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0t 1 0 ,x t
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, .
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1( )U t

( )mU t

1( )y t

( )ly t

. 8.1

« — » -

, . 8.2.

( )U t

k

y (x )

. 8.2

, ,

2

2

( ) ( )
( ) ( )

d y t dy t
M b ky t U t

dtdt
. (8.1)

, ,

,

. -

— :

1

2

( ) ( );

( )
( ) .

x t y t

dy t
x t

dt

(8.1)

2
2 1

( )
( ) ( ) ( )

dx t
M bx t kx t U t

dt
.
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1
2

2
1 2

( )
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( ) 1
( ) ( ) ( ).

dx t
x t

dt

dx t k b
x t x t U t

dt M M M

(8.2)

(8.2) -

.
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»

- 1( )x t 2 ( )x t . -

-

, .
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, -

, , , -

, , .
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, -
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.

-

, -

,

0 0( ) ( , ( ), ( )); ( )x t f t x t u t x t x , (8.3)

1 2( ) ( ( ), ( ), ..., ( ))T
nx t x t x t x t — ;

1 2( ) ( ( ), ( ), ..., ( ))Tmu t u t u t u t — ;

( , ( ), ( ))f t x t u t — - ,

;

0 01 0( , ..., )T
nx x x — .

x(t ) ( ) u(t ) ( )f , (8.3) -

, (8.3)

0 0( ) ( ) ( ) ( ) ( ), ( )x t A t x t B t u t x t x , (8.4)

( )A t — , -

n n ; ( )B t — , -
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n m , .

( )A t ( ) ( )B t , (8.5) -

, ( )A t ( )B t

, (8.4) . -

, -

(8.4).

,

0( 1) ( , ( ), ( )); (0)x k f k x k u k x x , (8.5)

1( ) ( ( ), ..., ( ))Tnx k x k x k — k- ;

1( ) ( ( ), ..., ( ))T
mu k u k u k — ;

( , ( ), ( ))f k x k u k — - , -

k- ;

01 0(0) ( , ..., )Tnx x x — .

(8.3) (8.5) ,

0( 1) ( ) ( ) ( ) ( ); (0)x k A k x k B k u k x x . (8.6)

, (8.5), (8.6) ,

.

, , -

, (8.4) (8.6).

-

, -

. ,

.
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— -

. , -
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,

8.



204 . .

,

.

.

0 0

1 2( ( ), ) ( ( ), ) ( ( ), )
T T

z

t t

J V x T T Q x t t dt Q u t t dt , (8.7)

x(t ) -

0,t t T , 1 2( ), ( )Q Q — -

,

. (8.7) -

.

x (T ). ,

T . (8.7)

0,t T . — -

« » 0,t T .

1 2, ,zV Q Q , -

,

, -

-

(8.7).

(8.7)

-

1Q 2Q .

,

1( ( ), )Q x t t :

1

1
( ( ), ) ( ) ( )

2

TQ x t t x t Cx t ,

C — .

, -

-

, -

( ),

- ,

.

« »

. . ,

, . . -

.

. . -



205

-

,

.

, -

-

,

. :

1) , , -

;

2) -

;

3) -

- -

;

4)

:

2

1
( ( ), ) ( ) ( )

2

TQ u t t u t Du t ,

D — , -

« » .

8.2.1.

-

(8.4), -

0

1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2

T
T T T

t

J x T Ex T x t Cx t u t Du t dt , (8.8)

1( ) ( )

T
T V

u t D B t
x

,

( ( ), )V V x t t

11
( ) ( ) ( ) ( )

2

1
( ) ( ) ,

2

T
T

T

V V V V
A x B D B

t x x x

x Cx (8.9)
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1
( ) ( ) ( )

2

TV T x T Ex T . (8.10)

(8.8) E — .

(8.9), (8.10)

1
( ) ( ) ( )

2

TV x t S t x t ,

S(t ) — .

1( ) ( ) ( ) ( )Tu t D B t S t x t ,

S(t )

1

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

T

T

S S A A S

S B D B S C (8.11)

( )S T E . (8.12)

, -

- -

0,t t T

(8.11) (8.12). -

.

-

-

- -

. ,

-

T , . . -
0, 5 ( ) ( )Tx T Ex T . (8.8)

0

1
[ ( ) ( ) ( ) ( )]

2

T
T T

t

J x t Cx t u t Du t dt . (8.13)

(8.12)

( ) 0S T .

(8.4) ( ) , ( )A t A B t B -

,

0

1
[ ( ) ( ) ( ) ( )]

2

T T

t

J x t Cx t u t Du t dt ,
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S — , -

1 0T TA S SA SBD B S C .

-

-

1T TS A S SA SBD B S C

.

,

,

. -

, -

. -

:

0 ,t T , -

.

-

.

8.2.2.

« » . . -

.

0

1
( ) ( )

2

1
,

2

T

T
T T T

t

J x T Ex T

x t Cx t u t Du t u t Du t dt (8.14)

u — , -

(8.14),

1( ) ( ) ( )

T
T V

u t u t D B t
x

, (8.15)

( , )V V x t -

1
( ) ( ) ( ) ( )

2

TV V
A x x C x

t x
(8.16)
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1
( ) ( ) ( )

2

TV T x T E x T . (8.17)

(8.16)– (8.17)

1
( ) ( ) ( )

2

TV x t L t x t ,

1( ) ( ) ( ) ( ) ( )Tu t u t D B t L t x t ,

L (t )

( ) ( ) ( ) ( ) ( ) ;

( ) .

TL L A A L C

L T E

. , -

(8.15) « » -

, . . 0u . , -

( ),

-

,

.

, « »

-

. -

,

0 0

0 0

( ) ( ) ( ) ( ) ( ), ( ) ;

( ) ( ), ( ) ,

x t A t x t B t u t x t x

u t v t u t u
(8.18)

u(t ) — , ( )v t —

, -

.

, (8.18) ,

, -

( , )Tx x u . (8.18)

0 0( ) ( ) ( ) ( ) ( ), ( )x t A t x t B t v t x t x , (8.19)

( )A t ( )B t —

0( ) ( )
( ) ; ( )

0 0 m

A t B t
A t B t

I
. (8.20)
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0 — ; mI

— m.

, -

, (8.19)

0

1 1

1
( ) ( ) ( ) ( ) ( ) ( )

2

T
T T T

t

J x t Cx t v t D v t v t D v t dt , (8.21)

— (n+m),

2

0

0

C

D
, (8.22)

( )v t :

1 1
1 1( )

T T
T V V

v t D B D
x u

. (8.23)

2, D — ; 1D —

.

(8.18)

0

2 1 1

1
,

2

T
T T T T

t

J x t Cx t u t D u t v t D v t v t D v t dt

(8.24)

, « »

, ,

0 0

0 0

( ) ( ) ( ) ( ) ( ), ( ) ;

( ) 0, ( ) ,

M M M M

M M

x A x B u x t x

u u t u
(8.25)

M .

1
1( )

T
V

v t D
u

,

, ,V V t x t u t

2

1
( ) ( ) ( ) ( ) , ( ) 0

2

T TV x Cx u D u V T . (8.26)

, (8.26)

(8.25).

(8.26) V:

2

1
( ) ( ) ( ) ( ) ( )

2

T T
M M M M M

M

V V
x x C x u D u

x
(8.27)
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1 2;

T T

M M

V V
W W

x u
, (8.28)

n- m- - .

(8.25)

1W 2W

1 1
1

2 2
2

;

.

M
M

M
M

W W
W x

x

W W
W x

x

(8.27) Mx , Mu

(8.25), , (8.28),

1 1 1

2 1 2 2

( ) ( ) ( ) ( ), ( ) 0;

( ) ( ) ( ), ( ) 0.

T
M

T
M

W A W C x W T

W B W D u W T
(8.29)

(8.29) ,

t , :

1
1 2( ) ( )v t D W t .

8.2.3.

-

. -

1
( ) ( 1) ( 1) ( ) ( )

2

T TJ k x k C x k u k D u k , (8.30)

C — , D — -

; k -

kt ,

0( 1) ( ) ( ) ( ) ( ), (0)x k A k x k B k u k x x . (8.31)

u(k) -

(8.30), . .

( )
0

( )

J k

u k
.
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(8.30) (8.31) ( -

k ):

1
[( ) ( ) ]

2

1
[ ].

2

T T

T T T T T T T T T

J Ax Bu C Ax Bu u D u

x A C Ax x A CB u u B CA x u B C B u u D u

-

Tx A y , . .

;
T T

T T Tx A y x A y
y A x A

x y
,
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,

0T T T T TJ
x A C B u B C B u D

u

0T TB CB D u B C A x .

,

(8.30),

1
( ) ( ) ( ) ( ) ( ) ( )T Tu k B k CB k D B k C A k x k .
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-
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:
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;
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-
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-

.
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, ( )zx t — ,

.

(8.13) (8.24) -
( ) ( )zx t x t , (8.30) —

( 1) ( )zx k x k .

-

0

1
[( ( ) ( )) ( ( ) ( )) ( ) ( )]

2

T
T T

z z

t

J x t x t C x t x t u t Du t dt (8.32)

(8.4)

1( ) ( ) ( ) ( ) ( )T
zu t D B t S t x t x t .

0

2 1 o 1

1
( ( ) ( )) ( ( ) ( ))

2

( ) ( ) ( ) ( ) ( ) ( )

T
T

z z

t

T T T

J x t x t C x t x t

u t D u t v t D v t v t D v t dt (8.33)

(8.18)

1
1 2( ) ( )v t D W t

1 1 1

2 1 2 2

( ) ( ) ( ) ( ( ) ( )), ( ) 0;

( ) ( ) ( ) ( ), ( ) 0.

T
z

T

W A W C x x W T

W B W D u W T
(8.34)

-

1
( ) ( ( 1) ( )) ( ( 1) ( )) ( ) ( )

2

T T
z z kJ k x k x k C x k x t u k D u k (8.35)

(8.31)

1( ) ( ( ) ( ) ) ( ) ( ) ( ) ( )T T
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-
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-

-
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-

-
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. 8.3

, -

.

. -
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,
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.
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- -
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. -
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,
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.
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-
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. -

,
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-
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1

1 1

1 0 0

,

, , ( )
k

k

k k k kA

t

kA

t

x t t t x t

t B u d x t x , (8.37)

1,k kA t t — -

.

1 1, expk k k k kA t t A t t t . (8.38)

,

1k kt t t , (8.38)

1
1

,
!

i i
k

k k nA
i

t A t
t t I

i
, (8.39)

nI — n.

, (8.37) -

, (8.36)

:

01 , (0)x k A k x k B k u k x x ,

1 !

i i
k

n
i

t A t
A k I

i
; (8.40)

1

1 1 !

i i
k k

i

t A t B t
B k

i
; (8.41)

k 0kt t k t .

(8.39)

, -

-

:

0 0 0; ( )x t A x t x t x .

01 ; (0)x k A x k x x ,

1 !

i i

n
i

t A
A I

i
. (8.42)
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NA N (8.42),

NA A NO t .

NA (

)

1N N

N

A A

A
,

, ,

.

0 0

0 0

, ( ) ;

( ) ( ), ( ) ,

x t A t x t B t u t x t x

u t v t u t u
(8.43)

u(t ) — , v(t ) —

, (8.43) -

,
T

x x u (8.43)

0 0, ( )x A t x t B t v t x t x ,

,A t B t (8.20), 0 0 0,
T

x x U .

(8.43)

1 0

0

1 , (0) ;

( 1) ( ) ( ), (0) ,

x k A k x k B k u k B k v k x x

u k u k tv k u u

A(k) B(k) (8.40) (8.41),

2

1
2 1 !

i i
k k

i

t A t B t
B k

i
.

. , -

,
4O t ,

-

- .
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.
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:

1; ( ) ( ); ( ) 0,n k kA k I tA t B k tB t B k
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0

0
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( 1) ( ) ( ), (0) .
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-
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,
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3)

, -

;
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01 , (0)x k A k x k B k u k x x (8.44)

0

0

1 , (0) ;
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x k A k x k B k u k x x
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(8.45)
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.

, -

0[ , ]t t T

— .

-

, -

.

(8.44) , ,

k - ( 0kt t k t ) -

(8.32),
1( ) ( ( ) ( ))T

d z ku k D B S x k x t ,

S ,

:

1( ) ( ) ( ) ( ) ( ) ;

(0) 0.

T TS t A S t S t A S t BD B S t C

S
(8.47)

(8.47)

:

1( 1) ( ) ( ) ( ) ( ) ( ) ;

(0) 0,

T T
d dS i A S i S i A S i BD B S i S i C

S
(8.48)

,

( 1) ( )

( 1)

S i S i

S i
,

( 1)S S i . dD tD ; dC t C ; — -

. , (8.48) -

,

.
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, :

1
( ) [( ( ) ( )) ( ( ) ( )) ( ) ( )]

2

k p

k

t l t

T T
k z k z k

t

J t x t x t C x t x t u t Du t dt ,

,k k pt t l t
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1 , ( ) ( );

, 1, ..., 1,

M M

p

x j A k x j B k u j x j k x k

j k k k l

.

, k - ,

1
d k z ku k D B k S x k x t ,

kS — , -

-

-

:

1

( 1) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) , (0) 0.

T

T
d d

S i A k S i S i A k

S i B k D B k S i S i C S

kS :

1
, ;

1

, .

k

p

S i S i
S i

S iS

S l

(8.45) -

,k k pt t l t :

2 1 1

1
( ) [( ( ) ( )) ( ( ) ( ))

2

( ) ( ) ( ) ( ) ( ) ( )] ,

k p

k

t l t

T
k z k z k

t

T T T

J t x t x t C x t x t

u t D u t v t D v t v t D v t dt (8.49)

-

, « -

» ( ) 0v t

( 1) ( ) ( ) ( ) ( ), ( ) ( );

, 1, ..., 1.

M M M

p

x j A k x j B k u k x j k x k

j k k k l (8.50)

1
1 2v k D W k ,

2W k

(8.34)
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,k k pt t l t .

,k k pt t l t , , (8.50),

M px k l , 2 ( )W k -

1 1

1

2 2 1

2 2

( ( 1)) 2 ( ) ( ) ( )

( ) ( ), ( ) ( );

( ( 1)) ( ) ( )

( ( ) ), ( ) 0;

( ( 1)) ( ) ( ) ( )

( ), ( )

M p M p M p

M p M p

T
p p

M p z k p

T
p p p

p

x k l j x k l j A k x k l j

B k u k x k l x k l

W k l j A k W k l j

tC x k l j x t W k l

W k l j W k l j B k W k l j

tD u k W k l 0,

(8.51)

(8.50) .

(8.44) -

:

1
( ) [( ( 1) ( )) ( ( 1) ( )) ( ) ( )] .

2

T T
z z kJ k x k x k C x k x t u k D u k (8.52)

, ,

1( ) ( ( ) ( ) ) ( ) ( ) ( ) ( )T T
z ku k B k C B k D B k C A k x k x t .

-

, -

-

.

C D (8.52)

,

- -
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(8.44)

01 ; (0) ,x k Ax k Bu k x x

A , B — , 0A A ,

0B B . -

,

1 1
0

1 1T T

k

x k C x k u k D u k

, -

k -

:

max iix k x , 1,i n ;

max iiu k u , 1,i m .

1

2 2
1 max maxdiag , ,

n
C x x ;

1

2 2
1 max maxdiag , ,

m
D u u ,

diag —

. C

D

1

1 1
T T T TC A CA A CB B CB D B CA C ; (8.53)

1D D .

(8.53) -

1

1 1
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1

1
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-
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T
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t — - ; F t —

1n l .

-
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-
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, (8.55),

01 , (0) ,x k A k x k B k u k F k q k x x (8.56)
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i i
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i
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,

kF k t F t ,

- (8.60)
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0 0
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x t A t x t B t u t F t q t x t x

u t v t u t u
(8.61)

1 0

0

1 ( ) , (0) ;

( 1) ( ) ( ), (0) ,

x k A k x k B k u k B k v k F k q k x x
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2

1
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i i
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.

-

, (8.61)
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-
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8.4.2.

-

,

1 2, ,t t , - -

,

1 1; ;k k k ku t u k t t t t t t .

,

y k H x k r k ,

y(k) — l - ; H — -

l n , , -

-

; r (k ) —

{ ( )} 0; ;T
kjM r k M r k r j R

x(k) —

, .
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8.4.3.

-

, -

, , ,

, . -

-

. -

,

x k x(k) y(k).

-

. ,

x (k) , -

1 , 2 , ,y y y j . x (k), -

, /x k j

n- -

( / ) , 1,kx k j y i i j .

x (k)

k -

.

k > j , -

, k j , ,

k < j , .

( / ) ( / )x k j x k x k j

( / )L L x k j , .

:

1) ;

2) L (0)=0;

3) ;

4) .

L , , -

.

:

( / ) ( / )J x k j M L x k j .

, ( / )x k j , ( / )J x k j , -

, . , -

, -

.

8.
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[ ( / )] ( / ) ( / )TL x k j x k j x k j .

, { ( / ) ( / )}TM x k j x k j

.

-

.

, -

.

0( 1) ( ) ( ) ( ) ( ) ( ) ( ), (0) ;x k A k x k B k u k F k q k x x (8.63)

( ) ( ) ( ),y k H x k r k (8.64)

q(k) r (k ) — -

:

{ ( )} ( ), {( ( ) ( ))( ( ) ( )) } ;

{ ( )} 0, { ( ) ( )} ;

{ ( ) ( )} 0.

T
kj

T
kj

T

M q k q k M q k q k q j q j Q

M r k M r k r j R

M q k r j

, ,

0x :

00 0 0 0 0 0{ } , {( )( ) }T
xM x x M x x x x P ,

0xP —

.

, -

(1), (2), ..., ( )y y y k , ( )x k .

-

.

(1), (2), ..., ( )y y y k , (8.63),

(8.64), ( )x k x(k), -

{ ( )} { ( )}M x k M x k (8.65)

.

( ) ( ) ( )k x k x k — , ( ) { ( ) ( )}TP k M k k —

.

( ) { ( ) ( )} {t r ( ( ) ( ))} t r ( ( ))T TJ k M k k M k k P k , (8.66)

t r ( ) .
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( 1)x k -

y(k+1)

( 1) ( / 1) ( )[ ( 1) ( / 1)],x k x k k K k y k H x k k (8.67)

0( / 1) ( ) ( ) ( ) ( ) ( ) ( ), (0)x k k A k x k B k u k F k q k x x (8.68)

x (k+ 1);

K (k) — .

, -

(8.63) K(k),

( 1)x k (8.65) -

(8.63)– (8.64), (8.67)– (8.68) -

(8.66).

, (8.67) ,

,

.

( 1)k .

(8.67) (8.68) (8.63) (8.64).

k , -

,

( 1) ( ) ( )( ) ( ) ( )Tk A KH A k A KH A I KH Fq KH I Fq Kr

( 1)k

( 1) ( ) ( )( )

( ) ( ) ,

T

T T T

P k A KH A P k A KH A

KH I FQF KH I KRK (8.69)

I — .

(8.66) -

K

( ) t r ( 1)
0

dJ k d P k

dK dK
,

2 ( ) 2 ( ) 2

2 2 0.

T T T T T T

T T

AP k A H KH AP k A H FQF H

KH FQF H KR

, , -

( ( ) ) ( ( ) )T T T T T TKH AP k A FQF H KR AP k A FQF H . (8.70)

( 1 / ) ( ) T TP k k AP k A FQF (8.71)

.

(8.70) (8.71)

8.
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( 1 / ) ( 1 / )T TKH P k k H KR P k k H ,

K

1( 1 / ) ( ( 1 / ) )T TK P k k H H P k k H R . (8.72)

P(k+1) ,

(8.69) (8.72) (8.71).

( 1) ( ) ( 1 / )P k I KH P k k .

, ( 1)x k -

y(k+ 1)

:

0

0

1

1 ( 1 / ) [ ( 1) ( 1 / )];

( 1 / ) ( ) ( ) ( ) ( ) ( ) ( ), (0) ;

( ) ( 1 / ) [ ( 1 / ) ] ;

( 1 / ) ( ) ( ) ( ) ( ) ( );

( 1) [ ( ) ] ( 1 / );

(0) .

T T

T T

x

x k x k k K k y k H x k k

x k k A k x k B k u k F k q k x x

K k P k k H H P k k H R

P k k A k P k A k F k QF k

P k I K k H P k k

P P

(8.73)

8.4.4.

-

, -

, -

(8.55) (8.61),

-

,

(8.73) ,

, -

.

, (8.55), -

, -

, x (k) -

( )x k .
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(8.49). ( )x k
,

( )q k , -

-

:

( 1) ( ) ( ) ( ) ( ) ( ) ( );

( ) ( ), , 1, ..., 1.

M M

M p

x j A k x j B k u k F k q k

x j k x k j k k k l

( )q k

, -

, (8.51)

( ( 1)) 2 ( ) ( ) ( )

( ) ( ) ( ) ( );

( ) ( ).

M p M p M p

M p M p

x k l j x k l j A k x k l j

B k u k F k q k

x k l x k l

01 , (0)x k A k x k B k u k F k q k x x (8.74)

:

1
1 1

2

T T
z k z kJ k M x k x t C x k x t u k Du k .

(8.75)

(8.75), ,

(8.74) t r ( ) ( -

k ):

1
( ) [t r ( ) ( )

2

( ) ( )].

T T T

T T T
z z

J k CFQF u B CB D u

Ax Fq x CBu u B C Ax Fq x

( )
( ) ( ) 0T T

z

J k
B CB D u B C Ax Fq x

u
.

1( ) ( ( ) ( ) ) ( ) [ ( ) ( ) ( ) ( ) ( )]T T
z ku k B k CB k D B k C A k x k F k q k x t .

. 8.5.

8.
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u k

x k

y k

r k

x k

q t

x t

u t

. 8.5

8.5.

-

.

. -

-

-

. ,

,

, ,
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, -

, , -

,

. .

-

, .

. -

. . . -

: ,

, ,

,

-

.

, . . :
,

-

.

,

,

, , -

.

8.5.1.

.

1. :

) , -

( -

) ;

) , -

- .

-

-

.

2. :

) , -

;

) , -

.

-

8.
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-

, . -

,

.

3. :

) , -

( , -

, -

. .);

) , -

, .

-

-

, -

. « »,

-

:

1) ,

( );

2) ( )

;

3) -

.

8.5.2.

,

.

0

1 , ,

, 0 ,

x k A k k x k B k k u k

F k q k x x (8.76)

k — N-

. , A B

, -

,

(0) 0x :
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0

0

0 0 0

0 0 0 0 0 0

{ (0)} , {( (0) )( (0) ) } ;

{ } ; {( )( ) .

T

x

M M P

M x x M x x x x P

0
P

0xP —

.

,

. -

. -

, -

.

.

( )

, ,

, ,

, 0 .

,

,

, -

.

,

0( 1) ( ), (0)k k .

( 1) ( 1) ( 1)y k H x k r k

.

,

( 1) ( , ( )) ( ) ( , ( )) ( ) ( ) ( ) ( 1)

( ( ), ( )) ( ) ( ( ), ( )) ( ),

y k H A k k x k H B k k u k H F k q k r k

H x k u k k H f x k u k q k

N n - f n -

(8.76) -

:

1 , ,x k x k u k k f x k u k F k q k .

-

( 1) ( ( ), ( )) ( ) ( ( ), ( )) ( )y k H x k u k k H f x k u k q k .

( 1)k

y(k+1)

8.
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( 1) ( ) ( )[ ( 1) ( ( ), ( )) ( ( ), ( ))]k k L k y k H x k u k H f x k u k ,

L (k) — ,

,

K(k) ( 1)x k .

,

-

.

:

0

1

( 1) ( 1 / ) ( )[ ( 1) ( 1 / )];

( 1 / ) ( , ( )) ( ) ( , ( )) ( )

( ) ( ), (0) ;

( ) ( 1 / ) [ ( 1 / ) ] ;

( 1 / ) ( , ( )) ( ) ( , ( )) ( ) ( );

( 1) [ ( ) ] ( 1 /

T T
x x

T T
x x

x n x

x k x k k K k y k H x k k

x k k A k k x k B k k u k

F k q k x x

K k P k k H H P k k H R

P k k A k k P k A k k F k QF k

P k I K k H P k

0

);

(0) .x x

k

P P

-

:

0

0

1

( 1) ( ) ( )[ ( 1) ( ( ), ( )) ( )

( ( ), ( ))], (0) ;

( ) ( ) ( ( ), ( )) ;

( ) ( ( ), ( )) ( ) ( ( ), ( ))

( ) ( ) ;

( 1) [ ( ) ( ( ), ( ))] ( );

(0) .

T

T T

T T

N

k k L k y k H x k u k k

H f x k u k

L k P k x k u k M

M k H x k u k P k x k u k H

H F K QF k H R

P k I L k H x k u k P k

P P

,

. -

-

. -
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. -

. -

,

, — -

, -

— -

.

. 8.6.

u k

( )k

( )r k

( )q t

( )x t

( )y k

( )x k

( )u t

( )x k

. 8.6

8.
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8.6.

. -

min ( ) max , 1,i i iU u k U i m ,

min , maxi iU U — . , -

min , maxi iU U

.

, , :

min , ( ) min ;

( ) ( ), min ( ) max ;

max , ( ) max .

i i i

i i i i i

i i i

U u k U

u k u k U u k U

U u k U

, -

-

-

. ,

( )x k ( )k ( )u k .

( ) ( ), 1,i i zu k u k l i m ,

zl t — .

8.7.

. -

, . . , -

.

, -

, -

. —

,

, . . , ,k k k .

, ,k k k k k k ,k k k k .

( . 8.7).

, -
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, -

. , , -

t .

k

k

k

( )u k

u k

( )k

( )x k

( )y k

( )x k

( )r k

( )q t

( )x t

k

( )u t

. 8.7

,

8.
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-

. .

,

,

.

, ,

. -

-

-

, ,

.

, . -

-

. -

,

.

-

, .

, -

, , .
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9.

, -

, -

, ,

, .

, - -

.

-

. -

, -

.

9.1.

, -

,

:

mx F , (9.1)
, -

J M , (9.2)

m — ; J — ; F — ,

; M — ; x —

; — .

9.1.1.

-

( . 9.1).

G OX . G -

:
1)

F mg ,

m — ; g — ;



240 . .

X

x

x

0

G

. 9.1

2) , -

:

1 0( )F k x x ,

0x — ; 1k — -

, 1 0k ;

3) , -

:

2F k x ,

2k — , ,

, 2 0k .

1 0 2( )F mg k x x k x . (9.3)

1x x , 2x x , (9.1) -

(9.3) ,

:

1 2

1 2
2 1 0 2

;

( ) .

x x

k k
x g x x x

m m

(9.4)

,

. :

1 0 2
1

; 0.
mg

x x x
k

, 1x . -

1k
0

mg

x
.

1 1 1x x x , -

x(t ) 1x ,

(9.4)
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1 2

1 2
2 1 2

;

.

x x

k k
x x x

m m

(9.5)

(9.5) .

9.1.2.

-

. -

,

m. -

, -

. -

,

. .

-

(9.2). 1x , 2x —

,

1 2 2; .
M

x x x
x

M :

1) 1k u — , ,

u;

2) 2 2k x — , -

;

3) f (t ) — .

,

,

1 2

2 1
2 2

;

( )
.

x x

k k f t
x x u

J J J

1k 2k — .

9.2.

1( )x t — ; 2 ( )x t —

.

1 1 1 2 2( ) ( ) ( )x t b x t b x t ,

9.
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1b 2b —

.

0( ) tL t L e — ;

0L — ; —

.

, -

, -

2 2

0

( ) ( )

( )

tx t x t
e

L t L
;

2
2 2

0

( )
( ) ( )

( )

t
tx td e

e x t x t
dt L t L

.

2 2( ) ( ) ( )u t x t x t ,

2 2( ) ( ) ( )x t x t u t . (9.6)

(9.6) (9.1),

1 1 1 2 2( ) ( ) ( ( ) ( ))x t b x t b x t u t .

, -

-

(0)2 2
1 1 2 1 0 1

1 1 1

(0)
2 2 2 0 2

1
( ) ( ) ( ) ( ), ( ) ;

( ) ( ) ( ), ( ) .

b b
x t x t x t u t x t x

b b b

x t x t u t x t x

(9.7)

, (9.7)

.

1 2( ) ( ), ( )
T

x t x t x t ;
(0) (0) (0)

1 2,
T

x x x , -

(9.7) :

(0)
0( ) ( ) ( ), ( )x t A x t B u t x t x ,

2 2

1 1 1

1

;

0 1

b b

b b bA B .
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9.3.

,

:

X — , ;

u — ;

Z — ;

V — ;

W — ;

Y — ( ,

);

c — , -

(c > 1, );

1k — , ;

2k — , ;

n(c) — , ,
1

0( ) cn n e .

Y, 1k , 2k . u c

,

. X , Z, V, W — ,

.

:

-

, .

, , -

:

1) ;

2) , .

-

:

u ; — Z ; -

— V ; n(c)(Y– V)Z

, (Y– V) — . -

. -

,

9.
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1

2

( ) ( ) 0;

( ) ( ) 0;

( ) ( ) .

u n c Y V Z

n c Y V Z k V

u
W cn c Y V Z k Z

c

(9.8)

, -

n(c)(Y– V)Z ,

.

.

dt u(t )dt ,

n(c)(Y– V(t ))Z(t )dt , -

( )
( ) ( ) ( ( )) ( )

dZ t
u t n c Y V t Z t

dt
.

dt -

, . . -

1

( )
( ) ( ( )) ( ) ( )

dV t
n c Y V t Z t k V t

dt
.

, , -

, ,

1

2

( )
( );

( )
( ) ( ) ( ( )) ( );

( )
( ) ( ( )) ( ) ( );

( ) ( )
( ) ( ( )) ( ) ( ).

dX t
u t

dt

dZ t
u t n c Y V t Z t

dt

dV t
n c Y V t Z t k V t

dt

dW t u t
cn c Y V t Z t k Z t

dt c

(9.9)

, (9.8)

(9.9) (9.9).

-

, .

(9.9) -

.

1 2 3 4( ) ( ( ), ( ), ( ), ( ))Tx t x t x t x t x t — ,

1( )x t X , 2 ( )x t Z , 3 ( )x t V , 4( )x t W ; u(t ) — , -

. (9.9)

:
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( ) ( , ( ), ( ))x t f t x t u t , (9.10)

( , ( ), ( ))f t x t u t — -

2 2 3

2 2 3 1 3

2 2 3 2 2

( )

( ) ( ) ( ) ( ) ( ) ( )

( ( ), ( )) .( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( )

u t

u t n c Yx t n c x t x t

f x t u t n c Yx t n c x t x t k x t

u t
cn c Yx t cn c x t x t k x t

c

(9.10) -

, .

, (9.10)

( ) ( )

( ) ( )
( ) ( ) ( )

x x t u u t

f f
x t x t u t

x u

( ) ( ) ( ) ( ) ( )x t A t x t B t u t , (9.11)

( )x t , ( )u t — ( ,

, , , -

).

-

, Z Vt t
-

. , Y t , -

. -

1

2

0 0 0 0

0 0
( ) ;

0 0

0 0

Y V Z

Y V Z

Y V Z

n c t n c t n c t
A t

n c t n c t n c t k

cn c t cn c t k cn c t

1
1 1 0

T

B t
c

.

, ,

(9.11)

q(t ) ( )F t , , ,

.

, ,

, -

( ) ( ) ( ) ( ) ( ) ( ) ( )x t A t x t B t u t F t q t , (9.12)

9.
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( ) ( )M q t q t ; ( ) ( ) ( ) ( ) ( ) ( )
T

M q t q t q t q t Q t t ;

( )t — - .

(9.12) -

, -

.

. -

, -

-

:

( ) ( ) ( ) ( ) ( ) ( ) ( );

( ) ( ),

x t A t x t B t u t F t q t

u t v t
(9.13)

3( ) , ,
T

x t Z V W R — ; u(t ) — -

; q(t ) — ; ( )v t — , -

;

1

2

0

( ) 0

0

Y V Z

Y V Z

Y V Z

n c t n c t n c t

A t n c t n c t n c t k

cn c t cn c t k cn c t

;

1
1 0

T

B t ;

( )F t — ,

(9.13).

9.4.

-

.

:

;mx F m c , (9.14)

m — ; x — ; c —

; F —

, .

1 2 3; ;x x x x v x m ,

v — . 1Ox 2Ox

.

, , . . u c .

(9.14) -
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:

1 2 2 3
3

( , )
; ; .

F x u
x x x x u

x

F(x ,u)

( , ) ( ) sign( )F x u G P u Q v ,

G mg — (g — );

P(u) — ,

u; sign( )v — , 1, 0v ,

1, 0v ( v , -

); Q — ,

2

1( )
2

x

v
Q x SC .

1( )x — 1x ; S —

; xC — .

. -

F(x ,u)

2
2

3 1 2( , ) ( ) ( ) sign( )
2

x

x
F x u gx P u x S C x .

(9.14),

:

1 2

2
2

2 1 2
3 3 3

3

;

( , ) ( )
( ) sign ( );

2

.

x

x x

xF x u P u
x g x S C x

x x x

x u

(9.15)

(9.15) -

.

,

:

1 0 2 0 3 0 0( ) 0; ( ) 0; ( ) ,x t x t x t m

0t — ; 0 pm m m , pm — ; Tm —

.

,

:

1 0 0 2 0 0 3 0 0( ) ; ( ) ; ( ) ,x t h x t v x t m

0 0,h v — -

; 0 p om m m , om —

.

9.
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10.

-

, :

;

;

;

;

;

;

.

,

— , -

, , -

. -

.

, -

C/ C++,

. — -

, . -

— , -

. —

,

. , -

( ), -

, . .

, ++ , -

, Micr osof t ,

Micr osof t Visual C++, -

-

.

10.1.

10.1.1. Fortran

For t r an ( . For mula Tr anslat ion) —
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, 1950- . -

, -

, . , -

,

, -

. -

( — 1995- ),

. -

Micr osof t

Visual For t r an.

, —

. .

,

.

10.1.2.

, 1970- -

Bel l Labs AT& T ( & ), -

-

. -

. -

« » , , -

10 100 . « -

» , , ,

,

.

,

. C —

, -

( , -

, -

).

C 50 ( ,

), 15 .

,

.

, -

.

, , ,

( - — ) -

10.
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, -

. , -

/ , ,

, -

-

.

.

( , « », -

), ( -

, . .).

,

, , -

.

-

.

10.1.3. ++

C++, 1980-

- ( ) C -

, . C, -

, C++, , ,

.

— ( -

) -

, / . -

—

: ,

.

( ) . , , -

. -

.

.

, , , , , . .

, ( ) -

. C++ -

« » « », -

.

C++ , —
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, ( ) ,

.

,

.

/ , -

.

.

-

. , « -

» « ». « -

» ( ,

),

. ,

, -

.

, , -

. -

, , -

.

, -

.

C++ -

— -

. , ,

, .

( -

) .

, C++, ,

. ,

( ),

, « »

« ». -

,

(st andar d templat e l ibr ary —

STL),

.

, , MTL (mat r ix t emplat e l ibr ar y — -

), -

.

, C++ -

, , -

. -

10.



252 . .

, 1998 .

++ -

.

10.1.4. Pascal Object Pascal

Pascal

.

, -

, -

. ( , Bor land)

.

Modula, Modula-2, Modula-3 Ober on.

, , -

Pascal .

Pascal , , -
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Pascal ,

.

Obj ect Pascal , -

Pascal - .

Obj ect Pascal , C++, , -

, -

.

10.2.

10.2.1. Microsoft Visual C++ MFC

Micr osof t Visual C++ Micr osof t

Visual St udio. , Micr o-

sof t Vi sual C++ C++

Micr osof t , , , .

Visual C++ - -

W indows, -

.

, , , -

Visual C++ -

.

.
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ADO,

Act iveX — ATL .
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,

STL, MTL -

.

10.2.2. Borland Delphi

-

Bor land Object Pascal.

, Delphi .

W indows 3.x

.
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.

.

10.2.3. Borland C++Builder

-
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, C++, ,
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Delphi, , -
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-
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,

Micr osof t MS-DOS. Eur eka, Mer cur y, Mat h-

CAD Mat LAB MS-DOS.
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MathCAD
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.
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.

10.3.1. Maple

Maple
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.
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.

Maple — .
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10.3.2. Mathematica
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.
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, Mat hemat ica -
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10.3.3. MatLAB
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Mat LAB .
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Mat LAB , -
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Mat LAB
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SIMULINK .

SIMULINK -

Mat h W or ks, Mat LAB
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:

W indows, UNIX , MacOS. -

SIMULINK .

10.3.4. MathCAD
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Mat hCAD .
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Excel , Axum, -
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Mat hCAD -
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10.3.5. STATISTICA

STATISTICA Copyr ight
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STA-TISTICA —
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.

10.3.6. EXCEL

EX CEL
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EX CEL
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EX CEL
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