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 y(t0) = y0, y  (t0)= y 0 ,… y(n-1)(t0) =  y0

(n-1),   -
       ( ) y(t)    

 r(t).
 (1.1)       

    .      
–   ,    ,    , 

      . ,  -
 ,     (1.1)  -

y(n) = y(n-1) = …= y  = r(m) =… = r  = 0.

    

F(0,0,…0,yc , 0,…0, rc ) =0,                                   (1.2)

        
rc       yc

yc = f(rc ).                                                           (1.3)
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        .
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a0(t)y(n) + a1(t)y(n-1)  + … + an(t)y +  an+1(t)r(m) + an+2(t)r(m-1) +…+ an+m(t)r =0. (1.4)
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     (    )    -
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a0y(n) + a1y(n-1)  + … + any +  an+1r(m) + …+ an+m+1 r =0.

    ,   
        ,    

 –   .  

a0y(n) + a1y(n-1)  + … + any = b0r(m) + b1 r(m-1)  + … + bmr,                 (1.5)

bi = - an+i+1 (0  i  m ).
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a0 y(n) + a1 y(n-1)  + … + an y = b0 r(m) + b1 r(m-1)  + … + bm r.             (1.7)

 (1.7)     ,   (1.5),   -
  y = y(t) – y   r = r(t) - r .

  (1.7)     ,   -
  (1.1),     .

- ,  (1.7) ,    
,       .
- ,     (1.7)  -
   ,      -

 .    -
.   ,    , -

  .
- ,  (1.7)   ,  
 .        -
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, , -  (   ),   (1.7) .

   (1.7)  (1.5) ,   
   , , (1.5) ,    -

     .
 (1.5) .       -

    ,  
  ,   .   i –  

    si  (i = 0,1,2,…),  s0 = 1 -
  .   (1.5)  -
   

a0sny +…+ any = b0sm r  + … + bmr .                                (1.8)

     , 
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  (1.9).

1.2     

,   r(t) ,   
(1.8)    f(t),    -

,    (1.8)  
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    (1.11)    -
    (1.12)    ( -
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   (1.12), :

(a0sn +  … + an) st = 0.
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 s  ,    ,    -
.
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   y (t)    -
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.
      

,   f(t)     -
 . f(t)      
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,    .    
,   y (t)    -

 f(t)   ,     
     . 
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   ,    -

   t.
  ,   f(t)      
-   y0(t)   , 

      t  -
   y (t).   ,  

f(t)   tn.    -  f(t)
    ( ,

m),    y (t)   tm.
        -

f(t)    ,        
 .         

 ,  ai   (1.11)  
.

      
     , , 
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  ,      
  :

                                            ( 0s + a1)y = f(t).                (1.18)
   

                                                  ( 0s + a1)y = 0                  (1.19)
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u -   .   (1.20)  

(1.18), 
),()( tfuyayuyua 11110
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                                          (a0s2 + a1s+a2)y = f(t).     (1.22)

  
                                           (a0s2 + a1s+a2)y =0  (1.23)

   y0 = c1y1+ c2y2.    

                                                     y = u1y1 + u2y2, (1.24)
     ( ) u1 u2, , -
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  . , , :yH
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 u1  u2        (1.24).

    n –    (1.11).
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n
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ii0 ,ycy      

   

.yu...yuyu)t(y nn2211H                                   (1.28)
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1
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 Vni(t) – ni -  e   .
 (1.29)   ,   y1,y2,…yn  -  -

   .
  (1.29),     (1.28) 

  yH.

1.3.3    

      -
      .   

   n –    
   y(t)    n-1 

 t = t0+. t0+ ,   y(t)  -
     t0 .    -

t0=0.      ,   
   t = t0 .   ,   -

           , 
  yH(t) .

      .  
n –    (1.11)  , 

.0
dt

yd...
dt
dy)t(y

0tt1n

1n

0tt0                              (1.30)

         
   ,    -

 (1.30).
, , ,   . -

  (1.20)  (1.21)  
t

0t 10
101 .d

)(ya
)(f)t(y))t(u)t(u)(t(y)t(y                   (1.31)

   (1.31)   ,  
       .
  (1.31) , y(t0)=0.

n = 2   (1.24)  (1.27):
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          (1.32)

   , y(t0)=0.    
(1.32):

.)()()()())()()(())()()(()( 221102220111 tutytutytututytututyty

   (1.25)  , , -
 .0)t(y 0

   n –      -
   (1.28)  (1.29) 

n

1i

t

0t 0

ni
i

0nnn0111

).(d)(f
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[-T/2, T/2],       ,  
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 ,     ,    
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1n
nn

0 nt
T
2sinbnt

T
2cosa

2
a

T
2)t(f          (1.33)

2
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T

2
T

2
T

n0 ,ntdt
T
2cos)t(fa,dt)t(fa
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2sin)t(fb .
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eexsin,
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  n  

.)(

2sin)(
2cos)(2

2

2

2

2

2

2

2

T

T

nt
T

j

T

T

T

T
nn

dtetf

ntdt
T

tfjntdt
T

tfjban
T

jF

(1.35)

,    = (2 /T)n,  (1.34)   (1.35) -

,
2

)(
2

)(2sin2cos tjtj
nn ejFejFnt

T
bnt

T
a

 ,   (1.33)   :

,e)j(F
T
1)t(f tj                                 (1.36)

 = 0,  2 /T,  (2 /T)2 …(2 /T)n…
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  (1.36)  (1.35)   F(j )
    .   -

.   F(j )     -
 (t).    (   

 ).   F(j )  -
   ,   –   

 .
        -

 - .
  -  .   f(t)   -

( ,b),   

0tdtsin)f(t),0tdtcos)t(f
b

a

b

a
.

  -      .
 1.     

     n.
 2.       t   

        (
).
 (1.36)       ,

      T .  
      = n+1 - n  = 2 /T

    T . ,   T
      ,   -

  .
T   (1.36) ,      

 = 2 /T:

.e)j(F
2
1)t(f tj

0
lim                           (1.37)

  ,    (1.37)  

,de)j(F
2
1)t(f tj                                (1.38)

  (1.35)  

.dte)t(f)j(F tj                                     (1.39)

 (1.39)  (1.38)     -
  .
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  ,      (1.38)
    .

,     ,   
 .     ,  -

  ,   .
 ,    (1.39)  

 f(t) ,    :

.dt)t(f                                             (1.40)

    (1.38)  
   - F(j ).
    (1.38)  (1.39)    

   . 

0

0

.cos)(2)(

,cos)(1)(
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 -  .

0
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   f(t) g(t).  
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1 22
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 (1.40)         .
  ,    (1.38), (1.39) 
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 (1.40)     (t),     -
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,   (1.41) -
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 F(s) = F(c + j )     -
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de)jc(F
2
1e)t(f)t(f tjct

1 .

       e t/j  
 c + j  = s, 

.dse)s(F
j2
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  (1.42)     , -
        . 

   F(s).  , -
  ,    . -

      
F(s) = L{ (t)},
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 (1.42)  , , , -
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   ,    -
   ,   , -

   2 j,  

),(Re2)(
1

i

n

i
FsjdssF

 i – F( ),   , n –   ,  -
    .

     
 (1.42),      
    .
     , s = j    

(1.42)  (1.41)     
 (    ,   (1.38) 

(1.39).
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:
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2121 ,dte)t(f)t(f)t(f)t(fL

2(t)       (1.42).
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            f1(t),  f2(t)    -
     s   -

 ,   ,     -
f1(t),  f2(t),    ;    (1.54''). 

      c   -
2 , . .   > 2.     -

   , Re(s- ) > 1 Re  < Re s - 1. -
      (1.54').

1.5.3     

  ,    -
,        -

  (     ) -
 .      (1.8)

          -
.   

),s(R)s(B)s(M)s(Y)s(A (1.55)
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o asasasaA(s)                   (1.56)
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,bsbsbsbB(s) m1-m
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o (1.58)
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(1.59)
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).s(W)s(R)s(W
)s(A
)s(M)s(R

)s(A
)s(B)s(Y H            (1.60)

         -
 (1.60),      (1.58)  (1.59),  .  

    ,  
(1.60),   :   W(s) 

     Y(s)   R(s) 
  :

.
)s(A
)s(B

)s(R
)s(Y)s(W

                                   (1.61)

W(s)  WH(s)   ,  -
       . 

  (1.60)       , 
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0

tdrtwty
t

Hw                                (1.62)

 ,      (1.8), 
n  ,     

y(t)  n-1 .     -
  ,      (1.15)

0)s(A .
1.    (1.15)   :

).ss)...(ss)(ss(a)s(A n210 (1.63)
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H
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)!1mn()!2n()!1n(
1)t(w tbtbtb
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d
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1k
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ki

H
tdew                                (1.68)

  (1.8)   

.
)!1k(
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)(r)t(y

n
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t
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      .
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2
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 A , B , C , D , E , D  , E –  , A' , B' ,
C ', D ', E ' D ' , E ' –     .

      -
,       (1.64), (1.66), (1.68), 

      , 
w(t)  wH(t).   w(t)  wH(t)  -

 (1.62)      
(1.8).

 y(t)    ,   -
    ,  ,   

  R(s)  -  :

)s(P
)s(N)s(R ,                                (1.71)

 N(s)   P(s) –   .     
        

(1.62).   (1.71)   (1.60), 

)s(A
)s(M

)s(D
)s(N)s(B

)s(A
)s(M

)s(P
)s(N

)s(A
)s(B)s(Y .

        
       (1.70),    -

         
y(t).
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1.6    

1.6.1     
         

 (1.38)  (1.42)      -

c
d),t(k)(Y)t(y ,                          (1.72)

        -   + ,   -
  –      ,  -
 (1.72) ; ),t(k     

,   y(t),   Y( ) -
     , 

y(t).
  

2),t(k e tj

 -  < t < + ,   –  ,    (1.38)
   y(t)   -

.    
j2),t(k e tj

o<t< (    ).
  (1.72)  ,    Y( ) 

 y(t).   (1.72) ,  -
, Y( )    :

dt)t,(k)t(y)(Y 1 ,                             (1.73)

 
)t,(k 1

    
)t,(k  .

   )t,(k 1  )t,(k    -
,   - . , -
   (1.73) )t()t(y , 

).,(kdt)t,(k)t()(Y 11

     (1.72), 



34

.d),t(k),(k)t(
c

1                           (1.74)

 (1.74)   )t,(k 1   

)t,(k .
,     

)t,(k 1  e t  t>0   0t (   -
  (1.41)   (1.73)).

 (1.73)     -
y(t)   .   )t,(k 1 ,  -

  .

1.6.2  

   

o

1s dtt)t(f)s(F ,                               (1.75)

jc

jc

sdst)s(F
j2

1)t(f ,                        (1.76)

jwcs .
        ,

 ,    ,    
 , ,   ,  -

 .
,       

  

.d)t(g)(fdtt)s(G)s(F
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       :

0

j

j
dt)t(g)t(fds)s1(G)s(F
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1

,

0

j

j
dt)

t
1(g)t(fds)s(G)s(F

j2
1
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       -
       , 

 ,    ,  
  .

1.6.3  

      -
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0
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2
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       -
 .

  –     -
 ,      
 .    –  ,

 ,  .

1.6.4  

  f(t)   

0
,d)tsin)(btcos)(a()t(f                 (1.79)

tdtcos)t(f1)(a ,

tdtsin)t(f1)(b .

0 0
d)(ftsind1dtsin)(atcos)(b)t(g .  (1.80)

     (1.80)   
       (1.79) a  b  b  

a .  (1.80) 

.)()(cos11

)()(cos11)()sin(1)(

0

0

lim

lim

dtftfl

df
t

tldftdtg

l

l

l

lim
l

   - ,  

0

)()(1)( dtftftg .                                   (1.81)

    f(t)

.d)t(g)t(g1)t(f
0

(1.82)
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 (1.81)  (1.82)  :

,dt
t

)tx(f)tx(f1dt
xt
)t(f.P.V1)x(g lim

0

,dt
t

)tx(g)tx(g1dt
xt
)t(g.P.V1)x(f lim

0

  V.P.       .  -
       .

1.6.5  

   

0

t
n

* ,dte)t(L)t(f)n(f)t(fT

(n=0,1,2,…),      (1.83)
Ln(t)   n-  ,  

).et(
dt
d

!n
e)t(L tn

n

nt

n

      

0n
n

* ).t(L)n(f)t(f                                  (1.84)

      -
  

x +nx =0,

x(t) = tx"(t) + (1-t) x'(t).

    x  -
  

T x(t)  = - nx*(n), (n=0,1,2,…).
        

     x.
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2     

    ,  r(t) y(t),    
  ,       -

.     ,    -
,     ,  t = kT, k N0.

        
  =1,   r(k) y(k)   , -

    k.

1.6     

   :

                                           {y(k)}=y(k+1) .                                                    (2.1)
       

n{y(k)}=y(k+n) ,                                                        (2.2)
n  N0.

             

y(k) = y(k+1) – y(k) .                                                    (2.3)
,   (2.3),    -

 ,         -
y(k),        ,

 

 y(k) = y(k) – y(k-1)
     y(k).

 (2.3)   (2.1)    

y(k) = (E-1) y(k),
    

 =  –1.                                                        (2.4)
 ,        

 :

2y(k) = ( y(k)) = y(k+2) – 2y(k+1) + y(k),
3y(k) = ( 2y(k)) = y(k+3) – 3y(k+2) + 3y(k+1)-y(k)
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,   ,

),rnk(y
r
n

)1()k(y
n

0r

rn
                       (2.5)

 
r
n    .   

(2.2)  (2.4)   (2.5) 

.)k(yE
r
n

)1()k(y)1E()k(y
n

0r

rnrnn

    ,  
  , ,  :

(  y(k)) = c y(k),
m(y(k)+x(k)) = m y(k) + mx(k),
n my(k) = m ny(k) = n+my(k),

 – , m n –   .
 ,     

   s = d/dt  
.      , 

   (t)

.
T

)t(f)Tt(f
dt

)t(df
0T

lim
 (t)      

t =kT (k N0),        

E (t) = (t+T)    (t) = (t+T)- (t).
 

T
)t(f

dt
)t(df

lim
0T

  m -  

.
T

)t(f
dt

)t(fd
m

m

0T
m

m

lim

   ,  (   )
 .
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(y(k) · x(k)) = y(k) · x(k) + y(k) · x(k) + y(k) ·x(k),

.
)1k(z)k(z

)k(z)k(y)k(y)k(z
)k(z
)k(y

    
 .    -

    .  -
m =     

(k)(m) = k(k-1)(k-2)…(k-m+1),                                   (2.6)

m –   .
   , 

                           (k)(m) = m(k)(m-1) = mk(k-1)…(k-m+2) .                      (2.7)

   ,   -
s -1, 

t

t

1

0
,Kd)(fcdt)t(f))t(f(s                   (2.8)

 K –  .  t0,  ,
        

(      ). t0 -
   ,  :

.dt)t(fKc
0tt

y(t) = s-1(f(t))
  

s y(t) = f(t).
,   

s·s -1f(t) = f(t).

   -1    ,  -

y(k) =  -1f(k),
  

y(k) = f(k),                                           (2.9)
,   
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-1f(k) = f(k).                                        (2.10)
 

),k(f)K)0(f

...)1k(f()K)0(f...)1k(f)k(f(K)n(f
1k

0n

  ,   (2.9)  (2.10), 
:

1k

0n

1 .K)n(f)k(f                                  (2.11)

 (2.11),   ,  

kn1kn
1 ,c)1n(fc)n(f)k(f             (2.12)

     n.  
  (2.12)  ,      

f(0), f(1), f(2) …   (2.11)   K 
  .  ,   
 (2.12)   t0   (2.8)   -

        -
.

   ,     -
  ,    ,  -1  -

  ,  -1f(k)   
(2.12)  ,    k.  

-1f(k)    .   
(    )   . -

   ,    
(    ),   ,

      . .
          

.         
 .

      (2.7)
     (2.12)

.K)k(
1m

1K)mk)...(1k(k
1m

1

)1mn(...)1n(n))1mk)...(1k(k()k(

)1m(

1kn
1)m(1
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   ,    ,   -

 .

2.2    

   ,  y(k)  
r(k)    , 

      a0y(k+n) + a1y(k+n-1) +… an-1y(k+1) + any(k) =
                              = b0r(k+m) +…+ bm-1r(k+1) + bmr(k)  .                      (2.13)

   (2.13)     :

             ( 0
n + 1

n-1 +…+ n-1  + cn)y(k) = (d0
m +…+ dm)r(k) .          (2.14)

       ,    -
  (2.1) – (2.5).  (2.14) -     -

 (1.5),   (2.13)  ,     -
.

     (2.13)  (2.14)  
y r,        k,   -

  .
  E,  (2.13)   

              (a0En + a1En-1 +…+ an)y(k) = (b0Em +…+ bm)r(k).                     (2.15)

 r(k)  ,    (2.13)
     F(k).  -

       

A(E)y(k) = B(E)r(k) = F(k)                                    (2.16)

                              (a0En + a1En-1 +…+ an)y(k) = F(k).                            (2.17)

   ,   
   .    

 – ,      ,  -
, ,   .

 (2.15), 0  0 n  0,   
n-  . n= 0, n-1  0 0  0 ,   (n-1) –

.       ,  -
        -
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.   , ,   (2.14), -
       . 

(2.15)    ,    -
 

                                    (a0En +…+ an)y(k) = 0 .                                         (2.18)

 ,  ,   .
 (2.13)   y(k+n)

                 y(k+n) = -1/a0(a1y(k+n-1) -…- any(k)) + F(k) .                     (2.19)

  (0)  (n-1) (   ) (k)
    k  n   -

  (2.19).
 ,     , y(k) 

       k. 
     ,  

(2.19),      .
  n-   n 

 . 0  0 n  0,    -
 (2.18)   y1(k), y2(k), …yn(k).   ( -

  )    

.0

yE...yE
....

Ey...EyEy
y...yy

)k(C

n
1n

1
1n

n21

n21

                       (2.20)

(k)   .
  (2.18) ,      

  yi(k),     
(2.18)   

                                    y0(k) = c1y1(k) + c2y2(k) +…+ cnyn(k) ,                         (2.21)

ci – ,   k.
    (2.15),     -

 ,     y0(k) -
  (2.18)   yH(k),   

(2.15)
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y(k) = y0(k) + y (k).                                           (2.22)

   y (k)    ,   -
 (2.22) n  ,   

 y(0), y(1) … y(n-1).
  (2.15)     
   

y(k) = euk,

u –   ,  . 
  z = eu      

                                                               y(k) = zk .                                             (2.23)

  (2.23)  (2.15)   

mzk = zmzk,

  

0zn + a1zn-1 +…+ an-1z +an = 0 .                         (2.24)

       
z1, z2,… zn,    (2.15)  

y0(k) = c1z1
k + c2z2

k +…+ cnzn
k .                                  (2.25)

 ,   zi   yi = zi
k -

  (2.20) , , .  , ,
z1  m,    , -
  , 

y01(k) = c1z1
k + c2 k z1

k + c3 k2 z1
k +…+cmkm-1z1

k.

     (2.24)   -
      .

     
 .

      
 (2.24). n= 0, n-1  0 0  0   (2.18),  -
      .     

   n-1,   
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 n,         -
.        .

  ,    , -
  y (k)   (2.17),

        ,     -
 :     

.
      , 

      
F(k)       . 

   , F(k)   , -
,   ,   

  .      
 F(k), F(k+1), F(k+2),…,   

    .  -
   ,    -

  (2.17)   k.
 F(k), F(k+1),…    ,   -

   y0(k),     .
   yH(k),     -

    y0(k),  k 
  ,    .

    ,   -
 yH(k)   F(k),   y0(k).

       

( 0  + a1)y(k) = F(k).                                 (2.26)
     

y0(k) = cy1(k).

    
                                         yH(k) = (k) y1(k).                                         (2.27)

  (2.27)  (2.26) 
a0 (k+1) y1(k+1) + a1 (k) y1(k) = F(k).

        
a0 (k) y1(k+1):

a0[ (k+1) y1(k+1) - (k) y1(k+1)] + (k)[a1 y1(k+1) + a0y1(k)]  = F(k).
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     y1(k+1) (k),   
   ,  y1(k)   

. :
a0 (k) y1(k+1) = F(k),

    (2.12) 

.
)n(ya
)1n(F

)1k(ya
)k(F)k(

kn

1111

1                  (2.28)

     

                                    ( 0
2 + a1  + a2)y(k) = F(k).                                 (2.29)

      
y0(k) = c1y1(k) + c2y2(k).

   (2.29)   

y (k) = 1(k)y1(k) + 2(k)y2(k) .                               (2.30)

    1, 2   -
.      ,   (2.30)

   (2.29),     -
,  ,   y (k+1) y (k+2);  

                                 y1(k+1) 1(k) + y2(k+1) 2(k) =0 .                        (2.31)

, i(k+1) = i(k) + i(k),   (2.30)  (  -
  (2.31)):

Ey (k) = y1(k+1)( 1(k) + 1(k)) + y2(k+1)( 2(k) + 2(k)) =
= y1(k+1) 1(k) + y2(k+1) 2(k)

E2y (k) = y1(k+2)( 1(k) + 1(k)) + y2(k+2)( 2(k) + 2(k)).

      (2.29)  -
   



48

0[y1(k+2) 1(k)+ y2(k+2) 2(k)] + 1(k)[a0 y1(k+2)+ a1 y1(k+1)+
+ a2 y1(k)]+ 2(k)[a0 y2(k+2)+ a1 y2(k+1)+ a2 y2(k)] = F(k).

y1(k) y2(k)    
,     

                     y1(k+2) 1(k)+ y2(k+2) 2(k) = F(k)/a0.                     (2.32)

     (2.32)  (2.31) 
1(k)  2(k)

,
))1k(y)2k(y)2k(y)1k(y(a

)k(F)1k(y)k(
21210

2
1

,
))1k(y)2k(y)2k(y)1k(y(a

)k(F)1k(y)k(
21210

1
2

   1(k) 2(k):

,
))n(y)1n(y)1n(y)n(y(a

)1n(F)n(y
)k(

21210

2
kn

1

.
))n(y)1n(y)1n(y)n(y(a

)1n(F)n(y
)k(

21210

1
kn

2     (2.33)

   (2.33)   ,  y1(k)  y2(k) – 
  ,   ,   

(2.20).
        

   (2.17).
       (2.21).  -

    

                                     yH (k) = 1(k)y1(k) +…+ n(k)yn(k) .                     (2.34)
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  ,   i(k), -    -
   (2.17),  n-1   -

,   (2.31):

y1 (k+1) 1(k) + y2(k+1) 2(k) +…+ yn(k+1) n(k) = 0;

y1 (k+2) 1(k) + y2(k+2) 2(k) +…+ yn(k+2) n(k) = 0;
.
.
.

                 y1 (k+n-1) 1(k) + …+ yn(k+n-1) n(k) = 0.                         (2.35)

  (2.34)   (2.17)   (2.35), 
   

        y1 (k+n) 1(k) + y2(k+n) 2(k) +…+ yn(k+n) n(k) = F(k)/a0.    (2.36)

  n  (2.35)  (2.36), 

,
)1(

)()1(
)(

0 kCa
kFkCk ni

i

,
)(

)1()(
)(

0 nCa
nFnCk ni

kn

i                              (2.37)

(k) –  , ni(k) –  
ni –  .   (2.20) , (k)    , 
y1(k)  yn(k) -      .

 (2.37)     y (k)   y0(k)
   F(k),    

           (2.37) .
        -
    ,   , 

   .   ,  -
      .

   (2.15)  (2.16)  y(k):

).k(r
a...EaEa
b...EbEb)k(r

)E(A
)E(B)k(y

n
1n

1
n

0

m
1m

1
m

0            (2.38)
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1      z.
  ,   (2.15), 

 B(z)  A(z):
2

3 .
)z(A
)z(B)z(W                                            (2.39)

      -
   (   – «  

», «   »).   
       z  -

.

2.3   

      -
 .       

  ,  ,    f(kT)
  ,      (   
 –   )  .    

 ,  f(kT) ,  -
  .    ,    
t = kT   – ,    

  .     k,   
f,   

),kTt()kT(f)t(f
k

*                               (2.40)

   « »   -
     ,   -

  ,   f(kT).    -
       f(t), -

    (2.40)

k
T

k

* ),t()t(f)kTt()t(f)kTt()t(f)t(f       (2.41)

 (t)    – .
  (2.41)      -

  ,     .
    f(t)  -
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    f*(t),  
f(t):

.)t(fL)t(fL)s(F ***                          (2.42)
     ,    

        
  .

 (2.42)    (2.41) 

.dt)kTt()kT(fedt)t(fe)t(fL)s(F
0k0

st*

0

st**

       
 , 

.e)kT(fdt)kTt(e)kT(f)s(F skT

0k0

st

0k

*               (2.43)

  (2.43)  – ,     -
    .

      -
   f(t)     

.
   (2.41)  (2.42).

.)t()t(fL)t(fL)s(F T
**

       -
     ( .  (1.54));  , 

.edt)kTt(e)t(L skT

0k0k0

st
T

       |e-sT| < 1, . . 
Re s>0     1/1-e-Ts (   ).

 , 

.
1

1)(
2
1)()()( )(

* d
e

F
j

ttfLsF sT

jc

jc
T               (2.44)

   (2.44)   (1.54),   
F1(s), F2(s)  1/1-e-Ts F(s),   -
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  (1.54')  (1.54''), ,   
F(s)     .   

(t) ,   - ,  ,  -
, ,    (2.44) , 

Re s > c.   (2.44) ,    -
    ,      -

 .
  (2.44) ,    -

 (  ),       
,    ,   -

      .   -
   .   ,   

        -
(R  - )   (R  + ),     2.1. 

   1, 2.

3.1.1  2.1

   ( 1) 

,
1

)(
)(

1
)(

*

i
i

n

i
sT
i

e
FsResF                                  (2.45)

i –  F(s),    1  
.

4     

 -j

 +j

21
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,
e1

1sRe)(F)s(F
n

k
)ks(Tk

*                (2.46)

 –  )(_1
1

sTe
,   “ ”  , 

  2    .
   (2.46)  

,)( 0e1 sT

 ,k
T
2jsk k = 0, 1, 2, … .

   ,   , Re  s >c,  -
  2.

       

,
T
1

)e1(
d
d

1
e1

1sRe

k

)s(T

k

)s(T            (2.47)

5   (2.47)  (2.46) 

k
s

* ),kjs(F
T
1)s(F                               (2.48)

s = 2 /T  -    t=kT.
   (2.45)  (2.48)   

          -
     (2.44).

 (2.43)  (2.48)      -
 ,   (2.45) –  ,    

 .      -
    F*(s) . ,

   j s.   , , -
  (2.48).  s s+jn s  

(2.48), n –  :
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),s(F)mjs(F
T
1

))nk(js(F
T
1)njkjs(F

T
1)jns(F

*
s

m

s
k

ss
k

s
*

m = k+n.
        (2.43):

),s(Fe)kT(f

ee)kT(fe)kT(f)jns(F

*

0k

skT

0k

nk2jskTkT)njs(

0k
s

* s

 s = 2 /T,     - 2 jm, m = nk –  ,
 .

2.4 Z - 

2.4.1  Z  - 

      , -
       

  , :     s (
    (2.43)  (2.45)   –   (2.48)).  

     -  -
s,   e-Ts       

   .    -
F*(s)    ,    -  -

    .    -
 : 

lnz,
T
1  sez Ts                                               (2.49)

(     z = e-Ts   ).
  (2.49) , z –   , -
      

,TsinezIm
,TcosezRe

T

T



55

s =  + j .
 , z -    f(t)

        
(2.49):

zln
T
1s

*

zln
T
1s

* )t(fL)s(F)t(fZ)z(F             (2.50)

  (2.50) , z -   
 ,   .

 z -     (2.43),
(2.45)  (2.48),      (2.49)  -

,z)kT(f)z(F
0k

k                                  (2.51)

,
1

)(
)(

1
1

i
i

n

i
T

i

ez
FsRezF                           (2.52)

.)kjs(F
T
1)z(F

k
zln

T
1ss                        (2.53)

  f(t) f(kT),   (2.51). -
 ,         -

,   ,  z -    -
,  (2.51)  .

 ,      f(t), 
z -     (2.52).

, ,  (2.53)     -
       .

2.4.2  Z - 

 ,   F(s)    
   – f(t) ( .  (1.42)). z - -

 z -    ,  ,
z -   f(t) F(z) ,  z  -

,  F(z) ,   f(t).  
 z  -  f(kt).    -

       z - .
   z -     -

   .
1.     .    

        -
 .
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 ,       

,
ss

A...
ss

A
ss

A)s(F
n

n

2

2

1

1                            (2.54)

si –   , Ai  -    .
  -     (1.64)   -

.
z -     -  

 (2.54).   z -    A/z-a  -
 (        -

      -
,    ).

 ,   z  -  Az/z-e-aT  
A e-akT, ,      F(z)/z, 

       z.   
          

.
  - ,   z=0,   
     z,  
      .     -

z -   .
F(z)    

,
zz

A
...

zz
A

zz
A

)z(F
n

n

2

2

1

1

    

....)()(
n

n

2

2

1

1
1 zz

zA
zz
zA

zz
zAzzFzF

     f1(kT) , -
, f(kT):

.T)1k(f)z(FzZ)z(FZ)kT(f 11
111           (2.55)

    (2.55)    -
z - , f(kT)  0  k<0.

2.     .  z - -
 (  (2.51)) ,  z -   

   F(z)     z-1:
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....z)kT(f...z)T2(fz)T(f)0(f)z(F .k21     (2.56)

f(kT)       -
.  (2.56)        -

   z .   (z)  ,
 F(z) z 1/z,    (2.56) , 

...)(...)2()()0()( .2 kzkTfzTfzTffz

        , -
,

k

k

dz
)0(d

!k
1)kT(f .

       
  ,  z - ,  , -

 z.  (z),    
     .    -

 F(z),       -
 z -1.

           ,   (kT)
   t  = kT.      -

    k –     .
    3. ,     .   -

 z  -     , -
     (1.42).

            (1.42):

jc

jc

st ,dse)s(F
j2

1)t(f

 –   , ,   
F(s)      .

       ,        -
(kT),  t = kT       -

  :

...,
2
3

2
1,

2
1

2
1,

2
1

2
3... ssssss

   (n-1/2) s <  < (n+1/2) s , n = 0,  1,  2, … .
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5.1.1.1.1        
)

2
1(

)
2
1(

.)(
2
1)(

njc

njc

kTs

n

s

s

dsesF
j

tf

            -
      s  

s+jn s.

2
sjc

2
sjc

TsjnkkTs
s

n
.dsee)jns(F

j2
1)t(f

      (2.48)   ej2 nk = 1, 

2
sjc

2
sjc

kTs* .dse)s(F
j2

T)t(f

      F*(s)   z  - -
   (2.49).

,
z

dz
T
1ds        -

  z = esT =  ecT  ej T,
22

ss     -

e cT ,   ,       -
s,     z ,   

,)(
2
1)( 1dzzzF

j
tf k                                 (2.57)

  -  e cT .  F(s)      -
     ,     

 (2.57)    .

2.4.3 z - 

z  -    
      . 
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    .   
     z - .

 .   F(z)  , 
f(t)    t =kT (k =0, 1,…).

 .        z -
,        t = kT (k =0, 1,

2,…).

 

),z(F)z(F)t(f)t(fZ 2121                 (2.58)

)()( zFctfcZ                              (2.59)
– .

     

).()( zFznTtfZ n                        (2.60)

.))()(()(
1

0

n

k

kn zkTfzFznTtfZ            (2.61)

  (2.60).   

.z)T)nk((fzz)nTkT(f)nTt(fZ
0k 0k

)nk(nk

   m = k-n.  

nm 0m

nmnmn ).z(Fzz)mT(fzz)mT(fz)nTt(fZ

  , f(t)  0  t<0,  z- -
         -
.

  (2.61):

.)(

))(()()(
0 0

)(

m

nm

n

k k

nknk

zmTfz

zTnkfzznTkTfnTtfZ
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       n  
,    z – ,    

.     (2.61)

.z)mT(f)z(Fz

z)mT(fz)mT(fz)mT(fz)nTt(fZ

m
1n

0m

n

m
1n

0m

m
1n

0m

m

nm

n

     
).ze(F)t(feZ aTat                                (2.62)

   

)z(Flim)t(flim
z0t

                                     (2.63)

 ,   .
,  

0k

21k ....z)T2(fz)T(f)0(fz)kT(f)z(F

         z :

).t(flim)0(f)z(Flim
0tz

   

)()1(lim)(lim 1

1
zFztf

zt
(2.64)

 , (1-z-1)F(z)     -
 z =1   ,   .
6         

n

0k

n1k z)nT(f...z)T(f)0(fz)kT(f (2.65)

.z)kT(fz

z)T)1n((f...z)T(fz)0(fz)T)1k((f

1n

0k

k1

n

0k

n21k

(2.66)

   (2.65)  (2.66)     z 1:
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n

0k

1n

0k

n

0k

1n

0k

k1k

1z
).nT(f)kT(f)kT(fz)kT(fzz)kT(flim

      n

.z)kT(fzz)kT(flimlim)nT(flim
n

0k

1n

0k

k1k

1znn

7       , 

8
n

0k

1n

0k

k

n

k

n
),z(Fz)kT(flimz)kT(flim

   (2.63)

).z(F)z1(lim)nT(flim)t(flim 1

1znt

9    (1-z-1)F(z)  
         (2.64).

            

.
a

)a,z(F
a

)a,t(fZ                              (2.67)

9.1      

.)nTkT(f)nT(fZ)z(F)z(F
k

0n
2121 (2.68)

  

0k

k

0n

k
21

k

0n
21 .z)nTkT(f)nT(f)nTkT(f)nT(fZ

n > k, f2((k-n)T)  0,      
     .    
 m = k-n :

nm 0n

nm
21

k

0n
21 .z)mT(f)nT(f)nTkT(f)nT(fZ



62

10 f2(mT)  0   m     
    .      

   (2.68)

0m 0n
21

n
1

m
2

0m 0n

nm
21

k

0n
21

).z(F)z(Fz)nT(fz)mT(f

z)mT(f)nT(f)nTkT(f)nT(fZ

      .

,)()(
2
1)()(

1
21

21 dzFF
j

tftfZ               (2.69)

 – ,   

,,,maxz,
z

2121
2

1                  (2.70)

1 2 –   F1( ) F2( ).
11     (2.69)   

.z)kT(f)kT(f)t(f)t(fZ
0k

k
2121                 (2.71)

     , z   
,   1, 2,    

2121 ,,maxz (2.72)

  (2.71) f1(kT)   z -  F1(z)
c   (2.57)

,)(
2
1)( 1

11 dF
j

kTf k                                (2.73)

 – ,     , 
  

 > 1.                                                   (2.74)
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12   (2.71)   (2.73) 

.))(()(
2
1

)()(
2
1)()(

0

1
1

1

0
2

1
121

k

k

k

kk

dzkTfF
j

zkTfdF
j

tftfZ
         (2.75)

     (2.75)    F2(z -1)
 z -1  > 2,

.
z

2

                                                     (2.76)

      (2.69)

.)()(
2
1)()(

1
21

21 dzFF
j

tftfZ

 (2.72), (2.74)  (2.76)     (2.70).

2.5   z - 

    , z - -
.

      (2.13) =1:

a0y(k+n) + a1y(k+n-1)+…+ any(k) = b0r(k+m) + b1r(k+m-1) +…+ bnr(k).

z -        
.       , 

(a0zn + a1zn-1 +…+ an)Y(z)-zn a0y(0)-zn-1[a0y(1) + a1y(0)] - zn-2[a0y(2) + a1y(1)+
+ a2y(0)] -…- z[a0y(n-1) + a1y(n-2) +…+ an-1y(0)] =
(b0zm+ b1zm-1 +…+ bn)R(z)-zm b0r(0)-zm-1[b0r(1) - b1r(0)] -…- z[b0r(m-1) +
+…+ bm-1r(0)].

(2.77)

   Y(z),     -
   y(k).  ,   (2.77)

  y(0)  y(n-1).   n 
( ) ,     -

   .
 (2.77)  ,   

(2.13)     
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.  «   » , 
    t=0   , , 

y(k)=r(k)  0  k < 0.
         -

     ,      
z-1     z,  ,  

 (2.13)   m  n.   
(2.13) k=-n, -(n-1),…-2,-1.     y(k) r(k) k <0, -

a0y(0) = b0r(m-n)
a0y(1)  + a1y(0) = b0r(m-n+1) + b1r(m-n)                     (2.78)

……………………………………………………………………………..
a0y(n-1)  + a1y(n-2)+…+ an-1y(0) = b0r(m-1) + b1r(m-2)+…+ bm-1r(0)

    (2.78)     -
  .

  (2.78)  (2.77)   

(a0zn +a1zn-1 +…+ an Y(z) = (b0zm+ b1zm-1 +…+ bn)R(z),

).z(R)z(W)z(R
a...zaza
b...zbzb)z(

n
1n

1
n

0

m
1m

1
m

0           (2.79)

  (2.79) ,     
       -

 .     

,
a...za
b...zb

)z(R
)z(Y)z(W

n
n

0

m
m

0                               (2.80)

    z -    -
   .   (2.80) 

(2.38), (2.39) ,      -
    .
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3    

       -
 .      

    .     -
     . 

  ,   ,    . 
        . 

       ,  -
     .

3.1       

3.1.1  

 ,    , -
   .     -

        .  -
       -

  , ,   .  -
aij    ,  –   ,  – 

,    . , m   n
,  (m  n)  - ,   m n.

(m  1)   –    –
.

(1  n)   –    – -
.

  –   ,   ,
    ,  .

  –     , 
.

   –  ,    
 .

 –  ,     
 .

 –     
,     

A = AT.
  –    -

, A = -AT.
  A aij = ij + j ij,  -

 = *,  bij = ij - j ij.
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,     ,  -
      ,   

( *) .
= *,   .
= - *,   .

    ,   .
    = ( *) .

  = -( *) ,   
.

3.1.2  

 ( )   (m  n)  
(m  n)  = ,     cij = aij bij.

    A = B      
aij=bij.

       
   .   

=       ,   
       .  -

   (m  n)  (n  p)    

.
1

n

k
kjikij bacC

  (m  n)  (n  m)     , 
  ,       , -

 m = n. ,    =    ,  ,
  .

    ,   -
       ,   .

  k  (   ) ,  
k      .

    -
   ,    :

 = (  ) (3.1)
   ,   =  .

     D
  .     D  - 
  . ,       -

 E       :
 =  = ,
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         -
     .

   ,    – -
   ,  ,    -

,  ,  ,   
,    .

    –  
   .    

 ,       
     .

3.1.3 ,    

      . -
   (n  n)    -

      n  . -
          -

    +  –    ,     -
 (        )  -
    ,     

  .
    .

1.   ,      -
 ( )      

     ( ).
2.        -
  ( ).

3.        -
    ( ).
4.     k ,   -

 -   ( )  k.
5.    ,   -  

( )   k   
 ( ).

    i –   j  ,  -
 n-1      Mij, -

 aij . ,      -
  , .

  aij –   aij, 
 (-1)i+j,    Cij = (-1)i+j  Mij .

  ,     -
  :
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n

1i
ijijCaA   ,   j = {1,2,…n} –    ,

(3.2.)

n

1j
ijijCaA , i ={1,…n}  -    .

  i-   ( )   -
k-   ( ),      -
  . ,   (3.2), 

),(,0
1

ikCa
n

j
ijkj                                   (3.3)

).(,0
1

ikCa
n

j
jijk

 (3.2)  (3.3), 

,Ca ik

n

1j
ijkj A

(3.4)

,Ca ik

n

1j
jijk A

ik –  ,       
  .

     
,       

  .    .
     ij.  -

 ik,     ,  ij,  
qj,     ,  ij.

 qk, ik, qj ij    ,
   .    -
  ,       -

.       ,   -

 2n
ija
1

,     -
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(n-1)-  .   ,   -
  ,      .

 ,      
  ,      -

,  n  4.
   (3.2) (  ),  

  -       -
  

n

i
ijijij

ijij
CCa

aa 1
.A                                (3.5)

3.1.4    

-  , Cij-  ij, 
   ,   

Cji,  

Adj A = [Cji]. (3.6)

 ,   (Adj –    -
  adjust – , , ) -

   ,   ij
 .

  (3.4) , 

[ ij]  [Cij]T= A E.

  (3.6)       -
  1/ A (  A 0), 

.djA E
A

AA                                           (3.7)

  (3.7)     -
-1

.0;djA1 A
A

AA                                      (3.8)

 ,
-1= .            (3.9)
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 ,    

-1  = .                                               (3.10)

,  -1= -1     
   ,        

 (3.9):

A-1(AA-1)=A-1E.

      ,

(A-1A)A-1=A-1,

    (3.10).
,     . A =0, 

A . A 0,   -
.  ,      -
 .
  (3.8) ,      -

    , ,  -
       

.
       -

,     ,  

-1 -1=( )-1.
      

,t
dt

tdtt
dt
d 111 AAAA                       (3.11)

  ,   

.0
dt
dtt

dt
d EAA 1

      .
 –   ,    

,  = .
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  –  ,    -
-1= .

    = (( *) )-1.

 A   

A,AAA                                              (3.12)

,AAAA                                              (3.13)

,AAAA
T

                                        (3.14)

.
T

AAAA                                       (3.15)

    (3.14),(3.15) (     ), 
  .

,       
      .

3.2    

3.2.1    

     (n 1)  –
.

    .
  (   )  x

y  

<x,y> = (x*)T y = x1*y1+x2*y2+…+xn*yn = yT x*. (3.16)

  x y  (3.16)   -
 

<x,y> =
n

1i
ii yx = xTy = yTx = <y,x>.
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,        -
  .

  – (y*)T (1 m)     – x
(n  1),   ,  (n  m)

*
m

*
1

*
m

*
1

*
m

*
2

*
1

y......y
............
y......y
y...yy

nn

22

111

T

xx

xx
xxx

*)( yxyx .

   ,       -
     .

  ,    -
  .

      -
x y,  

.,xxx                                      (3.17)

 ,    (3.17)    -

yxyx   (  )
          yxyx,   (  ).

     

.,cos
yx

yx

x  , 
x
xx .

  ,     -
.

xi, i {1,2,…m}  x1i,  x2i,… xni   -
,      ki …  km (   ki
  ), 
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k1x1 + k2x2 +…+ kmxm= 0. (3.18)

     ,  
 .

    .  
( )     ,  -

  (   ).   -
q,     q (   q).

r      
 .   (n  n),  r = n-q.

   ,  , 
           

   .
      

  ,   m :

.

x...xx
............

x...xx
x...xx

nm2n1n

m22221

m11211

A                                (3.19)

  ,  m (m  n), ,
m,  r < m,  r   . -
m - r       r .

 ,      -
 m      m.

     ,   
 ,  . 

   ,    (3.18). -
  (3.18)  xi, i {1,2,…m}    

 :

k1<x1,x1> + k2<x1,x2> +…+ km<x1,xm> = 0
k1<x2,x1> + k2<x2,x2> +…+ km<x2,xm> = 0

….
k1<xm,x1> + …+ km<xm,xm> = 0.

       ki
(     (3.18)  xi   -
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)    ,     <xi,xj>
 .       

mm1m

m212

m12111

,......,
............
,......,
,...,,

G

xxxx

xxxx
xxxxxx

,    (3.19),

G= AT  A ,                                               (3.20)

,        -
,    (3.20)      .

3.2.2    

     , -
         

.
    .

    ,   -
  .

 ,   n-  , 
n-   Vn.    -

    .  
 .    -
 (      )  -

.
     -

      .
Sn n-   Vn –  -

 Vn,     .  -
 Sn ,  ,  -

    Sn.  ,  -
   ,    

     .
     Vn  -

       :

y=Ax,                                (3.21)
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 – (n n)  .    
   Vn.  (3.21)  -

      ,   Vn
   ,  

 .
   (m n),    

Vn (  )   (3.21)   -
 Vm.   (3.21)  

     .   -
 Vn  ,   

Vn ( ) Vm  ,    xi,  xj Vn  
ai  aj   

T(ai xi+aj xj) = aiT(xi)+ajT(xj).

  (m n)    
m-   – 

A=[a1, a2 … an],

  (3.21)   

y= Ax = x1a1 + x2a2 +…+ xnan,

i –      . -
  ,   , -

 ,    Vm, 
 .     -

     .

3.2.3   

Vn       -
 ,   .  -

 m  .  ,  
  

y = k1x1 + k2x2 + kmxm                                     (3.22)

  .  r    
(3.22)   ,    

 r-   xi, i {1,2,…m}.  ,  -



76

r      ,  
   r  .

     xi n,    
(3.22)      Vn.   n -

     
Vn. n       

.      , 
       

    .  Vn
   ,      -

      -
    ,   . -

    ,  
,        ,    -

.
     -

 n   , 
 – .

  {x1, x2,  …xn}    
   .€€€ n21 y...y,y   -

    xi, , 1= 1. 
    2. 2= 2-ky1, k -

   2  1,     , 
<y1,y2> = <y1,x2> - k<y1,y1> = 0.   

11

21

y,y
x,yk

  

11
2 ,yy

x,yxy 21
2 y1.

     

3 = 3 - k2y2 - k1y1,

k1 k2     <y3,y1>  =  0
<y3,y2> = 0.     

<y1,x3> = k2<y1,y2> + k1<y1,y1> = k1<y1,y1>,
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<y2,x3> = k2<y2,y2> + k1<y2,y1> = k2<y2,y2>,

 

.1
11

31
2

22

32
33 y

y,y
x,yy

y,y
x,yxy

  , j-   

}.n...3,2,1{j,
1j

1i
i

ii

ji
jj y

y,y
x,y

xy

 i,   

.€
i

i
i y

yy

   ,    -
 .    xi, i {1,2,…n}.  -

 ri,  

<ri,xj> = i,j   i,j  {1,2,…n}.                              (3.23)

 ,    xi    
,    (3.23). ri  -

     ,   xi.
,         . -

,   ri,   (3.23), -
     xi.

      ki
 (3.22)    ,     

   xi.
       

(3.22)  ri,    ki:

ki = <ri,y>.
     xi  

 :
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n

1i
,ii xy,ry                                       (3.24)

   <ri,y>     -
 xi.

3.3     

3.3.1  

   (3.21)

= ,

  –  (n  n).
    ,    Vn -

 ,     (3.21)   
,    ,   .   
     

 =  = ,                                      (3.25)

-  ,   .
  i    xi, -

  (3.25),      
(  ). xi,   
(3.25),     , -

  i.
 –   (3.25)     :

[ E - A] x = 0,                                       (3.26)

 –   .   -
 (3.26)       ,  -

    :

E - A  = 0,                                       (3.27)

      (3.27),  -
n-    

D( ) = n + a1
n-1 +… + an-1  + an = 0.  (3.28)
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 (3.27) ,    ,  (3.28)  -
  ,      -

 (  ) .
   n   (3.28)  -

  ,  

an = (-1)n
1 2 … n.                                 (3.29)

  ,  = 0 D( ),  

D(0) = -A = an,

 , an = (-1)n A .       (3.29)
,       

:

1 2 … n= A .                                     (3.30)

1 D( )    

a1 = - ( 1+ 2+ …+ n),

  E - A ,    n-1

 -( 11 +  22 +…+ ann),  ,   
      :

n

1i

n

1j
jji .Tra A                                     (3.31)

     
 TrA (   . trace – ).

 Tk = TrAk,    , -
 ai   Tk 

,   :

                                         a1 = -T1,
                                 a2 = -1/2 (a1T1 + T2),
                                a3= -1/3 (a2T1 + a1T2 + T3),

                                                     ……….
                                        an = -1/n (an-1T1 + …+ Tn).      (3.32)
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3.3.2  

 ,     
(3.28) .    n  i  

  xi,   

[ iE - A] xi = 0,   i {1,2,…n}.                               (3.33)

   (3.33) ,      -
kixi, ki –  .    (3.33)  -
    xi.   - xi  -

   ,    -
.        

      
Adj [ iE - A].    , Rang [ iE - A] = n-1. -

    . ,  -
 (3.27)  [ iE - A] n.      n-1, -

      n-1    
[ iE - A].      ,  (  
(3.5))

,0}{
d
d

iAE

 , i     (3.27).   -
    ,  i .  -

, ,  [ iE - A] n-1    
      

Adj[ iE - A].      
  i,   i   

  .
 ,    n  -

    , ,    -
 Vn.

     (3.27)   
    (   -

)  .    ,     -
        -

      [ iE -
A].
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   , , i ,  q -
  [ iE - A]    1  q  p,   

   q    ,
  (3.33)    i.

  (q = p) (   
 ),       -

 ,  i .  
       

i
Adj

d
d

p

p

][ AE1

1

.                            (3.34)

  (q=1),   i  
    ,  i. 
,      ,    -

    Adj[ iE - A].
   1  <  q  <  p, q -

         
 (3.34)   q.
  p-q    q<p (  
  q  xi)    , -

  .

3.3.3  

,    ,   -
   .  ,  

  ,  RC – ,    -
  .      

    .
     

,       .   -
, ,   .   ,  

    ,  -
   ,  ,   -

  (3.28)  .    -
 

 =      * * = *.

   ( *)  , 
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 <x,x> = <x,Ax>.

       -

* <x,x> = <x,ATx>.

  ,  =     
    

(  - *) <x,x> = 0.

 <x,x>  0, , , = *  -
  .

      ,  
   . 1 2 –   
 ,    1 2, 

1 1 = 1  2 2 = 2.

   2  ,    –
1 , 

1 <x2,x1> = T
2x Ax1 2 <x2,x1> = T

2x TA x1.

    =     -
  , 

( 1 - 2) <x2,x1> = 0.

1 2, <x1,x2> = 0.
,  ,    

  .  , 
 i ,  .

        
 ,      .

1.     n-   -
n-   Vn.

2. ,   ,   
  ,    -

Vn.
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3.  ,   i
,  Vp.

4.    n   
     , -

  i  .
5.        

 2,       -
 ,  n-   -

Vn.       -
 ,  Vp  

2.

3.4  

3.4.1    

     .
1.     ( ).
2.     –   ( ) 

 ( ).
3.   ( )      -
.

       -
        , -

 ,        
.

 1.     ,    ( -
) , ,    . Q1 –  

(n  n)  i-  j-  .  
(n  n)  Q1      -

i-  j-  .   Q1     
i-  j-  .

 2.  i-  k j-    -
  Q2 Q2 A, Q2 –  

 k  i-    j-  (i  j).     
    Q2 A Q2.

 3. i-    k  0 , -
  Q3 , Q3 -     k i-

    . A Q3  
 i-  .
 ,     
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    Pi ,  
 ,     

i
i .PP  -

         -
   Q.      

B = PAQ,                                              (3.35)

   ,   .

3.4.2  

      , -
  . ,   -
  ,      ( , -

    ).  (3.35)   
,     ,    ,  

        
  .  (3.35) ,  , -
     . 

   P Q.
      -
 r>0  ( ) , . . 
    

.0,
0

,
00
0

, r
rr

r E
EE

E

        -
  ,    (3.35) P = A-1, Q = E,    ,

       -1.
         -

   , 

A= P-1PAQQ-1 = P-1EQ-1 = P-1Q-1.

  ,    
       .

   .
 .   

 = ,                                             (3.36)
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 –   Vn c zi.   zi  -
 wi.         -
  . zi  wi    Vn, 

  ,      -
  ,  

 = ,  = -1 ;    = ,   = -1 .                      (3.37)

13          .  
     (3.36)

Py = P x.

  (3.37)    

= -1

   = ,

B = Q-1AQ, P = Q-1.                               (3.38)

,       -
,       (3.38), 
  .

     
    . ,  -
 (3.35)        

 .   :

B - = Q - E = P(A - P-1Q-1)  Q = P Q A - P-1Q-1 .

,    P = Q-1, P
Q     

 - =  - ,

,   B  .
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14  i  -  ,   i

 B = Q-1AQ,    i= Q i     
,      i.

15  .     zi
.     wi  , 

            
    , 

<x,x> = < , >.

     Q, 

T = xTx =  TQTQ .

,    , QTQ =  

QT = Q -1.                                      (3.39)

 ,        
 Q    (3.39),  -

  (3.38)    (3.39) 
 .   -

       .
 .     -

 (3.36)   ,       -
   (  )  -

 = Q , Q –  ,  

(Q*)T = Q-1.                                        (3.40)

    1.
   

B = QTAQ,                                          (3.41)

Q –  .
 ,   (3.41),  

  ,         
      

.
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      -
 (   )

B = (Q*)TAQ.                                       (3.42)

   B     -
   ,     

       -
 .

3.4.3  

         ,
    (3.36)   -

.   ,         -
     .   

,      – -
  .     -

     .
 .   -

r      

.
000
00
00

pr

P
T E

E
AQQ                       (3.43)

  ,    
s = p - (r – p) = 2p – r –  .

   r    
   

.
00
0rT E

AQQ                                  (3.44)

    r    
  

.
000
00
00

*)( pr

p
T E

E
AQQ                        (3.45)



88

  r    -
   

.
000
0j0
00j

*)( pr

p
T E

E
AQQ                        (3.46)

  s   (3.45)  (3.46) -
     (3.43).

 .     -
 .   ,   n  -

 ,       [ E – A] -
  (     n   

 )  -1    
.   ,    (3.33)  -

 xi

[ iE – A] xi = 0.

     i = 1,2,…n:

nn2n1n

n22221

n11211

nn2n1n

n22221

n11211

nnn2n21n1

n2n222211

n1n122111

x...xx
............

x...xx
x...xx

a...aa
............

a...aa
a...aa

x...xx
............
x...xx
x...xx

    

 = ,                                            (3.47)

 = diag [ 1 2… n] –  ,   
1 2… n.    n  -

 ,     , 
 -1.   -1    (3.47), 

 = -1 .

 , ,   (3.48) 
       
.
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       -
  .     -

   (   ,   ) -
,      , 

Q-1AQ = QTAQ = diag [ 1, 2 … n].

    (3.36) =    -
.      (3.37), (3.38)  -

Q = P-1   .   =
 (3.36) 

= .                                               (3.49)

  -1  (3.49) 

-1 = -1   =  .

, -1  = ,    

= ,                                          (3.50)

   (3.50)    :

1 = 1 1 ,
2  = 2 2 ,
………

yn  = nxn.

 ,      -
     . 

,  xi (  yi )      
.

   ,  -1 –  -
   Vn.     -

 u1, u2, …un,     r1, r2, …rn, 
      (3.24):

y = <r1,y> u1 + <r2,y> u2 + … + <rn,y> un.             (3.51)

  ,      -
    :
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y= MM -1y = [u1, u2…un] M -1y = [u1,u2…un]y  =

= [u1, u2…un ]

n

2

1

y
...
y
y

= y1 u1 + y2 u2 + …+ yn un.        (3.52)

  (3.51)  (3.52)   yi
= <ri,y>, , ,  -1   -

.
,          

 :      
u1,…un  r1,…rn,  <ri,ui> = ij,   uj – 

, ri –  -1, -1  = .
         -

:      (3.51),    
 (3.52), , ,      -
.

 (n  n)    
     , n   -

 ,   (3.33).   ,
         -

       ,
  :

-       -
;

-  ,    ,  ;
-       ,  -

 ,      ,
 ;

-    .
    :

2

2 1

1

1

1 1
1

1

1.1
(3.53)
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“ ”       

   .    , -
   i,    

 , i,      [ i E –
A].      –   ,

  ,   ,    i,  
   i    [ i E – A].   -
,     J = M -1AM  

(3.53) , , 

           ,    -
 1          ,  
 (3.53)   3  1,    (3.54)    2.

    (  [ i E – A]   -
i)         .     -

 (  [ i E – A]  )  , -
      i ,   .  -

   J    -
      

MJ = AM.

1

2

2 1

1

1 1

1
1

1.2
(3.54)

i

i

i

…

1
1

1
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   1,x2,…xn.   
m,  i ,     , m  -

 x1,x2,…xm  :

Ax1 = ix1,
                                         Ax2 = ix2 + x1,                                (3.55)

………..
Axm = ixm + xm-1.

 (3.55)     . 
     ,   ,
   .

3.5  

  n 1, x2,…xn n  y1,
y2,…yn   

B  =  a11x1y1 + a12x1y2 +…+ a1nx1yn +
                             + a21x2y1 + a22x2y2 +…+ a2nx2yn +

                                                  ………. (3.56)

                 + an1xny1 + an2xny2 +…+ annxnyn =
n

1i

n

1j
jiij ,yxa

   –  .   
   

.,

y
...
y
y

a...aa
............

a...aa
a...aa

x...x,x T

n

2

1

nn2n1n

n22221

n11211

n21 AyxAyxyx,B

                                 (3.57)

      -
 ,  –  .

   (3.57) = ,  

Q(x) = xTAx = <x,Ax> =
n

i

n

j
jiij .xxa

1 1
                 (3.58)
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 (3.58)    
x1,x2,…xn.  ,    xi  xj (i j) -

(aij +aji).    ,  aij aji  -
(aij + aji)/2. ,    ,   -
 .

   ,   
   

H(x) = <x,Ax> = (xT)*Ax =
n

i

n

j
jiij .x*xa

1 1
(3.59)

3.5.1  

   (3.58)  xi  yi  -
 =B , B –   

 n.       -
y1,y2,…yn:

15.1.1Q = yTBTA y = yT Cy,                                (3.60)
15.1.2

15.1.3  = B B   ,  
   .

15.1.4     Q   
   .  , ,  

,      . 
   , . . B

   (B  = B-1).     
 ,     

,    B   . 
,  =    

15.1.5
15.1.6Q(y) = yTM -1AMy= yT y = 1y1

2 + 2y2
2 +…+ nyn

2.         (3.61)

    r < n,    -
 ,   –      -

         
  .       -

 ,    ,  
 m   , 
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  m.     -
  (3.61)  r  .

 ,    , -
     

Q(z) = 1z1
2 + 2z2

2 +…+ pzp
2 - p+1zp+1

2 -…- nzn
2,       (3.62)

i (i=1,2,…n) –  .   p -
   .
    r  n,    (3.62) -

 r  .  (3.62)   ,   -
 

).n,...1ri(,zw
),r,...2,1i.(zw

ii

iii

16  

Q(w) = w1
2 + w2

2 +…+ wp
2 - wp+1

2-…- wr
2.                   (3.63)

 (3.63)       
  (3.43).
  r     

:

Q(w) = w1* w1+ w2* w2+…+ wp*wp - wp+1*wp+1-…- wr*wr.

      
(3.45).

3.5.2 ,   
         

 Q(x)=  <x,Ax>  -
,     , =0. 

 ( ,     ) 
   ,   

(3.63) ,      ,
      ,    (
   )   , . . p = r = n.  -

 (3.61) ,        
   ,      
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i>0 (i=1,2,…n).         -
    .

   , -
       0,  Q(x) =0.

     ,     -
 ,   ,      .

   ,  (3.30),         r < n.
       -

      .
 Q(x)   ,  
  , x = 0.  Q(x)  -

  ,      
  0,  Q(x) =0.

       , -
    ,    

.     Vn    ,  -
      .

     
        -

    ,    -
      -

 .  ,   ,   
     , -

  ,       
   , . .

1 = a11 > 0, 2 = ,0
aa
aa

2212

1211

.0A,...0
aaa
aaa
aaa

n

332313

232212

131211

3

      -
 .

     .
     ,  -

   ( ).

3.5.3   

 [ 1]:

 [ 2]:
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     -
     ,   -

      
.

   .  

n

i

n

j
jiij

T .xxaQ
1 1

Axx

Q  xk:

n

1j

n

1j
jjk

n

1i
ikijjk

n

1i
ikikkk

n

1i

n

1j
jjkikik

2
kkk

kk

kjki

ki kj

.xaxaxaxaxa2

xaxaxxa
dx
d

dx
dQ

       :

,
dx
dQ

kk
k

xAAx T                               (3.64)

 k k-    –  .  
  (3.64)  :

.2
dx
dQ

k
k

Ax

   .  -
   ,  ,   -

    Q(x)   –  -
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.

x

...
x

x

d
dgrad

n

2

1

xxx                            (3.65)

16.1.1.1.1     (3.65)  
 ,    .

 Q(x) = , 

.xxa

x

...
x

x

Qgrad
n

1i

n

1j
jiij

n

2

1

xx

  (3.64),      -

.
......

Qgrad T

n
T

2
T

1
T

n

2

1

xAAx

xA

xA
xA

Ax

Ax
Ax

xx         (3.66)

    

gradx Q(x) = 2Ax.                               (3.67)

  .      x1, x2,
…xn   ,    t  

Q(t)  
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.tt,t

tt,ttt,ttt,t
dt
d

dt
tdQ

xAx

xAxxAxxAx

  ,    (3.67), 
  

.tt,t

t,Qgradtt,ttt,t2tQ
dt

tdQ
x

xAx

xxAxxAx (3.68)

     ,    (3.68) -
    

.t,t2t,QgradtQ x xAxx                            (3.69)

3.6  

3.6.1  

   A A … A    
Ak, k-  ,   .   -

   ,     
:

Ak Am = Ak+m,
(Ak) m = Akm,

A0 = En,

En-   n.
         -

   ,   , . .  
.

      . , Am = B, 
-  ,   m-  :

.m
1

m BBA
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   ,    m m-  ,
    ,   m-

  .       
.

  m-     -

N(x) = pmxm + pm-1xm-1 +…+ p0.                   (3.70)

       n, -
   

N(A) = pmAm + pm-1Am-1 +…+ p1A + p0En.                 (3.71)

 (3.70) ,  ,    

N(x) = pm (x - 1) (x - 2)…(x - m),

i (i=1,2,…m) –  ,   .
       

N(A) = pm (A - 1E) (A- 2E)…(A - nE).                       (3.72)

  (3.70)    

.xa...xaxaaxS
0m

m
m

2
210

       
,    

.a...aaa)(
0m

m
m

2
21n0 AAAEAS               (3.73)

      , 
 ,   (3.73) ,    -

 S( i),  i=1,2,…n, i –   .

3.6.2   

        -
      .
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 :

0k

k2

,
!k

...
!2

expe AAAEAA

0k

kk2

.
!k

1...
!2

expe AAAEAA           (3.74)

 (3.74)    .  
    ,  = = +  -

      = . 
 , =  = - .  , = -  

 -  = -  = ,

 ,  -     .
    ,   t

  (3.74)    

0i

ii3322
t .

!i
t...

!3
t

!2
tttexpe  AAAAEAA

         (3.75)

         t.
 t   t   -

  (3.75)

.ee...
!2
tte

dt
d tt

23
2t AAAAA AAA           (3.76)

  (3.76) k-     

,s
dt
d

 

.eeese
dt
d kttktkt

k

k

AA AAAA                 (3.77)

N(s) –    s, 
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N(s) eAt = N(A) eAt = eAt N(A).                      (3.78)

     N(s) 
 eAt B(t).  ,   -

A B(t)   B(t) A,  

.tsetes

..........
,tsetete2)t(etes

,tsete)t(etes

ktk

t2ttt2

ttt

BAEB

BAEBABABB

BAEABBB

AtA

AAtAAA

AtAAA

  

N(s) [eAt B(t)] = eAt N(sE+A) B(t).                    (3.79)

16.1.1.1.2    eAt   
   (3.75)

t ttt
t tttdtttdtdtdte

0

322

0

22

00
...,

!3!2
...

!2
AAEAAEA

t
tt edte

0
.EA AA

  , ,   – ,

t

0

1tt1t .eedte AEEA AA A                (3.80)

 :

.
j2

jexpjexp...
!5!3

sin
53 AAAAAA          (3.81)

 :
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.
2

jexpjexp...
!4!2

cos
42 AAAAEA         (3.82)

     (3.81)  (3.82) -
   (3.74)   jA:

.sinjcos...
!5!3

j...
!4!2

jexp
5342

AAAAAAAEA  (3.83)

  ,  (3.81) – (3.83)   -
  .

  :

.
2
expexp...

!5!3
sh

53 AAAAAA

  :

.
2
expexp...

!4!2
ch

42 AAAAEA

    
       

  .
       -

 (2 2),    1j . 
 

.
01
10

0J

, J0
2 = -E, J0

3 = -J0, J0
4 = E  . .

3.6.3   – 
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        -
 D( )      -

  .
  – .    

  .
.   (3.47)   

 

 = -1.

     
  

 = -1.                                     (3.84)

N( ) –   

N( ) = n + c1
n-1 +…+ cn-1  + cn,

  (3.84)    

N(A) = An + c1An-1 +…+ cn-1A + cnE = M  N( ) M -1 =

i –  ,     N( ).
     ,

 N( ) = D( ), N( 1) = N( 2) =…= N( n) =0.  , 

D(A) = [0],

D( ) = E - A  -  .  , -
   ,    i . 

M -1,= M

N( 1)

N( 2)

N( n)

…
(3.85)



104

 ,       
.

    –     -
,   ,    

  ,    .
,    D(A) =

[0]     ,    -
An  (n-1)-  .   

     ,     -
   .
   D(A) =[0]    -

 (     )     
   -1,     
 (n-1)-    .     

,   .
   N(A)  ,  -

. N( )   , 

,
)(D
)(R)(Q

)(D
)(N

                            (3.86)

R( ) –    , D( ). , 
 (3.86)  D( ), 

N( ) = Q( )  D( ) + R( ),                              (3.87)

  (    – ) D(A)  = [0], 
N(A)  = R(A) ,  ,      -

 (n-1)-  .
       -

 ,     F(A), F( ) -
     .   

F( )        . -
 F(A)        n-

1. , Q( ) –     ,

F( ) = Q( )·D( ) + R( ),                           (3.88)

D( ) –  , R( ) –  
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R( ) = 0 + 1  + 2
2 +…+ n-1

n-1.                     (3.89)

16.1.1.1.3 i   (3.89)   
 1, 2 … n   (3.88).

, D( i) = 0,   

F( 1) = R( 1),
F( 2) = R( 2),

……
F( n) = R( n).                                            (3.90)

  n  n . , i -
 .  , Q( )  

    ,  F( ). ,  
Q( )     :

,
)(D

)(R)(F)(Q

  (3.88)      
F( ).   ,    F( )  

 ,     .  -
    (3.88) 

F(A) = Q(A)  D(A) + R(A),

       – D(A) = [0],   
 

F(A) = R(A).                                         (3.91)

     . ,  
  i r,  i  

(3.88)      . r-1 -
   i   

  (3.88).       -
  i  (3.89)    -
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.1r,...1,0k,
d
Rd

d
Fd

ik

k

ik

k

              (3.92)

3.6.4  

      
 ,      
.

 . N(A) –    ( -
,   )    n 

 .    

,N
n

1i
i0i ZAN                            (3.93)

.n

ij
1j

ji

n

ij
1j

j

i0

EA

Z

.   N(A)  
 –      n-1.

     

N(A) =    1(A - 2E)(A - 3E)  (A - nE) +
            + 2(A - 1E)(A - 3E)  (A - nE) +

                                   +  ….  +

                                   +
n

ki
1i

ik )(c EA

                                   +….+
               + n(A - 1E)(A - 2E)  (A - n-1E) =

n

1k

n

ki
1i

ik .c EA                                          (3.94)

    (3.94) n-1 , 
,     (3.94) –   n-1 n -
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  1,c2,…cn. u1, u2,…un  -
 .    (3.94) ui

.
1 1

i

n

k

n

j
jki

kj

c uEAuAN                   (3.95)

 ui   ,    (A -
iE) ·ui = 0 , ,    (3.95)   , 

i-   (    (A - iE)). 

.cc
n

1j
jiii

n

1j
ji

ijij

ii uuEAuAN           (3.96)

   , 

N(A) ·ui = N( i) ·ui

   (3.96) , 

.Nc n

ij
1j

ji

i
i

     (3.94),  -
  (3.93)

,

1

1

1
n

j
ji

n

j
j

n

i
i

ij

ijN

EA

AN

   .
 , Z0( i)   (3.94)     -

N(A).  , 
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,
d/dD

Adj
ii0

AEZ                              (3.97)

D( ) –  .    (3.97)
  (3.93)  

.
d/dD

AdjN
i

n

1i
i

AEAN                         (3.98)

       (3.98) -
  .  ,  N(A), -

i r, 

.AdjN
d
d

!1r
1

i

ij

n

1j

r
j

1r

1r AE
               (3.99)

,   (3.99)     (r=1), -
 

,AdjN
d
d

!1r
1AN i

ij

n

1j

r
j

i
1r

1r AE
        (3.100)

      ,  
    (3.100)   .

 (3.100)     -
.   (3.100),   , -
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r

1k

ikri
1k

n

1j

r
j

1r

1r

,
!1k

NAdjN
d
d

!1r
1

i

ij

ZAE   (3.101)

ik

k

i
k

d
NdN

.Adj
d
d

!k
1

i

ij

n

1j

r
j

k

k

ik
AEZ

3.7  

3.7.1  

    3.2  
.     ,  n   -

        Vn,  
       -

  .
     n 1(t), 2(t), …

n(t),   [a,b],        -
   (n-1) . ,  

c1 1(t) + c2 2(t) +…+ cn n(t)    , -
  [a,b].      

,   ,   ,
         -

.
       -

   (t) g(t),   
[a,b], 
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b

a
.dttgtg,

    t  -
  

b

a
.dttgtg,

,      
b

a

2 .dtt

     

.dtt,t
2
1

b

a

22
1

(t) g(t)   [a,b], 
    < ,g> = 0.

 1(t), 2(t),… , 
 

< i, j> = ij,

ij –  .
     -

1(t), 2(t),…     .   -
    (t)    

 ,      
    

b

a
kkk .dttt,c                         (3.102)

  (t)       (  -
   (t)):
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1k
kk .tct                                 (3.103)

      
,   (3.103)   (3.102)   

    (1.33).     k,
  (3.102),  , -

    .
      

w (t):

b

a
ijji .dttwtt                            (3.104)

        -
  [a,b].    ,  i -

   w.  
 (t)    w (t) 

b

a
kk .dttwttc                             (3.105)

      (t)  -
[0, )      w (t) = e-t.  

  (3.105)  

0

t
nk ,...).2,1,0n(,dtetLtnc

  (t)     

.tLnt
0n

n

       -
 ( .  (1.83)  (1.84)).
 ,       ,   -

  ,     ,
   (1.72)  (1.73).
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3.7.2  

  (3.103)     
 (t)  n 

n

1k
kk ,tat

 ak       
  k. ak= k     ,

       “  ” -
.   , -   

*, . .

b

a

n

k
kk

n

k
kk dttattatttf .

2

1

2

1

2

(3.107)

     aj,  

.dttatdttt
b

a

n

1k
kkj

b

a
j

,      < , j> = j,  -
  – < j, k> = jk, cj = aj.  -
         -

 “  ”.
  ,  –  ,  (3.107)

n

1k

2
k

b

a

2 .0cdtt                               (3.108)

 (3.108)    .   
  ,  -

 n+1(t), n+2(t),…   (3.106)  

 *. ,   ,  
1k

2
kc   -
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 ,  ,dtt
b

a

2     

    .
  1(t), 2(t), … n(t),… 

,    –  (t)  
       .  ,

   0  N,   n N, 
 

b

a

n

k
kk dttct .

2

1
                       (3.109)

    (3.109)  

.
1

22 n

k
kn

climf                                    (3.110)

 (3.110)   "  ". 
      

(3.110)   )(tf   ba, ,    -
.  ,     (3.110)  

)()(
1

tftclim k

n

k
kn

.                             (3.111)

   (3.111) )(tf     , ,   

 ba, .   (3.111)  )(tf    ,   -

  ba, ,  )(tf     .  

          
(3.111) –   .

4  – 

 

4.1  

  n-   
     –  . -

 –        (1.1)  -
      , -

 .
     ( . . 25  I),  -

    .    –  
,       t0 -

       t>t0 ( -
,       (t0,t)). 
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 r(t) –  , (t)-  ,
x(t) –  ,     -

   

x(t) = (x(t0),r( )),
               y(t) = (x(t0),r( )), t0 <t, (4.1)

   .  (4.1) 
 .      

 (4.1),      .

4.1.1   

        -
   (1.1)   -

   (1.5),     
     .    (1.1)

 (1.5)        -
       , -

 ,       ( -
).

,    (1.5)    
 .  (  )   (1.5) 

  .      -
     .   (1.5)
 

(n) + a1y(n-1) +…+ any = r.                             (4.2)

    :

                                                 x1 = y,

                                              x2 = 1x = ,y

x3 = 2x = y(2),
….

    xn = 1nx = y(n-1).

 y      (4.2), 
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nx = -anx1 – an-1x2 -…- a1xn + r.

16.1.1.1.4       , 
      ,     –

 .     

1x = x2,

2x = x3,
                                                ….

1nx = xn-2,

nx = -anx1 – an-1x2 -…- a1xn + r,      (4.3)
y = x1.

   (4.3)     

x=  + Br,
y = Cx,                                              (4.4)

 ,  

.0...01,

1
...
0
0

,

a...aa
............
0...00
0...10

11nn

CBA         (4.5)

  (4.4)    (4.5)  -
  (      -

   ).   (4.5) -
 .

 (4.4)      -
 , m   .    r 

  ,  ,      .
        

x= A(t)x + B(t)r,
y = C(t)x + D(t)r,                                      (4.6)
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A(t), B(t), C(t) D(t) –     -
      .

 –  ,   (4.6),  
. 4.1.

. 4.1.

     (t), B(t), C(t), D(t) 
       , B, C, D.   -

    ,  , 

x= x + Br,
y = Cx + Dr,                                          (4.7)

4.1.2  

yxxr

D(t)

B(t) C(t)

A(t)



117

16.1.1.1.5   ,   ,
      , 

       
.

16.1.1.1.6    (4.7), ,   , 
 –      

.    = q,  –
 .   (4.7)   

16.1.1.1.7

16.1.1.1.8 q  = Mq +Br,
y = CMq + Dr.                                             (4.8)

    (4.8) -1, 

q = M-1 Mq + M-1Br.

     ,  -
-1      1, 2,… n

 .  

q = q + Bnr,
y = Cnq + Dnr,                                       (4.9)

 = M-1 M, Bn = M-1B, Cn = CM, Dn = D.
 (4.9)    

 .      -

  q1,q2,…qn   iii fqq i , 
fi –  ,  i-   .

 , ,   (4.7)   
 ( . .    ),   

  

.

...
............

...

...
1...11

1n
n

1n
2

1n
1

2
n

2
2

2
1

n21

M                             (4.10)
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  (4.10)   .
        ,  -

   [ iE - ]   i, -
   (4.9)    -

 .

4.2    

4.2.1      

       

,Axx                                                (4.11)

 –  n    ,
 – -   .   ,

  (4.11)   

x(t) = ,te 0
)0tt( xA                       (4.12)

 t   (3.75),  (t0)  -
 .   (4.12)   (4.11)  

   , ,   (
(4.12))     

.    (4.12) t  = t0,  ,  -
  , EA

0tt
0tte .

0tt
0 ett A ,   -

  -   (4.11), 
  .  “

”   ,    -
 ,   “   ”
      .  “ -

”  ,    (t - t0)  “ -
”     (t0)   -
(t).

   (t)   
.       , 

       – .  
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        , 
  .

    .   (3.75) -
 (t)    

...
!3
t

!2
ttt

3322 AAAE .                          (4.13)

  (4.13) –  ,    
,   (t)  .  k

       – . 
        
(t).      (4.13) 

 :  N  ,  -
 (N+1)-        
 (t)     .

  .    
 (4.11):

sX(s) – x(t0) = X(s).

   X(s):

X(s) = (s E – ) -1x(t0).                               (4.14)

     (4.14)   -
, 

x(t) = L-1{(s E - ) -1}x(t0).                               (4.15)

   (4.15)  (4.12)  ,    -
   

(t – t0) = L-1{(s E - ) -1}.                              (4.16)

 ,        -
   (s E – )-1     

 .
       ,

    (4.9).     -
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.

e
...

e
e

ediagett

0ttn

0tt2

0tt1

0tti0tt
0

(4.17)

      
= -1  

 = -1.                                             (4.18)

    (4.18)  , -
  (3.85):

.ediageett 0tti0tt0tt
0

11A MMMM       (4.19)

 (4.19)       -
  (    ).

4.2.2    

      -
 (4.7)  

x= x + Br,
y = Cx + Dr.

    –   ,   
    .    -

   ( ),     -
.  –  :     -
      .  –

  ,  ,     
 . , D –    ;  

       .
   D   ,    

   .
    ,    (4.7) (t) y(t)

   . ,     
  ,  .
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    (4.12) 
0(t) = (t – t0)x(t0) t t0.   (1.28)  -

   (t) = (t –t0)U(t)x(t0).    
 (4.7) 

x(t) = x0(t) + xH(t) = (t – t0)x(t0) + (t – t0)U(t)x(t0).

16.1.1.1.9      

x(t) = (t – t0)(E + U(t))x(t0) = (t – t0)z(t),                  (4.20)

     z(t) = (E + U(t))x(t0).
  (4.20)   (4.7), 

.ttttttttt 000 BrzzA

      
(4.11),         

.tttt 0
1 Brz                                (4.21)

  (4.21)   t0 t, 

.dtttttt
t

0t
0

1
0 Brzz                        (4.22)

, z(t0) = x(t0),   (4.20)  (4.22) x(t)

t

0t
0

1
000 .dttttxttt Brx

16.1.1.1.10
,00

00 teeettt tttt AAA-1
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.)()()()()(
0

00 dttttt
t

t

rxx                  (4.23)

 (t)     (4.23)  
 (4.7)

t

0t
00 .tdttttt DrBrCxCy         (4.24)

 (4.23)  (4.24)    
(4.7).     (4.23)   

 ,   ,  
  (  ,   )   -

,    .

4.3    

4.3.1   

     ,   
   ,    .   

  -     

.t xAx                                              (4.24)

        -
,     

.txtatx                                            (4.25)

  (4.25) 

,txdttaexptx 0

t

0t
                             (4.26)

t0 –    .
    (4.26)    (4.24)
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.tdttexpt 0

t

0t
xAx                            (4.27)

    (4.27)   (4.24) ,  -
 (4.27)          

, 

,e
dt

tde
dt
d ttI II

                                  (4.28)

t

0t
.dttt AI

 ,  (4.28)   ;  ,  -
  ,  .   ,   -

  (4.28)  , - :  –  
–  .      ,  

         -
,    xi   (4.26).

 ,   (4.28)    -
  

(t1) (t2) = (t2) (t1)  t1 t2.                     (4.29)

  ,    (4.29),   (4.27)
   (4.24)     ( -

    t t0) 

.dttexpt,t
t

0t
0 A                                    (4.30)

   (4.29)  ,  -
      (4.30).   

(4.24)   ,    -
 – .     .

   x(t0)  
(4.24)

.dtt
t

0t
0 xAxx                                 (4.31)
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      -
  .     -

     (4.31)   -
 x(t). ,   

.ddttt
t

0t 0t
00 xAxAxx               (4.32)

       -

Q(..) =
t

0t
d... .   (4.31)    

x(t) = x(t0) + Q( x),

  (4.32)  

x(t) = x(t0) + Q( )x(t0) + Q( Q( x)).                                (4.33)

 ,   (4.33), (t) 
 

x(t) = [E + Q( ) + Q( Q( )) + Q( Q( Q( ))) + …]x(t0).            (4.34)

    –   .  
  (t)    t0 t.   

Q( )      
  t0 t   . .      

,         -
  G( ), :

G( ) = E + Q( ) + Q( Q( )) + Q( Q( G( ))) +….               (4.35)

      , 

.
dt
d AAGAG                                     (4.36)

   ,    t  
  (4.35).

 (4.34)    (4.36)   -
, G( )      

 :
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(t, t0) = G( ).                                       (4.37)

,       (4.35) ,

.e...
!3
tt

!2
ttttttt,t 0tt3

3
02

2
0

000
AAAAE

   :    
(4.35)    .

        -
   .    ,

    ,    -
  (4.30).

    ,     -
.

 1.

(t, t) = E.                                            (4.38)

      .
 2.

(t1, t2) (t2, t3) = (t1, t3).                              (4.39)

 

x(t2) = (t2, t3)x(t3) 
x(t1) = (t1, t2)x(t2) = (t1, t3)x(t3).

     , 

x(t1) = (t1, t2) (t2, t3)x(t3) = (t1, t3) x(t3),

     (4.39).
 3.

(t1, t2) = -1(t2, t1).                                    (4.40)

     2,  t3   (4.39)
t1. 

(t1, t2) (t2, t1) = (t1, t1) = E
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,   -1(t2, t1),   (4.40).
 4. (   ).

(t + ) = (t) ( ).                                 (4.41)

       -
, (t) = e t.

 5. (   ).

-1(t) = (-t).                                        (4.42)

      3  -
        (4.41),  

  = -t.

4.3.2  

     ,    
     -1(t,

).      (4.40),   

(t, ) = -1( ,t).

   t  -

   xAx t .   -
       , 

-1(t, )   .   
 .     

xAx t ,    

,tA                                             (4.43)

 -  – .        

,tTA                                          (4.44)

 -  – .
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 , -1(t, )    -
   (4.43).     (3.11),  -

.,t,t,t
dt

,td 11
1

, ,,tt,t A     

,t,t,t A11                              (4.45)

. . -1(t, )    (4.43) , ,
      (4.43). -

  (4.45) 

.,tt,t,t
1TT

1
T

T

A1

 , [ (t, )]-1      ,
  (4.44).

      
 n-  .  -

 

y(n) + 1(t)y(n-1) + a2(t)y(n-2) + …+ an(t)y = 0                  (4.46)

  Dn(s)y = 0, Dn(s) –  , 

,
dt
ds,stassD k

k
k

n

1k

kn
k

n
n

ak(t) –  .
    

,tas1s1sD
n

1k
k

knknnn
n                   (4.47)
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 sn-kak(t)   , sn-k   ak(t)   -
 .    

Dn*(s)  = 0    

(-1)nsn  + (-1)n-1sn-1[a1(t) ] +…+ an(t)  = 0.

   (4.46)   

 xAx t ,   (t)    

.

ta......tata
...............
0...100
0...010

t

11nn

A

      (4.44) 

A tT   – T(t)  

.

ta1...00
...............

ta0...10
ta0...01

ta0...00

t

1

2n

1n

n

TA

    ,
 ,       -

  .
        

< , D(s)x> = <[D*(s)]T ,x>.

       -
     .

4.3.3    
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   ,    -
    .    

      (4.6)

x= (t)x + B(t)r,
y = C(t)x + D(t)r.

       
(4.45)

.t,t,t A11

    (4.6) -1(t, ) ,   (4.45)
–  :

r,BxAx 111 ttttt ,,,

.t,t,t xAx 11

16.1.1.1.11       

r.Bx 11 t,t,t
dt
d

                          (4.48)

  (4.48)   t.   -

.d,,t,t
t

rBxx 111

   (t), , -1( , ) = E,

.d,,t,tt
t

rBxx 1

 , 

(t, ) -1( , ) = (t, ) ( , ) = (t, ),
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.,,
t

dttt rBxx                                (4.49)

 (t)    (4.49)   
 (4.6)

.,, ttdttttt
t

rDrBCxCy     (4.50)

 (4.49)  (4.50)     -
    (4.6).   

      (4.23)  (4.24).

4.4    

4.4.1  

     ,   -
  ( . 4.2).

16.1.1.1.11.1.1 . 4.2

     M  

.xM
2
1T 2                                      (4.51)

16.1.1.1.12   

x
1.2.1.1

K
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.Kx
2
1KxdxV

x

0x

2                                (4.52)

        (  -
 ):

.0KxxM                                          (4.53)

  (4.51)  x ,   t, 

.xM
x

T
dt
d

                                      (4.54)

  (4.52) , 

.Kx
x
V

                                             (4.55)

  (4.54)  (4.55)    (4.43), -
 

,0
x
V

x

T
dt
d

                            (4.56)

        
:

.0
x
V

x
T

x

T
dt
d

ii
i

                         (4.57)

  (4.57) xi (i = 1,2,…n) -
 .  “  ”   -

 ,         .
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,V,T,L xxxxx                                   (4.58)

 –    .  (4.58) 
.   (4.58)  (4.57) 

 (   )     
    

.LgradLgrad
dt
d

x
x

                                     (4.59)

 (4.59)    – .
  (4.59)      

 .     ,   
        

       . 
, 

2t

1t
0dtVT       ,0Ldt

2t

1t
                      (4.60)

   .
  L:

xx x
x

LgradLgradL                              (4.61)

      (t1,t2), . .
(t1)= x(t2)=0.

  (4.61)   (4.60), 

2

1

2

1

2

1

t

t

t

t
x

t

t
dtLgraddtLgradLdt xx

x

.0dtLgrad
dt
dLgrad

tdLgraddtLgrad
dt
dLgrad

2t

1t

2t

1t

2t

1t

2t

1t

x

xxx

x
x

x
xx

  (4.62)
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 (4.62)     ,  
    .     

 –  (4.59).
 ,      (   
)   –   

,0FgradLgradLgrad
dt
d

x
x

x
                    (4.63)

F    ( )  , -
     ,  ( )

.
        

 

,TgradTgrad
dt
d rx

x
                             (4.64)

r –  .   , r = -gradxV.  -

  (4.64) ,   V(x)   x .
16.1.1.1.13    – 

0Fgrad
dt
dFgrad

x
x                              (4.65)

        -
 .   (4.65)    -

  :

1) F   x , . . F = F(x,t);

2) F    x , . . F = F(x, x );

3) F   , . . F = F( x ) F = F(x ,t);

4) F  x .
      -

.
 ,    –     

       .

4.4.2  
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 pi    , -
 xi. 

.
x

Tp
i

i                                            (4.66)

       -
   

n21n21 x,...x,x,x,...x,xTT

.,TT xx
xx

                                               (4.67)

 (4.67)      -
.

        -
    

Tp = Tp(p, x) = Tp(p1, p2,…pn, x1, x2,…xn).                   (4.68)

       -
.

,   ,   (4.67)  (4.68)
:

.TT
x

p                                            (4.69)

  (4.69) xi, 

.
x
x

x

T
...

x

T
...

x
x

x

T

x
x

x

T

x
T

i

n

n

x

i

x

i

2

2

x

i

1

1

x

i

p      (4.70)

   (4.66),  (4.70)   :
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.
x
xp...

x

T
...

x
xp

x
xp

x
T

i

n
n

i

x

i

2
2

i

1
1

i

p          (4.71)

16.1.1.1.14    

,
x

T
x...

x

T
x

x

T
xT2

n

x
n

2

x
2

1

x
1

x

,   (4.66),   

.T2xp...xpxpT2 pnn2211
x

                      (4.72)

   xi, 

.
x
xp...

x
xp

x
xp

x
T

2
i

n
n

i

2
2

i

1
1

i

p                     (4.73)

  (4.71)   (4.73), 

.
x

T

x
T

i

x

i

p                                        (4.74)

   (4.69) pi:

i

n

i

x

i

2

2

x

i

1

1

x

i

p

p
x

x

T
...

p
x

x

T

p
x

x

T

p
T

,    (4.66),

.
p
xp...

p
xp

p
xp

p
T

i

n
n

i

2
2

i

1
1

i

p                         (4.75)

   pi   (4.72):
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.
p
x

p...x...
p
x

p
p
x

p
p
T

2
i

n
ni

i

2
2

i

1
1

i

p        (4.76)

  (4.75)   (4.76), 

.x
p
T

i
i

p                                           (4.77)

  (4.77)  (4.66),   (4.64) 
 

.r
x
T

p i
i

p
i                                        (4.78)

   (4.77)  (4.78))  -
 (   ).

      

,
x
Vr

i
i                                             (4.79)

V = V(x) –  ,   x .
     (4.58)

,xVx,xTx,xL iii
x

ii

    

i

x

i x

T

x

L
        .

x
V

x

T

x
L

ii

x

i

  ,   –  (4.59)   
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ii

x

i

x

x
V

x

T

x

T

dt
d

.VgradTgradTgrad
dt
d

x
x

x
xx

                         (4.80)

,       
,   .  

H = Tp + V = H(p,x).                                    (4.81)

  (4.81), 

ii

p

i x
V

x
T

x
H

                                    (4.82)

.
p
T

p
H

i

p

i

                                             (4.83)

  (4.79), (4.82)  (4.83)   (4.78)  (4.77),
 

,
x
H

dt
dp

i

i                                           (4.84)

.
p
H

dt
dx

i

i                                             (4.85)

   (4.84)  (4.85)  
 .

        -
 ,  –       

0
dt

dH
.   , 



138

n

1i

i

i

i

i

,
dt

dx
x
H

dt
dp

p
H

dt
dH

   ,   (4.84)  (4.85),  , 
     .

4.4.3   – 

16.1.1.1.15      (4.84), (4.85)  
.         

 (p, x)     ( , ), 
      .

 ,    
      , 

 . , 
16.1.1.1.16

16.1.1.1.17 pi = pi( , )    xi = xi( , )                        (4.86)

  ,      
( , )       

,H
dt

d;H
dt

d

i

i

i

i                              (4.87)

H - ,    , .

  (4.86)     
 (4.87)   ,  H    

     .    

,S,
x
Sp

i
i

i
i                                (4.88)

  S( , x)  .  -
     

,0H
dt

d

i

i                                          (4.89)
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.constH
dt

d

i

i                                       (4.90)

    (4.89) ,  i – .
   (4.90)    , H   -

 i,  i – .   (4.89)  (4.90)  ,
  (4.84) (4.85).   :   -
  S( , x),    

 

.Hx,
x
SH ii

i

                                 (4.91)

    (4.91),   -
.

 
i

i
S

, 

.
t

SS
tdt

d
i

2

i

i                                  (4.92)

  t   (4.91),  , 
H     i

.
dt

dH
dt

dH
t

H i

i

i

i

  (4.87)  (4.92),    

.
t
S

dt
d

dt
dH

t
S

dt
d

dt
dH

t
H i

ii

2
ii

i

          (4.93)

 H    i,    
(4.93),   (4.89),    .   -

,   
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.
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dt
d

t
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      S

,
t
SH                                              (4.94)

   – .
      –  -
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