   

  ,     -   , 
   30-40-  ,  . . "  ".

       - -
 .       
      .  -

      ( ,
Clean)   ( ) .
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    (    
)     (  -

 : -  ,    ).
     :

  :
   :

" "  -   
;

    ;
 ;

  ;
   .

2.2. 

    ,  -
   ,     .

 , ,  : " -
  - ", "5 -  ", "     ". -

   ,   - .  "  -
 ", " -  -  ", "     
  "  ,    
,  - ,   - .  "x + y = 4" 

"  ?"   .  "   
 "  "   "      -

    .
     , 

  ( . .  ). -
  -   -      

.  { , }  
.

       -
    ( ) . , 

  " ", " "    " "   
 "     " ( ) " -

   " ( )    -
: "      ", "      
-     ", "      
-     ".    ,

  .
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2.3.  

   ( )  , 
     

    ,   
.

  P  ,  
  ,   P .  P  
 P    "  P".     -

  ( . . 1).
       -

 P  , " ,  P".

                                                                               1

P P

   P  Q  , -
    ,    . 

 P  Q   P&Q    "P  Q". -
     ( . . 2).
      -

  " ".
                                                                             2

P Q P&Q
 
 
 
 

   P  Q  , -
    ,    .  -

 P  Q   P Q    "P  Q". 
    ( . . 3).

      -
  " "  "  ".
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                                                                       3

P Q P Q
 
 
 
 

   P  Q    "P 
Q" ( , , "  P  Q", "  P,  Q").    -

   "  2 2 = 5,   -  " ,
     "P  Q" ,  P 

     Q.    " "   
  .   ,   

 "P  Q"  "  P  Q"   ,  
     ,   

 .   :
1)  0 = 0,  1 = 1; 2)  0 = 1,  0 = 0;
3)  0 = 0,  0 = 1; 4)  0 = 1,  1 = 2.

    , , -
  0 = 0,     ,   -
 1 = 1 ( ,  1     0 = 0).

     :  
0    0 = 1,   0 = 0.

    , ,   -
 ,         .

    :  1 
   0 = 1,   1 = 2.

 ,   "  P,  Q"   -
 ( ),    .   -

 P  Q  ,     ,  P -
,  Q - .   P  Q  

P Q (  P Q)    "P  Q" ( , , "  P,  Q", "  P
 Q").  P ,  -

 Q -  .    
 ( . . 4).

                                                                                  4
P  Q P Q
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   P  Q  , -
    ,    P  Q .

  P  Q   P Q   
"P  Q".     
( . . 5).

                                                                                   5

P  Q P Q
 
 
 
 

 1.    ?     
 ,    .    

.      A, B  C. A  C 
  ,        (

 ,   ).   A   B
   C  (  ,      

)     ,   
.    C   . ,  -

? A  B?

2.4.   

    .  
   .    -

      ( -
, ).  a   b,  b = b1ab2  -

  b1  b2.
     : -

  X1, X2,…;   &, , , , ; -
  (,).

     ,  
  :

1)    - ;
2)  A  B - ,  ( A), (A&B), (A B), (A B), (A B) - .
3)     ,      1)  2).

  A    A,  -
 .



25

          
 ,      ,  -

  :      -
 ,   .

 2.1.   (X1&X2) X3 X1   ,  
( X1 X2) X1, (X1 X2) X3 - .  X1 X2, X3,  X1,  X2,  X3 - -

  .
  ,    

,   :  -  -
 P(t),     t,   t = 0  

 t     P(t)   P(t+1), 
P(t)    t.

       : 
P(t)   t = 0    t   P(s)   s  t 

 P(t+1),   P(t)    t.
     -

     :
 -   P(F),    F,  -

    ,
   ,     ( . . -

  Xi);
     n  ,  P(F)      F
   ,  n, ,   P(F)  

   n  ,
 P(F)     F.

 2.2.    ,  Sn -
    1  n -   1/2 (n+1)n.

 . S1 = 1 = (2 1)/2.
 .  Sn = 1/2 (n+1)n.  Sn+1=Sn + n+1 =

=(n+1)n/2 +n+1 = (n2 + n + 2n +2)/2 = (n+1)(n+2)/2, .  . .

 2.    . ,     ,
        . 

:
"     ,    ,   

 .    ,  -
 n  (    1  n).   

    1  n-1   , ,  
  2  n   .     -

  2  n-1        ,  
 -  ,   .     
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1  n     .  ,  n 
 .    ".

        ?

 {X1, X2,…, Xn} -   , -
   F.      -

    ,   F   -
 { , }n { , }.

       
.

 2.3.
1)  6 -     (X1 X2) (X1 (X1&X2)).
2)  7 -     (X1 X2) X3.

                                                                                                                   6

X1 X2 X1 X2 X1&X2 X1 (X1&X2) (X1 X2) (X1 (X1&X2))
 
 
 
 

 7

X1 X2 X3 X3 X1 X2 (X1 X2) X3

    < X1, X2,…, Xn >
   A,     -

   .
    A     -
, . .      A.
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      -
    .

   k ,   2k   (  2k   -
  ).

 2.4.   (X1 X2) (X1 (X1&X2))  
 <X1, X2>  < X1, X2, X3>  < X1, X2, X3, X4>  . .

 < X1,  X2, …, Xn>  -    F. 
   F    :

F  Xi,    F      -
  Xi;

F  ( A),    F     s, 
s -   A;
F  (A&B) (  (A B)  (A B)  (A B)),    F

     s&t (  s t  s t  s t),  s - 
 A, t -   B.

2.5.  

 A  B -  ,        -
 < X1,  X2,…, Xn >.    ,   -

   < X1, X2,…, Xn >    . -
  A  B   A B.   -

     .
   . ,    -

 ,     ,    -
   .

    . -
,  ,      A A A; ,

     A  B,  A  B,  B  A; ,  
   A, B, C,  A B  B C,  A C.

 .    A, B, C 
 :

1. A&B  B&A (  &);
2. A&A  A (  &);
3. A&(B&C)  (A&B)&C (  &);
4. A B  B A ( );
5. A A  A ( );
6. A (B C)  (A B) C ( );
7. A (B&C)  (A B)&(A C) (   &);
8. A&(B C)  (A&B) (A&C) (  & );
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9. A&(A B)  A (   );
10.A (A&B)  A (   );
11. A  A (   );
12. (A&B) A B (    );
13. (A B) A& B (    );
14.A  (A&B) (A& B) (   );
15.A  (A B)&(A B) (   ).

        
,   .   ,  7   -

 .

 8

A B C B&C A (B&C) A B A C (A B)&(A C)
 
 
 
 
 
 
 
 

 12   .
      (A&B) -

  .   A&B   ,  
  A  B   .    , , 

   12   .  , 
A B   .  A, B 

 ,   A, B-  . ,     -
 12   .

   ,    
   :

16. A~B  (A B)&(B A)  (A&B) ( A& B);
17. A B A B (A& B);
18. A B A B ( A& B);
19. A&B (A B) ( A B).

    ,  A1 A2,
A2 A3,…, Ak-1 Ak,   A1 Ak.       

 A1 A2 A3 … Ak-1 Ak.
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 ,       
  .

 2.1.   A B  C -  . A B,
A&C B&C, C&A  C&B,  A C B C, C A C B, A C B C,  C A C B,
A~C B~C, C~A C~B.

   A C B C.   -
  ,    A, B, C,  A  B -
   ( , s).  t -  C   . 

        
s t.

 2.2.  A B  C - ,     -
  Xi.  CA   C    Xi

 A,  CB  -  C     Xi  B.  CA CB.
     n    C.  n=0,

  C    Xi (       -
 Xi).    CA  A, CB  B, CA CB -   ,  A B.

        n  
C -   n  .   D,  D&E, 
D E,  D E,  D~E,       Xi

  D,     -   D,   E,    D  E -
. , ,   C   D E   -

 Xi   D.  Xi     D  A  B, -
   DA  DB. ,  CA  DA E,  CB 

DB E.     D,   ,   C,  DA DB.
   2.1   A C B C,    A  DA

  B - DB,   C - E.    CA CB.   -
 .

 2.1. (   ).  CA - -
,  A    .  CB  

CA  A     B. ,  A B,  CA CB .
   Xi    C  CA

 A   Xi.     Xi  C .  C,
A, B, CA, CB    2.2,  , CA CB.

 2.2 (      ~).  -
      ,   -

   ~.
  ,     ,

       A~B  
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(A&B) ( A& B),     A B   A B ( . -
 16  17).

 2.5.  (X1 (X2 X3))  ~ (X2 X1)  -
 : (X1 (X2 X3)) ~ (X2 X1)  (X1 ( X2 X3) ~ ( ( X2 X1))

( X1 ( X2 X3)) ~ ( ( X2 X1)  (( X1 ( X2 X3))&
& ( X2 X1)) ( ( X1 ( X2 X3))& ( X2 X1)).

 3.    .     4 -
 –     .    3 ,  , 

     ,      , 
   .  ,      
  :  ,   ;      -

,     ;      ,  
    .   ,  , 

      "  !"?

2.6. -  

  A     < X1, X2,…, Xn >.
 A  ( -

),       < X1, X2,…, Xn > 
  .

 A ,     
 < X1, X2,…, Xn >    .

 A - ,    
  < X1, X2,…, Xn >    .

 A ,     -
  < X1, X2,…, Xn >    .

    ,    ,  
   .

 ,    
 :

A -     ,  A   ;
A - -     ,  A   -

;
A -     , A -  - ;
A - -     , A - ;
A~B -     ,  A  B - .

       , ,   -
,        -

      .
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    (A, B, C -  -
):

1. A A (     tertium nondatur);
2. A A;
3. A (B A);
4. (A B) ((B C) (A C))  (  );
5. (A (B C)) ((A B) (A C));
6. (A&B) A; (A&B) B;
7. A (B (A&B));
8. A (A B); B (A B);
9. ( B A) (( B A) B);
10. ((A B) A) A  (  ).

     , ,   
        A, B  C.

 4.    .    , -
   ,  ,   .
   (A, B  C)     . -

     A: "    ?"  
 A  .      B:

"   A?". B : "A ,     ".   C
 "   B!  ".

    B  C    ?

2. 7.  

     
  ,      

.
 ,    

 , . .  ,   ,  -
 .

 P1,  P2, …, Pn - , D - .   

   
D

PPP n,...,, 21 , . .   , 

   P1, P2, …, Pn   D,  
   (P1&P2& …&Pn ) D.

       ,  -
    ,    -

 .
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 2.6.   :
1.   5 ,   .  5 . -

,  5 .  ,   -

.    
A

BBA , .  ,

  ((A B)&B) A   .
2.    ,     .  -

 . ,    .  -

  
B

ABA , .  ((A B)&A) B -

- , , ,  .

     -

 :
B

ABA ,  
A

BBA , .

    A B,  A -  -
, B - .     

      -
  ,  .   -

    .
       . -

,   A B . ,    ,
  , . . ,    ( -

  C)     ( -
).       -

 
A B (A B)  (C& C)  (A& B) (C& C).

      :
A B  (A& B) A,
A B  (A& B) B.

     ,  -
   ,   

A B B A,
   A B   B A.

      ,  -
     .

 5.  .    ,   -
.    .  : "     ".
 : "     ,  

 ".    ?
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2.8.   

  ,    -
 &, , .  &     .

 A*   A,    
A     &,   . ,

 X1&(X2 X1)   X1 (X2& X1).
,  (A*)*    A.

 2.3. (  )  A  B,  A*  B*.
      

. ,     -
 & 

X & (Y  Z)  (X&Y) (X&Z),
 

X  (Y & Z)  (X Y)&(X Z).

,      & ,    
    A1&A2&…&An   A1 A2 … An (n>3),  -

     .   -
 ,         

     
A1, A2,…, An.   , , ,   max(k, n),

  ,   -
 (   ,  k=2, n=3):
(A1 A2) & (B1 B2 B3)  (A1&B1)  (A1&B2)  (A1&B3)
                                            (A2&B1)  (A2&B2)  (A2&B3),
(A1&A2)  (B1&B2&B3)  (A1 B1) & (A1  B2) & (A1 B3) &
                                            (A2 B1) & (A2 B2) & (A2 B3).

      :
( A1&A2&…&An) A1 A2 … An,
( A1 A2 … An) A1& A2&…& An.

     .
  ,   

 (  , )    -
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. , X2,  X1,  X1&X2,  X1& X2& X1&X4  -
 .

,      
( ),     (  , ) -

 . , X2, X1, X1&X2, X1& X2& X1&X4,
(X1&X2) ( X1& X2& X1&X4)&X1   .

 2.4 (    ).    A  -
   B,   ,  A B.  B 

    A.
     :

1-  .   A    A1,  A A1    A1

   ~  (  2.2).
2-  .  ,    A1   

A2 ,  A1  A2   A2     .
     " " .  

     n  
 A1.

 n=0,  A1  -   Xi.   A2  
Xi.

      A1   
 n.    A1   n  . -
  :

1) A1   B1 C1.   B1,  C1   ,
 n.    B2, C2 ,  B1 B2, C1 C2

  B2  C2     . ,
 B2 C2  A1     " " -

;
2)  A1   B1&C1.    -

;
3) A1  B1.  A1 B1    B1   -

,  n.   B1   ;
4) A1  (B1 C1).  A1 B1& C1  B1, C1 

 ,  n.    
B2, C2, B1 B2, C1 C2   B2  C2   

 . ,  A1 B2&C2  B2&C2  -
  " " ;

5) A1  (B1&C1).  A1 B1 C1,     
 .

       -
   ,      

   ,   .
 2.7.     " " :
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( (X1& X2) (X2& X1)) (X1& X2)& (X2& X1)
(X1& X2)&( X2 X1)  ( X1 X2)&( X2 X1)

( X1 X2)&( X2 X1).

3-  .   A2      -
      .  -

   & , 
  (    ,

  ,     ,  
). ,     ,  & - -

.      B  -
  .

 2.8.       
" " ,    2.7:

( X1 X2)&( X2 X1)  ( X1& X2) ( X1&X1) (X2& X2) (X2&X1).

,   A    
( ),   A*  ( . .  A   ~ )  -

  .
      .  -

 ,     ( ,
)    .   

,     ( , ) -
 .

 2.5 (    ).    A  -
   B,  A     A B.  B 

    A.
 .  A  A1  A1    ~, .

 B1 -     A*
1.   B*

1 -
   ,  ,   

B*
1  (A*

1)*  A1  A. , B*
1   .

 .      
 2.6  ,   A2,   A,  
 ~,       . -

  A2   ,     & -
 ,  -      -

 &.   A2       
.

 2.9.    :
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(X1&X2)~( X1&X3)
((X1&X2)&( X1&X3)) ( (X1&X2)& ( X1&X3))
(X1&X2& X1&X3) (( X1 X2)&( X1 X3))
(X1&X2& X1&X3) (( X1 X2)&(X1 X3))
(X1 X1 X2)&(X1 X1 X3)&(X2 X1 X2 )&(X2 X1 X3)&
( X1 X1 X2)&(X1 X1 X3)&(X3 X1 X2)&
(X3 X1 X3).

,       16.
 ,        -

.         
.

 6.  
  .     "  "

    ( )    -
,       .    

    (   ) :
1.    .     .
2.   .     .
3.   .     .

,       . 
   (  )    

       ?

2.9.    

      -
 :   ,     -

      ,    -
?

,    ,    
         . -
     ,   -

   .

 2.6.         ,
           -

   -     .
     -

.
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 2.7.   -     
 ,        

     -    
.

 7.       ?
,         ,

  , ,        ,
     .

     ,     .
, ,       ,   .

     ,  ,    
  ,      ,   

    , ,      .
  ,       ,    

,  .      ,   ,
,  ,        -

 .        ,   
 . ,    ,      .

      ?
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3.  

    -   -
  ( , ,   . .)    

  .        
   .

3.1.    

        
 (   )    ( )

 ,     (f, g, h -
  ):

1. f g = g f, f g = g f ( );
2. (f g) h = f (g h), (f g) h = f (g h) ( );
3. f f = f, f f = f ( );
4. f (g f) = f, f (g f) = f (  );
5. f (g h) = (f g) (f h), f (g h) = (f g) (f h) ( );
6. ( f) = f (  );
7. (f g) = f g, (f g) = f g (   );
8. f (g g) = f, f (g g) = f (  ).

    ,    f, g
  f f = g g  f f = g g. ,   

   
f f = (f f) (g g) =(g g) (f f) = g g.

  f f   f f ,   -

 =  ,  =  ,
f  = f,       f  =  ,
f  =  ,     f  = f.

  ,    ;  -
    f = f  = f  =      

,       .  -
   -         -

  :  (  )   (
).
 f g =  ,  f = g =  . , f = f (f g) = f  = .

     .
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    -    -
.

     ( )   -
        .

         (   -
 ,  - ). , ,  -  

 ,   .

 A -  ,  -  P(A) 
  ,    .

    -    -
 A.

    ,  -
       -

 (  A).  ,       -
     A   

    .

         -
     :

f g = (f g)  (  );
f | g = (f g) (  );
f  g = f g  ( );
f \ g = f g ( , -    P(A));
f~g = (f g) ( f g) ( );
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f  +  g  =  (f g) ( f g) (  ,  " ",
).

   f   :
 f =  ,  f = f,

f  =  ,     f  = f.
 , f \ g = (f  g).

    
f + g = (f\g) (g\f)
f + g = (f~g)

 +  =  +  =
 +  =  +  =

   0,    1,    
 2:

0+0 = 0    1+0 = 1
1+1 = 0    0+1 = 1

      
         -

    .
       

  ( )    .
, (f g) ( f b) (f g) = g f. ,

(f g) ( f b) (f g) =
((f g) ( f g)) (f g) =
((f f) g) (f g) =
(  g) (f g) =
g (f g) =
(g f) (g g) =
(g f)  =
g f.

,        
.        
  , , .

f = (f f) = f f.
,  ,

f g = (f g)  f g = ( f g)  f g = ( f g)  ( f g).
, ,

f g = ( f g) =  ( f) ( g) =(f f) (g g).
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 8.    
 ,     ,   ,  

     .     
-          

  .
      ;   , 

    ,    .    -
    .      -
         .    -

      ,     .
  , ,    .

,      ,       
         .

3.2.  .     

     .  M - 
    , , .  

n-  
f: Mn  M

   ,  .  , 
           f : (x1, x2,…, xn)  f(x1, x2,…, xn).

,  ,
f1 f2: (x1, x2,…, xn)  f1(x1, x2,…, xn) f2(x1, x2,…, xn),
f1 f2: (x1, x2,…, xn)  f1(x1, x2,…, xn) f2(x1, x2,…, xn),

f : (x1, x2,…, xn) f(x1, x2,…, xn).
       -

       -
.

  
0 : (x1, x2,…, xn)
1 : (x1, x2,…, xn)

      .
   M -  ( . .    ),

    .
       -

  " "  " ",    -
 .     

  1  0.
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  M = { , } -    ,  
       -

.
     

f: {0,1}  {0,1},
       

:
0: x  0;
1: x  1;
id : x  x ,  ;
neg : x x,  .

    n   
  2n ,         

 ,   0  1. ,  n=3 -
     9.

                                                                     9

X1 X2 X3 f(X1,X2,
X3)

1 1 1 f(1,1,1)
1 1 0 f(1,1,0)
1 0 1 f(1,0,1)
1 0 0 f(1,0,0)
0 1 1 f(0,1,1)
0 1 0 f(0,1,0)
0 0 1 f(0,0,1)
0 0 0 f(0,0,0)

      2n,     0  1

 2n )2(2
n

,   )2(2
n

  -
  n .  ,  n=2  16  -

 .
:        -

   " "  ?
:  . ,    
      :

(  )  : (x1, x2)  x1  x2 ;
(  )  : (x1, x2)  x1 x2;
(   )  :  x .
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 3.1.   n-    f -
 

f(a1, a2,…, ai-1, ai, ai+1,…, an) =
(ai f(a1, a2,…, ai-1, 1, ai+1,…, an)  ( ai f(a1, a2,…, ai-1, 0, ai+1,…, an).

    .
1.  ai=1, ai=0.    

 (1 f(a1, a2,…, ai-1, 1, ai+1,…, an)  (0 f(a1, a2,…, ai-1, 0, ai+1,…, an).
     f(a1, a2,…, ai-1, 1, ai+1,…, an),  -

 0. ,    f(a1, a2,…, ai-1, 1, ai+1,…, an),
       .

2.  ai=0.   ,    -
 f(a1, a2,…, ai-1, 0, ai+1,…, an).

   " "  ai   
.     a1,  a2,…, an -

 3.1 (    ).  -
       ( )

 :
f(a1, a2,…, an) =
(a1 a2 … an-1 an f(1,1,…,1,1))

(  a1 a2 … an-1 an f(0,1,…,1,1))
( a1 a2 … an-1 an f(1,0,…,1,1))

….
( a1 a2 … an-1 an f(0,0,…,0,1))
( a1 a2 … an-1 an f(0,0,…,0,0)).

 f(a1, a2, …, an-1, an)=0,   ,  -
  .  ,   

    k, 0  k  2k,  -  -
 ,     -  n-  -
,     -   ,   -

.

 3.1.     
a1 1 0 1 0 1 0 1 0
a2 1 1 0 0 1 1 0 0
a3 1 1 1 1 0 0 0 0
f(a1,a2,a3)  1 0 0 1 0 1 1 0
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f(a1,a2,a3) = (a1 a2 a3) ( a1 a2 a3) ( a1 a2 a3) (a1 a2 a3).

  16   .  -
   :

   
f(x1,x2) = 0

     
f(x1,x2) = (x1 x2) (x1 x2) ( x1 x2) ( x1 x2) = 1

     
x1 x2 - 

x1 x2 -  
x1 x2 = x1\x2

x1 x2 = x2\x1

     
x1 x2 = (x1 x2) (x1 x2) ( x1 x2) - 
x1|x2 = (x1 x2) ( x1 x2) ( x1 x2) -  
x1  x2 = (x1 x2) ( x1 x2) ( x1 x2)
x2  x1 = (x1 x2) (x1 x2) ( x1 x2)

     
x1  x2 = (x1 x2)  ( x1 x2) - 
x1 + x2 = (x1 x2) ( x1 x2) -  
(x1 x2) (x1 x2)
( x1 x2) ( x1 x2)
(x1 x2) ( x1 x2)
(x1 x2) ( x1 x2)

      
,        

       .

 9. ,    
     :  -    ;

 -   ;   -    ,  -
 .

    A, B  C.    ,  ,
 –   (        



45

,   " "   A, B, C).   
 .

A:   .
B:  .
C:    .

  A, B  C?

3.3.    

  {f1,  f2,…, fn} ,   
      f1,  f2,…, fn   -

 ( . .   ).

 3.2.     :
{ , , };
{ , };
{ , };
{ , };
{+, , 1};
{ };
{|}.

  {+, ,1}.     ,
  , . .  X Y  XY.

                                                                         10

X Y X+Y XY
1 1 0 1
1 0 1 0
0 1 1 0
0 0 0 0

  . 10   :
1) X+Y = Y + X, XY = YX;
2) (X + Y) +Z = X + (Y + Z), (XY)Z = X(YZ);
3) X + X = 0, XX = X;
4) X(Y + Z) = XY + XZ;
5) 0 + X = X;
6) 0X = 0;
7) 1X = X.
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 ,   3,  , 
     .

  {+, , 1} ,   
      (     

  0  1)   .   -
 .

 ,
X = X+1,

X Y = XY + X +Y,
X Y Z = XYZ + XY + XZ + YZ + X + Y + Z.

3.4.  

  "  " -  , 
    ,   ,    n -

 " " ( ,    1  n) 
 " " ( . 2).

. 2

        ( , -
     ),    

 0  1,         -
   .   

. ,     
  f(x1, x2,…, xn),    -

:    i (1  i  n)     xi  -
 ( )      

f(x1,  x2,…, xn),  0  1    ,   
       .

      ,   
      

.        -
      ( . 3).
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. 3

       -
 ,       (f), 
         -

  (g).
      

  ,    -
  . , ,    . 3 

h(x1, y1, y2, …, xn) = f(x1, g(y1, y2),…, xn).

      
 ( . 4).      , 
       ,   , -

    .    
    :

h(x1, x2, x3) = f(x1, x2, x2, x2, x3).

. 4

       -
.          -
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    ,   -
     ( . 5).  

    (

).

. 5

      -
  (     ),   -

 .  . 5    
{h, t}:
h(x1, x2, x3, x4, x5, x6) = f(x1, g(x2, x3), x4),
t(x1, x2, x3, x4, x5, x6) = p(x4, x5, x5, x5, x6).

        -
 ( . 6)

. 6.   

   

   : ,   -
 -      

 ( . 7).    -
- , -  - ;     
 .
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c = a b c = a b c = a
- - -

.7.    , 
                       

      -
     -

.      (      -
 ),    ,   -

.         
 "  ";    , , ,  . 8.

.8.   

: (a b) = a b

     
       ( . 9).

. 9 -  -    



50

: 
      

  ,  ,  
 a, b   s u

s = a + b, u = a b.
 . 10    ,  

  
a + b = ((a b) (a b)).

. 10.  

 10.   A, B, C  D
 :

1.  A ,  B  .
2.  B ,   C  ,   A  .
3.  D  ,  A   C  .
4.  D ,  A .

       ?
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4.  

4.1.   

     
  .     

:
  . (P)

 - .     (Q)
,  . (R)

 ,         -
 , ,   (P&Q) R  .

   -  ,    .  
  ,     -

   .
  ,   ,   

   ,  , ,   -
      .

  x,  x  ,  x  .
  .

,   .
   ,    

  (   -    -
    ):

"  " (  );
x (  );
" " (  );
"  " (  H);
"  " (  M).

         
( x (H(x)  M(x))&H( ))  M( ),   , 

  .
 ,   :

"x -  ";
"x  y";
"x + y = z";
"x -   ";
"x  y - ";
"x -  ".

        
     .
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 P(x1, x2,…, xn)  
P :  Mn  { , }.

 M  ,   
 ( ) .

  n   n-   n- . 
      (

).
     :

H(x) - "x -  ";
M(x) - "x -  ";
Brothers(x,y) - "x  y - ".

       ,
 ,   .

 4.1.
1. P(x)  "x   2",

               Q(x)  "x   3",
     P(x)&Q(x)  "x   6".
2. S(x,y)  "x = y ",

S(x,x)  S(x,y) -     x  y.

   "   "

 P(x) - ,  x P(x)  ,
     ,    x M  P(x) - -

.
 x P(x)    "   x P(x)".

x P(x)  x   -   x   
 .    -

 .

 P(x) - ,  x P(x)  ,
     ,    x M,  -

 P(x) - .
x P(x)   "   x,  P(x)".



53

 x P(x)  x   -   x   
 .     

 .
,  x P(x)  x P(x).

 4.2.
 x (P(x)&Q(x))  "  x,    6" -  -

.
 x (P(x)&Q(x))  "  x   6" -  .

    :
1)    x, y, z, x1, y1, z1  . .;
2)   P, Q, P1, Q1  . .;
3)    &, , , , ~;
4)   ,  .

     ,  -
   (   -

    ).
1. P(x1,  x2,  …,  xn) - ,  P - n-  .  

x1,  x2,  …, xn -  ,     -
 .

2.  A - , A -       -
 ,     A.

3.  A  B - ,    ,   
      -  .  (A&B), (A B),

(A B), (A~B)  ,      A
 B  ,     A  B  -

 .
4.  A - ,    x. 

x A,  x A   .  x   .  
,    A ,  . -

,     A  ,  . 
     A   -

  x  x  .
5.          

,      1-5.

 4.3.
1.      :

P(x1,x2,x7) -  ,   x1,  x2,  x7 -  -
; (  x  y P(x, y, z))  x Q(x, w) - ,    x, y

,   z, w .
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2.  (  x  y P(x, y, z))  x Q(x, y)   .

    ,   -
    .

 ,   ,  
 M -       

      
   M.

   , 
1)      ,    -

  ;
2)     ,     -

 M,        
    .

    (   -
).

  F  n-  <a1, a2,…, an>, ai M,   -
 <x1, x2, …, xn>   F|<a1, a2,…, an>.

 f    A(x1, x2, …, xn),  x1, x2, …, xn - -
 ,  F|<a1,  a2,…, an>   n-  -

,    A,  
    a1, a2,…, an.

 F  A.  A|<a1, a2,…, an>= ,  F|<a1, a2,…, an> = .
 F   A B, A&B, A B  A~B.  A|<a1,  a2,…, an>= ,

B|<a1,  a2,…, an>= ,  F|<a1,  a2,…, an>  , & ,
, ~ .

 F  x A.  x1,  x2, …, xn -   
 F,  x, x1,  x2, …, xn -     A.

x A|<a1,  a2,…, an> =     ,   
a M  A|<a, a1, a2,…, an> = .

 F  x A.  x1,  x2,  …,  xn -   
 F,  x, x1,  x2, …, xn -     A.

x A|<a1,  a2,…, an> =     ,  
 a M,  A|<a, a1, a2,…, an> = .

 4.4.   :
1) A(x, y);
2) y A(x,y);
3) x y  A(x,y).

       -
    A(x, y)  x y.    - 
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 x y,        a, b  -
  ,  a  b.    : "

     y x y",   
 x=1. ,   -     -

    .     -
      ,   -

    .

 4.5.    . M - 
  (0, 1, 2,…),   S(x,y,z)  P(x,y,z) -

   "x + y = z"  "x  y = z" .
 ,   M    ,  -

  :
1) x = 0;
2) x = 1;
3) x -  ;
4) x -  ;
5) x = y;
6) x  y;
7) x  y;
8)  .

:
1) F1(x) = y S(x, y, y),   x+y=y   y    , -

 x = 0;
2) F2(x) = y P(x, y , y);
3) F3(x) = y P(x, y, y);
4) F4(x) = F1(x)& F2(x)&( y z (P(y, z, x)  (F2(y) F2(z)))),  F1, F2 - -

,   . 1  2;
5) F5(x, y) = z u (S(x, z, u)  S(y, z, u));
6) F6(x,y) = z S(x, z, y);
7) F7(x,y) = z P(x, z, y);
8) x y z (S(x, y, z)  S(y, x, z).

 4.6.  f(x) -   , -
   [a, b].

1.  : M -   , P(x, )
 |x-x0|< , Q(x, )  |f(x) - A|< , R( ) >0.

 x0 -    [a,b]; A -  -
  .     ,  A - 

 f(x)  x x0,  
x ((R( )&P(x, ))  Q(x, )).
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2.  : M -   , P(x, )
 |x-x0|< , S(x, )  |f(x) - f(x0)|< , R( ) >0.

 x0 -    [a,b].    ,
  f -    x0    

x ((R( )&P(x, ))  S(x, )).
3.  : M -   ,

P(x,x1, )  |x-x1|< , S(x, x1, )  |f(x) - f(x1)|< , R( ) -
>0, D(x)  x [a,b].    ,  -

 f -    [a,b]    
x1 x ((D(x1)&R( )&P(x, x1, ))  S(x, x1, )).

 11.    ?
        .  -

    .      ,  – 
.       ,    , -

      .      
,    ,   .    -

  ,      ,   .
 ,  ,  ,    .  -

        .     
       10 .   , 

-          -
  ;        

 .  ,      -
?

4.2.     

 F  G - ,       
 (   ).

 F  G    ,   
          -

.
 F  G    M,   

  ,    M.
 F  G  (   ),   -

    (   F  G).

 4.7.
1.  M = {a, b}   P(x, y)  
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x y P(x,y)
a a
a b
b a
b b

  F(x, y, z) = P(x, y)&P(x, z)  G(x, y, z) = P(x, y) & P(y, z) -
   .

 P(x, y)  
x y P(x,y)
a a
a b
b a
b b

  F  G     ,  
F(a,b,b) = , G(a,b,b) = .
2.  M = {a} -  .  

x A(x) x A(x)     M.
 M = {a,b} 

x A(x)
a
b

 x A(x) x A(x)     M.

      ,   (  -
 ).

          -
.

     
 A    x.  

x A(x) x A(x)
x A(x) x A(x)

    
 A    x.  B   

  x.   
x (A(x)&B(x)) xA(x) & B(x)
x (A(x)&B(x)) xA(x) & B(x)

    
y x A(x, y) x y A(x, y)
y x A(x,y) x y A(x, y)
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   x  A   y, 
   ,         -

  ,  A.

4.3.      

 A    ,   
<a1,  a2,…, an>, ai M,    x1,  x2, …, xn

 A,  A|<a1, a2,…, an> = .
 A    ,    -

        .
 A    (   -

),      .
 A  (   ),   -

,    .
 A     ,  A 

 ,   A     , 
A   .

,   F  G -   (   -
),   F~G .

 4.1. 
x A(x) A(y),  y     A(x), .

 4.2. 
A(y) x A(x),  y     A(x), .

      -
 ,    .  ,    

,      -
 :      ( . .

      ).

 4.3 (     ,
1936).   ,      -

 ,    .

 12.  –  
-         -
.  , ,   ,      -

 ,   ,   .     ,
    . (     , 
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    ,   .)   -
  ,  ,      .

---  - ? –     .
--- ,  , -  .
---   – ? –    .

      (  " ", 
" "),     ,    .

      ?
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5. 

   ,   ,     -
,      

.        :
       -

,         -
  .  ,     

   ,     .
        -

 .

5.1.  

   T  , :
1)      -   T; -

    T 
 T;

2)     T,  -
 T;

3)    ,   T;
4)    R1, R2, …, Rm   ,

 .
  A   A1,  A2,…, Aj    -

 Ri,  A    
A1, A2,…, Aj,    Ri.

   T   
A1,  A2,…, An  ,    i  Ai   

 T,    -   .
 A   T,     -

,      A.    -
 ( )  A.  ,  -

  -  ,    ( )  -
 .

5.2.  

      -
       -  -

.
    :
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1.   : , , (, )   Xi   -
    : X1, X2,….   - -

 ,  X1, X2,… - .
2.   : )   Xi - ;

)  A  B - ,  ( A)  (A B)  .

 5.1.  X1 X2 X1 - ,
  .

 5.2.  A, B, C - . 
(C (A B)), ((( A) B) ( C))

 .
          

,        :
      , -

   .      
C (A B), ( A B) C.

3.   .      A, B 
C,    :

A1.  A (B A);
A2.  (A (B C)) ((A B) (A C));
A3.  ( B A) (( B A) B).

 A1-A3   ,   
    ,   -

 . ,  X1 (X2 X1)  , -
   A1,  ( A A) (( A A) A) (  A -  -

) -     A3.
4.      modus ponens

(  ,  ).    :
A, A B  B.   B  ,     -

 modus ponens   A  A B.     

B
BAA, .

        
 ,        -

 , &, ~, , A~B ((B A) (A B)).

 5.3.    A    A A, .
. A A - .

     A2  B  A A   C
 A,  

(A ((A A) A)) ((A (A A)) (A A)).
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  A1   B  A A,  
A ((A A) A).

  (1)  (2)   modus ponens 
(A (A A)) (A A).

  A1   B  A,  
A (A A).

  (3)  (4)   modus ponens  A A.

 5.1
1.       .
2.       .

 5.2. ( , 1921)  A    -
     ,  A - .

     , -
  A1, A2  A3. ,    

x|y = (x&y),     
((P|(Q|R))|(S|(S|S)))|(T|Q)|((P|T)|(P|T)))

    "  A  A|(B|C)  C".

 13.     
  A, B  C       

    .  A ,    . 
 ?

5.3.  

  -   ,  -
 ,  ,   ,     :

1)   : x1, x2,…;
2)   P, Q, R, A, …;
3)  , ;
4)  ;  ,  ;
5)   .

   4.1     
    (    ,   

   :  ;    
 ).

  .      A  B,
    (     

 ):
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A1.  A (B A);
A2.  (A (B C)) ((A B) (A C));
A3.  ( B A) (( B A) B).
A4. x A(x)  A(y),   A(x)    y.
A5. A(x) y A(y),   A(x)    y.

   :
1.  modus ponens;

2.    :
)(

)(
xxAB

xAB ,   B 

  x.

3.    :
BxxA

BxA
)(

)( ,  

B    x.
4.    .  

 A   (        
 )  ,     A.

 5.3
1)    -  .
2) ,       

  1-4,  .
3)       .

 5.4 (      , 1930).
      .

5.4.  

 , ,      
    .      

  .     -
 ?     ,   -

      .   -
   ?
 30-       -

      "  " (  
    ).      

 (    ,    ),
.        ( -

)  .      .
 1889 .       

  , , :



64

1) 1   ;
2)       ;
3) 1       ;
4)    a     b   -

  c,    b  c ;
5)  -     1    ,

      n, ,    
  n  ,     

   (   ).
  ,    

         , -
 ,  ,     (  -

 ).   1931      
  .

 5.5 (    ).   -
    T ( )   -

   ,   ( , -
 ),      ,  )  T  -

   , . .   A, 
  A,   A   (  )  T; )   -

       T,  ,
        -

 .
    ,  , 

 ,   : "   ". 
  ,   ,   .   -
        ,

    .  , . . 
 ,     .

       
   ,      -
  .   1977    
  ,  ,   .
,     ,  -

  .  :   -
 n    1+2+…+n = n(n+1)/2.   -

,    .     -
    ,       ,

          
       

.
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         :
    n  1+2+…+n    n(n+1)/2, 

    n;      1, -
    n=1 ;         1, 

    ,  n-1   ,  
 ,  n -    . ,  

  , ,     -
    ,     -

 .
      

 1+2+…+n = n(n+1)/2    ,   ,  -
     ;  ,    -

    .

 14.   
     10 - . 

          - , -
    .
     ,    -

  : "         . 
       . ,    

 ,    ,    .  
 ,      .      

  .   ,       -
. !"

   ,   ,   10
,       : "   ,

     !" –   . – " , ! –
  - ,   !" – , , 

", -  . – "     , !" –
   .     . – " ", -

  - . – "     , !" – 
     .     -

.
"  !" –   . -   – 

!   ,       " – " -
  , -  - , -     ,
  " – " , -  . –    -

  :      – !" –     4 -
  ,     … .      -

   !      -
.
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  ,      ? 
    4-  ?
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6.   

6.1.        
         

    (  ) b 
 

(an…a2a1a0.a-1a-2…a-m)b =
n

mi

i
i ba .

 , 530.36 = 5 62+3 6+0+3 6-1 = 198.5.
    , b=10 

{ai} = {0,1,2,3,4,5,6,7,8,9}.
    -   b>1 - 

   ai      0 ai<b. 
b=2    ,  b=3 -   . . 

 a0  a1  ( ) .  an -
 ,  a-m -  .

    b   ,   
   , , ,    

 b=60       
2, 3, 4, 5, 6, 10, 12, 15, 20, 30.

  ( )   -
 , b=60,       0.  -

      ( , -
, )   ( , , ).

      -   
 .

       20.
       

;  :
  =  ;
  =  ;
  =  ;
  =  ;
  =  ;
  =  ;
  =  ;
    (  ) =  ;
  =  ;
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  =  ;
  =  ;
  =  ;
  (  ) =  .

   12     8-  .

    b>10   
     .    16-

     : 0, 1, 2, 3, 4, 5, 6, 7,
8, 9, A, B, C, D, E, F.  AFFE16 = 45054.

   b-      -
  .

       b-   -
  .

  x    b.     -
  a        x 

b-  .
while x<>0 do
    begin
    a := x mod b;
    x := x div b
    end;

        b 
   bn  .    X   

   b,     bn-   
   X       n .  -

         bn,  -
         bn-   -

. , , 
10 10 11 10 00 012 = 1 40 + 0 41 + 2 42 + 3 43 + 2 44 + 2 45 = 2232014,
101 011 100 0012 = 1 80 + 4 81 + 3 82 + 5 83 = 53418,
1010 1110 00012 = 1 160 + E 161 + A 162 = AE116.

     ,   -
,     t:

0  x
1

0

t

i
(b-1) bi = bt-1.
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6.2.   

       
,     . -

        -
.    .

 .       .  -
         -

       2.  -
   |x|  bt-1-1.      ,

 at  0   .  0  -
: +0  -0.

 .      -x -
  bt - x, . . 

bt-x = 1+
1

0

t

i
(b-1) bi -

1

0

t

i
ai bi = 1 +

1

0

t

i
(b-1-ai) bi.

, , t=10, . .  10 ,  
  -1234567890   8765432109 +1 =

8765432110.      -
: -bt-1  x  bt-1 -1.

 b=2  t=16,  -32768  x  215 - 1 = 32767.  
  0  215-1    ,  -
  215  216      
 (  integer  ).

 .  x =
1

0

t

i
(b-1-ai) bi    

(  x),       -x.  

x + x =
1

0

t

i
(b -1) bi = bt -1.

   |x|  bt-1-1. , , 
  -1234567890 (   t=10)   8765432109. 

0000000000 (  )  9999999999 (  ) -
 0.

6.3.    

-
     b = -10.   -

: 0  ai  9.
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(…a3a2a1a0.a-1a-2…)-10 =…-1000a3+100a2-10a1+a0-a-1/10+a-2/100…
1234567890 = 19375573910-10
-1234567890 = 2846648290-10

   (   ) 
   -   .

-
b = 2i (i -  ).  - {0, 1, 2, 3}.  
          0, 1, 2  3,

   ,    ,  .
, i2

1
4
3 77  = 11210.312i.

  
 b=i-1,  0  1.    

 .

  
  b=3, : 0, 1, 1 = -1.    -

 :
       -   1  -1;

       ;
       

 .
: 8 = 101, -33 = 1110, 1/2 = 0.1111…

    
 .     

    
cn n! + cn-1 (n-1)! +…+ c2 2! + c1, 0  ck  k.

   :
3  2  9  22  57  492 ;
10  6  3 2

1  (12  = 1 , 20 -
 = 1 ).
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7.   

 1.    ?
   ,  . ,    .

"  ,        -
 ,  ,    -

.    ,   ,   -
      .   ,   -  

    C,    A.     -
  B,        :

1)        ; 2)   -
   B    

C (         B),   
   ,    .  -

 A    :  ,    , 
   ,  C     
 ?   ,      -

.   ,       -
 ,         ,  -
 , .      A  B   ,
  ,       -
       .   
   . ,  ,   -
     .     -

    ,     
 .  ,       

  ."

 2.    
     n=2.   

     ,   -
    .

 3.    
         :

1) - ; 2) - ; 3) - ; 4) - .
        ,   -

,      ;      
 ,  -   ,      -

.  ,   1)  2)     -

.      ,    ,   
3)  4) .     ,   -
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     :      -
    .

 ,     ,  
  .

 4.    
  ,  B  C       

,   B  C. , B  C    -
   :    ,   - .   A

 ,      . , A    -
,       .   , 
 A  ,    ,     A, B  C -

  ,   .   A,  ,   
   . ,    A

   : "    ". , B  -
  A,    ,  B - ,  C - .

 5.  
    .  , -

    , ,   ,
      .  , -

    ,   .  
,   ,    -

  .      ,    
  ,   .  , -  

 ,    .   
  ,      
. ,   .  , -

,     ,     -
 . ,   ,     

  , ,   
 ,   . ,   -

   .
    ,      

  .        -
 .      ?

          
    ? ,   -
    .     

  ,      -  . 
     ,  , -

   ,  ,    
 .         .
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       ,   -
           

,           -
  ( ,    ).   

 ,      -
  (       

),         -
  .

         -
.

. .  ("   "):
"      ,     -

.      –  –    -
    ,   -

    .     -
  , ,       -

 .
     ,   –

       . 
       . -

, ,       -
   "

   ("  "):
  –     ,   -

 .        -
,        

.     –       .
  –        -

 "

. .  ("   "):
"       :

-    ,    ,   
    –  ?

-   , -   . –   -
     .

-   –    ,  .     ,   -
,   ?

-   .      ,    ,
     .

 ,    ,     
    .
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-   , ,    ,     -
 ?

-   , -   . –    -
-  ,  –  ,   – 
!

-    –  ?
- ! –   . –     -

!"

 6.  
    3:     

 ,      .

 7.       ?
  ,     ,   

 .       ,    -
   .    ,     -
.      ,   -

  .      ,   -
  ,   ,      . -

       ,   -
,          -

    .

 8.    
 ,    ,   ,

        .   
          -

, , ,      .

 9. ,    
  ,  A    ,   -

      . , A-  ,
  .     B.

, B -  ,   .  B   
  (   A -  ),  B - -

,  C - .       ,     -
 (     -   ),     -

. , A     . , A
- .  ,     B ,   
B     (     ,  

 -  A). , A - ,  B -  . 
 ,  C - .
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 10.   A, B, C  D
  A, B, C  D   "A  -

", "B ", "C "  "D ".   
:

1) A B;
2) B ( A C);
3) D (A& C);
4) D A.

,  D ,   3) ,  A   C . 
1) ,  B ,   2) A C   -

 ,     A   C. -
,     .  D -

.  4)  1) ,  A  B -  .  
2) ,  C .     D - .

  ,      .

 11.    ?
         -

  .        -
 10 ,   ,       -

  1  ,     . (
  :   - 12.00, 12.10, 12.20,…,   - 12.01, 12.11,

12.21,…)    ,   ,   
         (12.00-12.01,

12.10-12.11, 12.20-12.21,…),     ,   , 
         -

 (12.01-12.10, 12.11-12.20, 12.21-12.30,…).    
 1/10,      9/10.

 12.  -  
      " ",  , ,  

 ,    .  ,     
 " ".  ,      ,  

.       ,  -
  ,        . -
,   , ,     . (  ,
,  ,      .)

 13.     
:  , A,   ,  B  :

 , B,   ,  C    .   B  
, , , , A,  .



76

      n    -
  .

 :  (n+1)-  A :     -
,  B, C,…  n-   B    , 

, ,  .

 14.   
   , ,   , -

  .
,       . -   

.  ,        .  ,
    .     ,
   ,      ,   

.    ,     ,  
   :      .

 -   :    
,   ,     .   

  ,    ? - !    
       ,    .  ,

      :  5,  10,
 100 - .  .

 :  ,      -
 .   ,   ? -   

,      .      -
   ,   ,     .  , 

  , ,   ,  .   
! ? - ,     ,     . 

  ?   ,  ,  ,    
.    , ,  ,  -    -

.  ?  ,  ,  ,  , -
,        . -     -
    ,    . -  -

      , ,  .
 ,    .     

:       ,
  . -     .   ,

      .    -   . -
     .  .    

   !     :  
 !   ?    , ,  -

   ,       .
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